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Preface

The most well-known methods for the exact analysis of boundary value problems for linear
PDEs are the methods of (a) classical transforms, (b) images, and (c) Green’s function rep-
resentations. In spite of their tremendous range of applications, these methods have several
limitations, for example: (A) For second order PDEs and separable boundary conditions, the
Sturm-Liouville theory establishes the existence and also provides an algorithmic construc-
tion of an appropriate transform, but for higher order PDEs, or for nonseparable boundary
conditions, there do not exist appropriate transforms. For example, there does not exist
an appropriate x-transform for the Dirichlet problem on the half-line for an evolution PDE
involving a third order derivative. (B) The method of images is restricted to those particular
problems that admit certain symmetries. (C) The linear integral equations arising in the
implementation of the method of Green’s function representations are difficult to solve in
closed form.

In addition to these obvious limitations, there exist additional, subtle, disadvantages.
For example, although the Dirichlet problem of the heat equation on the half-line can be
solved by the sine transform in x, the associated solution representation is not uniformly
convergent at x = 0. Hence, it is not straightforward to verify that the solution satisfies the
prescribed Dirichlet boundary condition, and furthermore, this representation does not pro-
vide an effective algorithm for the numerical evaluation of the solution. A similar difficulty
exists for the sine-series representation of the Dirichlet problem in a finite interval. Further-
more, for the finite interval with two different Robin boundary conditions, the solution is
expressed through a series which involves eigenvalues satisfying a transcendental equation.

The situation is even less satisfactory for boundary value problems with conditions of
“changing type,” for example Dirichlet in part of a boundary and Neumann in the remaining
part. For such problems, since there does not exist an appropriate transform, one uses some
transform such as the Fourier transform, and then one tries to formulate a so-called Wiener—
Hopf problem.

A new method for analyzing initial-boundary value problems for integrable nonlinear
evolution PDEs was introduced by the author in [1]. It was later realized that this method
also yields novel integral representations for linear evolution PDEs. For example, it yields
novel integral representations even for the classical problem of the heat equation on the half-
line. The first implementation of the new method to linear PDEs was not presented in the
simplest possible form. The first goal of this book is to provide a simple and self-contained
presentation for the case of linear PDEs, with particular emphasis on the following four
points:

xiii



Xiv Preface

1. Novel integral representations for the solution of initial-boundary value problems
for evolution PDEs containing x-derivatives of arbitrary order and which are formulated
either on the half-line or the finite interval are presented in Part I. For the case that the PDE
involves third order derivatives, the only alternative to the method presented here is the
use of the Laplace transform in ¢. The best way for the interested reader to appreciate the
advantage of the new method is to attempt to solve, via the Laplace transform, an initial-
boundary value problem on the half-line for a PDE in u(x, t) involving u,, u,, and u,,.
For evolution PDEs, the main advantage of the new method is that it constructs integral
representations which (a) are uniformly convergent; and (b) involve integrals in the complex
k-plane, which via contour deformation can be mapped to integrals containing integrands
which decay exponentially. This construction, in addition to providing effective asymptotic
results, also yields a novel numerical technique which appears to have several advantages
over the standard numerical methods.

2. Novel integral representations for the solution of the Laplace, the Helmholtz,
and the modified Helmholtz equations formulated in the interior of a convex polygon are
presented in Part III. These representations provide the basis for the development of certain
analytical and numerical techniques for solving these PDEs. The example of the Dirichlet
problem for the modified Helmholtz equation in the interior of an equilateral triangle is
discussed in detail; the solution is expressed in terms of an integral in the complex k-plane
which involves an integrand which decays exponentially.

3. Itis emphasized throughout this book that the new approach provides a unification
as well as a significant extension of the classical transforms, of the method of images, of
the Green’s function representations, and of the Wiener—Hopf technique. Regarding the
latter technique we note that through a series of ingenious steps, it finally gives rise to
the formulation of a Wiener—Hopf factorization problem, which is actually equivalent to
a Riemann-Hilbert (RH) problem. It is shown in Part IV that such RH problems can be
immediately obtained using the global relation. This relation, which is an algebraic equation
coupling certain transforms of all boundary values, plays a crucial role in the new method.

4. An interesting byproduct of the new approach is the emergence of an effective
method for inverting certain integrals. This method, which is based on the formulation of
either an RH or a d-bar problem, provides an alternative and simpler approach for deriving
classical transforms (such as the Fourier, the Mellin, and the Kontorovich—Lebedev trans-
forms). Furthermore, it has led to the inversion of the so-called attenuated Radon transform;
this transform provides the mathematical basis of an imaging technique of major medical
importance called single photon emission computerized tomography (SPECT); see Part II.

The second goal of this book is to show that for integrable nonlinear evolution PDEs,
the new method yields novel integral representations formulated in the complex k-plane.
These integrals, in addition to the exponentials which appear in the integrals of the lin-
earized version of these nonlinear PDEs, also contain the entries of a 2 x 2 matrix-valued
function M (x, t, k), which is the solution of a matrix RH problem. The main advantage
of this formulation is that the associated RH problem involves a jump matrix with explicit
exponential (x, t) dependence, and thus it is possible to obtain effective asymptotic results
using the Deift—Zhou (for the long-time asymptotics) and the Deift—Zhou—Venakides (for
the zero-dispersion limit) techniques for the asymptotic analysis of these RH problems.
The analysis of initial-value problems on the half-line for the nonlinear Schrédinger, the
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Korteweg—de Vries, the modified Korteweg—de Vries, and the sine-Gordon equations, as
well as the crucial role played by the associated global relations, are discussed in Part V.

The main results contained in this book are summarized in the introduction, which
contains five sections, each of which summarizes the results obtained in the corresponding
part of the book, i.e., section I.1 corresponds to Part I, etc. The introduction is rather long,
but perhaps it provides an opportunity for the interested reader to assimilate quickly the
essential results of the book, thus avoiding many computational details.
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Introduction

Historical Remarks

The main elements of the method presented in this book were announced in 1997 (see [1])
after 15 years of efforts attempting to solve the following initial-boundary value problem
suggested by the late Julian Cole to Mark Ablowitz and to the author during his visit to
Clarkson University in 1982:

U + Uy + Uyyx +uu, =0, 0<x < o0, t >0, @)

u(x,0) = ug(x), 0<x < oo,
u(0,1) =0, t >0,

where u(x, t) has sufficient decay for all r as x — oo and ug(x) is a given smooth func-
tion with sufficient decay as x — oo satisfying u(0) = 0. Equation (1) is the celebrated
Korteweg—de Vries (KdV) equation which in the context of water waves describes irrota-
tional, small amplitude, long waves; the first two terms of the left-hand side (LHS) of this
equation describe the O(1) contribution of waves traveling to the right; thus the term u,
cannot be neglected.

It was known in 1982 that the initial-value problem of the KdV equation can be
solved by the so-called inverse scattering transform method, which was understood to have
conceptual similarities with the Fourier transform method. Thus, we first tried to solve the
linear version of the above initial-boundary value problem using an appropriate x-transform.
The linear version of KdV satisfies

g +qx +qgx =0, 0O<x<oo, >0, (2a)
q(x,0) =¢go(x), 0<x<oo, (2b)
q0,1) =0, >0, (2¢)

where ¢ (x, ) has sufficient decay for all # as x — oo and g (x) is a given smooth function
with sufficient decay as x — oo satisfying ¢o(0) = 0.

Itis often stated that a separable linear PDE in (x, ¢) formulated in a separable domain
can be solved by either a transform in x or a transform in ¢. For example, the Dirichlet
problem of the heat equation on the half-line can be solved either by the sine transform in x
or by the Laplace transform in 7. The first surprise is that there does not exist an appropriate
x-transform for problem (2). In other words, there does not exist an analogue of the x-
sine transform for evolution equations involving a third order derivative in x. Of course,

1



2 Introduction

problem (2) can be analyzed by the Laplace transform in #; however, this approach has
several limitations: (a) it involves exp[—s? + A(s)x], where A(s) solves the cubic equation
A3 4+ 1 — s = 0, whereas an x-transform would involve exp[ikx — w(k)t], where w (k) is
the explicit expression ik — ik3; (b) it requires ¢ going to oo, which is not natural for an
evolution equation (in order to overcome this difficulty, one appeals to causality arguments);
and (c) it does not generalize to integrable nonlinear PDEs.

Let g(k, #) denote the x-Fourier transform of the solution of an evolution equation
formulated on the half-line,

o0
c}(k,t):f e ®g(x,t)dx, Imk <0, (3)
0

where the restriction Im k < 0 is needed in order for g (k, ) to make sense. This transform
is not the appropriate transform for boundary value problems on the half-line for evolution
PDEs involving second or higher order derivatives. Consider, for example, the Dirichlet
problem of the heat equation on the half-line. Differentiating (3) with respect to #, replacing
q: by gxx, and integrating by parts, we find that g (k, r) satisfies the equation

Gi(k, 1) +k2G(k, 1) + g (0, 1) + ikq(0,1) =0, Tmk <0, @)

which involves the unknown Neumann boundary value ¢, (0, #). The sine transform is the
appropriate transform for this problem, precisely because it eliminates the dependence on
qx(0, t). Similarly, the x-Fourier transform is not the appropriate transform for problem
(2), because the equation for g(k, t) involves the unknown boundary values g,, (0, ¢) and
9x(0, 1),

Gk, 1) + (ik — ik®) G (k, t) — q.x (0, 1) — ikq, (0, 1) + (k* — 1)g(0,1) = 0,Imk < 0. (5)

In summary, the initial-boundary value problem (2) can be analyzed by a Laplace
transform in #. This approach has the advantage that it eliminates the dependence on the
unknown boundary values g, (0, t) and g, (0, ¢), but it has the disadvantages mentioned
earlier. The direct application of the Fourier transform (3) seems to fail because (5) involves
the unknown functions ¢, (0, ) and g, (0, 7).

It was shown in [1] that by formulating linear evolution PDEs in terms of Lax pairs,
it is possible to obtain an integral representation which provides a generalization of the
classical Fourier transform. This approach, which is presented in Part III, implies that the
solution of (2), with 0 < x < 00, t > 0, can be represented in the following elegant form:

1o 1 P
q(-x’ t) — Z / elkx+(lszlk)tq0(k)dk _ g / elk)C+(lk"7l/<)tg(k)dk7 (6)
— D+

oo

where the contour 9 D™, depicted in Figure 1, is the positively oriented boundary of the
domain DV defined by

DY ={keC, Imk=>0, Re[ik’®—ik]> 0}, (7)

Go(k) is the Fourier transform of go(x),

o0
Go(k) = / e go(x)dx, Tmk <0, ®)
0
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Figure 1. The contour 3 D™ for equation (2a) on the half-line.

and g(k) is given explicitly in terms of gy evaluated at v; (k) and v, (k),

1
. [(v1 = B)Go(v2) + (k —v2)do(v1)]. k eC, (9a)

1= W2

glk) =
v

where vy, v, are the two nontrivial functions which leave the associated dispersion relation
invariant, i.e.,

v£Ek V—v=kE—k V4+kv+ki-1=0. (9b)

I.1 A Generalization of the Classical Transforms for Linear
Evolution Equations

The representation (6) retains all the advantages of the classical Fourier transform. In
particular,

1. it involves explicit exponential dependence on (x, t), and the relevant exponential
has an explicit and analytic dependence on k.

2. it provides the spectral decomposition of the solution; i.e., the spectral functions
go(k) and g (k) depend only on k and furthermore, these functions are expressed as integrals
of the given data.

3. it is uniformly convergent at the boundary.

It is possible to obtain similar integral representations for evolution equations with
x-derivatives of arbitrary order, formulated either on the half-line or on the finite inter-
val. Although such representations were first derived using the Lax pair approach, it was
later understood that these representations can be derived directly [2]. A straightforward
approach, which uses only Cauchy’s theorem and Jordan’s lemma, is presented below (see
Chapter 1 for details).

1.1.1. The Half-Line

The starting point of the direct approach is the derivation of the equation satisfied by the
x-Fourier transform defined in (3). This equation can be derived either by using integration
by parts or by rewriting the given evolution equation in an appropriate divergence form and
employing Green’s theorem (see the discussion in section 1.3 below). For the heat equation,
after integrating (4) we find

t t
Gk, 1) = Go(h) —ikf e5q(0, s)ds —/ ¢5g,(0, )ds, Tmk <0, (10)
0 0



4 Introduction

Figure 2. The contour 3 D™ for the heat equation on the half-line.

where g (k) is the Fourier transform of the initial condition; see (8). Introducing the
notations

t t
@@Jﬁiféwmxw& gwn=/ﬁﬁ%@nm,ke0 (11)
0 0
equation (10) can be rewritten in the form

MGk, 1) = Gok) — ikZo(k®, 1) — gi(K2, 1), Imk <0. 12)

Solving (3) for g (x, r) in terms of g(k, ¢) through the inverse Fourier transform and then
replacing ¢ (k, r) by the expression obtained from (12), we find

1 < 1 ©
Wﬁ=—/dm%ww——fam%MM%Hngw
21 J_ o 21 J_oo

O<x<oo, t>0. (13)

So far we have done nothing novel: equation (13) is the classical representation of
the heat equation on the half-line obtained by the x-Fourier transform. As noted earlier,
this transform is not the appropriate transform for either the Dirichlet (¢ (0, ) given) or the
Neumann (g, (0, ) given) problem, since (13) contains the ¢-transforms of both ¢ (0, ¢) and
4.0, 1).

The new method is based on two novel ideas.

(a) Deform the contour of integration of the terms involving the boundary values from
the real axis to an appropriate contour in the complex k-plane. For the heat equation this
contour, depicted in Figure 2, is the union of the rays argk = m /4 and arg k = 37 /4, and
can be determined as follows. Let k = kg + ik;; the real part of ikx equals —k;x, and thus
explikx] is bounded in the upper half complex k-plane, while the real part of —k*(t — s)
equals —(k% — k7)(t — s), and thus exp[—k*(t — )] is bounded for k% > k7 (since t > s).
Hence, under the assumption that ¢ (0, #) and ¢, (0, ¢) are smooth functions, Jordan’s lemma,
applied in the domain between the real axis and the contour d D™, implies the desired result.

(b) Utilize the invariant properties of the equation satisfied by q(k, t). For the heat
equation this equation is (12), which involves the functions go(k?, t) and g (k?, t). These
functions remain invariant if k is replaced by —k, and thus we supplement (12) with the
equation

F1G(—k, 1) = Go(—k) + ikgo(k®, 1) — &1 (K%, 1), Imk > 0. (14)

Since this equation is valid for Im k > 0, it is valid for k on 8 D™ (whereas (12) is not valid
for k on dD*). Equation (13) with the contour in the second integral replaced by 9 D™
together with (14) immediately yields the solution of the Dirichlet, the Neumann, or the
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Robin problem. For example, let g (x, ¢) solve the Dirichlet problem of the heat equation,
i.e.,

qr(x,t) =qu(x,t), O<x<oo, O0<t<T, (15a)
q(x,0) =qo(x), 0<x<oo, (15b)
q(0,1) = go(1), 0<1<T, (15¢)

where T is a finite positive constant, g(x, ¢) has sufficient decay for all t as x — 00, go(x)
and go(#) are smooth functions satisfying go(0) = go(0), and go(x) has sufficient decay as
x — oo. Then,

2
1

2 aD+

1 (> .
g0ty = = / 41 Gy () dk
—0oQ
etk [Go(—k) +2ikGo(k*, )] dk, 0 <x <oco, 0<t<T, (16)

where go(k) is the Fourier transform of go(x) defined in (8) and G (k, 1) is the z-transform
of the Dirichlet datum,

t
Gol(k, z):/ e go(s)ds, keC. (17)
0

Indeed, replacing gy by G in (13) and (14), solving (14) for g, and substituting the resulting
expression in (13), we find (16) plus the following additional term:

1

— e®G(—k,t)dk, 0<x<oo, t>0.
27'[ aD+

However, the functions exp[ikx] and §(—k, t) are bounded and analytic for Imk > 0, and
thus the application of Cauchy’s theorem in the domain of the complex k-plane above d D™
implies that the above term vanishes.

The above derivation is based on the formula for g (k, t) and hence it assumes that
q(x, t) exists. However, it is possible to establish rigorously the validity of (16) without the
a priori assumption of existence. For the relevant proof see Section 1.5.

I.1.1.1. Derivation of the Classical Representations

The equation satisfied by g (k, ¢), in addition to providing the starting point for the imple-
mentation of the new method, also provides a simple alternative to deriving the classical
representations. For example, for the heat equation, (12) and (14) are both valid for k € R.
In order to solve the Dirichlet or the Neumann problem we subtract or add these equations.
In the Dirichlet case we find

/ g(x, 1) sin(kx)dx = e %" U go(x) sin(kx)dx — kGo(k?, :)] , keR. (18)
0 0
Hence,

2 o0
g(x,t) = —/ e ¥ sin(kx) [¢s(k) — kGo(K*,1)]dk, 0 <x <oo, t>0, (19)
T Jo
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where g, denotes the sine transform of gg. The integrand in the right-hand side (RHS)
of (19), in contrast to the one given by (16), is not uniformly convergent as x — 0.
This has both analytical and numerical disadvantages. For example, in order to justify
the representation (19) rigorously (without the a priori assumption of existence), one must
prove that g(0,7) = go(¢). Although the analogous verification is elementary for (16)
(see Section 1.5), it is not straightforward for (19). The advantage of the new method for
numerical computations will be discussed below.

Equation (19) can also be derived from (16) by using Cauchy’s theorem to deform
9D back to the real axis.

It must be emphasized that the new method also works for problems (such as the
problem formulated by (2)) for which there does not exist an appropriate x-transform. We
note that it is always possible to deform from the real axis to a contour in the complex k-plane
before using the invariant properties of the equation for g (k, ¢) (equation (14) for the heat
equation) to eliminate the unknown boundary values. But, in general it is not possible to
deform back to the real axis after using the equation for g (k, t). Actually, this “return to the
real line” is possible only in the exceptional cases that there exists a classical x-transform
pair.

1.1.1.2. Numerical Evaluations

The exponential term appearing in the first term of the RHS of (16) oscillates in x and decays
in ¢, while the exponential term appearing in the second term of the RHS of (16) oscillates in
t and decays in x. Using appropriate contour deformations it is possible to obtain integrands
with decay in both x and 7, and this yields an efficient numerical algorithm [3]. Consider

for example the initial-boundary value problem (15) with
qgo(x) = xe‘“z", 0<x<o0; go@)=sinbt, t>0,

where a, b are real constants.
Computing go(k), Gy (k, t) and using contour deformation, (16) yields (see Chapter 3

for details)
1 ikx—k2t 1 1
) 1) = — -
g0 =50 /L{e [(ik+a2)2 (ik—a2)2]

i 12 i 12
_keikx ebt_e'kz_eht_ékz dk,
kK2 +ib k2 —ib

where L, depicted in Figure 3, is any smooth curve between d D' and the real axis. The
integrand of the above integral decays exponentially as k — oo on £, and thus g (x, t) can
be computed efficiently [3].

1.1.1.3. The Associated Green’s Function

Using the integral representation for g (x, t) it is straightforward to compute the associated
Green’s function. For example, (16) implies

qx,t) = f h G (x,t,8)q0(&)dE + [ GP(x,t,5)g0(s)ds, (20)
0 0
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Figure 3. The contour L for the heat equation on the half-line.

where
) 1 * k)i 1 ik —k*t
GPD(x,t,6) = — P P ) — eROFO=Kt g
2 —00 2 aD+
0<x,E <00, t>0, (21a)

GB(x,t,5) = —’—f g 0 <x <00, O<s<t, t>0. (21b)
T Jop+

It is possible to write similar expressions for an evolution PDE with spatial derivatives

of arbitrary order. However, although the integrals appearing in (20) can be computed
explicitly, the analogous integrals in the general case cannot be computed in closed form.

1.1.1.4. The Generalized Dirichlet to Neumann Map

For evolution PDEs the main difficulty with boundary, as opposed to initial-value, prob-
lems stems from the fact that only a subset of the boundary values is prescribed as boundary
conditions. The determination of the unknown boundary values is often called the Dirichlet
to Neumann map [4]. Although this terminology is usually used for elliptic problems, the
question of determining the Dirichlet to Neumann map, or more precisely the generalized
Dirichlet to Neumann map, is also important for evolution PDEs. For example, for the
Dirichlet problem associated with (2a), an example of such a map is the determination
of {g.(0,1), g« (0, 1)} in terms of {g(0, ¢), g(x,0)}. This question is important for both
analytical and numerical reasons. For example, following the influential work of [5], the
construction of such maps provides the basis of the so-called method of reflectionless bound-
ary conditions, which for evolution equations is a method for the numerical computation of
the initial-value problem on the infinite line. We note that although there exists an extensive
literature using this approach for second order evolution PDEs (see, for example, [6], [7]),
this approach has not been extensively used for third or higher order PDEs. This is perhaps
the consequence of the nonavailability of a straightforward method for constructing the
generalized Dirichlet to Neumann maps for evolution PDEs involving spatial derivatives of
higher order.

Using the new method, it is possible to express g (x, ) in terms of go(x) and of
the given boundary conditions. Hence, by computing an appropriate number of spatial
derivatives and by evaluating the resulting expressions at x = 0, it is straightforward to
determine the unknown boundary values in terms of the given data. Actually, it turns out
that it is also possible to determine the unknown boundary values directly without having
to determine g (x, 1).
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As an example consider the heat equation and, for the sake of brevity of presentation,
let go(x) = 0. Evaluating (14) at t = T we find that for Imk > 0,

T r o
_/ 1,0, 5)ds + ik f g (0, s)ds = T / Mg, Tydx.  (22)
0 0 0

Equation (22) characterizes the Dirichlet to Neumann correspondence; i.e., it relates the
Dirichlet and Neumann boundary values. Equation (22) involves g (x, T'); however, this
function does not affect the Dirichlet to Neumann correspondence. For example, in order to
determine the Neumann to Dirichlet map we must solve (22) for g (0, ¢) in terms of g, (0, t).
In what follows we will show that this expression is independent of g (x, T):

_ 2:(0.5) ,
q(0,1) \/_/ i ds, O<t<T. 23)

Indeed, we multiply (22) by exp[—k?¢] and integrate the resulting equation along 3 D™,
which is the contour depicted in Figure 2. The term exp[k?(T — t)] is bounded and analytic
in the domain above 3 D", and the x-Fourier transform of ¢(x, T) is analytic in the upper
half of the complex k-plane and of O(1/k) as k — oo, thus the RHS of (22) yields a
zero contribution. Furthermore, the change of variables k? = il and the classical Fourier
transform formula imply that the second term on the LHS of (22) yields —m¢(0, t). Hence,

we find ;
/ |:/ 6040, s)dsi| dk +mq(0,1) =0.
ap+ LJo

We split the integral fOT into f; and ftT. The second integrand vanishes due to the fact that
the integrand is analytic above 3 DF, whereas the first integral can be simplified as follows:

t t
—k*(1—s) _ ~24x(0, s)ds
e q (0, s)dsj| dk = / |: dl
/3D+ |:/0 ap+ LJo V=S
_["q:(0,5)ds

‘C/o iss

where [ = k+/t — 5 and
c= / e ldl = Jx.
aD+

In a similar way it can be shown (see Section 1.4) that if g (x, t) satisfies the equation
qr + qxxx = 0, 0<x < oo, t >0,

with go(x) = 0, then the Dirichlet and Neumann boundary values can be expressed in terms
of the second Neumann boundary value by the following formulae:

q(o,t)ch/ Mds, qx(O,t):c/M 5. >0,
0o (t—ys)3 0 (t—s)%

where the constants ¢; and ¢, can be expressed in terms of the Gamma function.
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1.1.2. The Finite Interval

It was mentioned earlier that there does not exist an analogue of the sine transform in x
for the solution of the Dirichlet problem for (2a) formulated on the half-line. Similarly,
there does not exist an analogue of the sine series of the solution of the following problem
formulated on the finite interval:

Gr(x, 1) + qu(x, 1) + Gexx(x, 1) =0, O<x <L, >0, (24a)
q(x,0) =¢qo(x), O0<x <L, (24b)
q0,1) =q(L,t) =q,(L,t) =0, >0, (24¢)

where L is a finite positive constant and go(x) is a smooth function satisfying go(0) =
qo(L) = Go(L) = 0. Actually, it can be shown that the operator 3, + 97 satisfying the
boundary conditions

$(0) =¢(L) =¢'(L) =0

does not possess a complete set of discrete eigenfunctions [8]. In other words, in spite of
the fact that (24a) is formulated on a finite interval, the solution g (x, t) cannot be expressed
in the form of an infinite series. On the other hand, the new method yields the following
elegant representation:

I [ sl —ibr A 1 ikx k3 —ik)t 5
q(X, t) — g/ elkx+(1k k)lqo(k) _ Zf e kx+(ik k)tg(k)dk
—oc0 aD+

1 . .
—— | O gk, 0 <x < L, 1> 0, (25)
27 Jap-

where D™ is the oriented boundary of the domain D" defined in (7), 9D, depicted in
Figure 4, is the oriented boundary of the domain D~ defined by

D™ ={k € C,Imk < 0, Re (ik — ik®) < 0}, (26)

4o (k) is the Fourier transform of ¢q(x),
L .
Golk) = / e *go(0dx, ke C, @7
0

and the functions g(k) and h (k) can be expressed explicitly in terms of go evaluated at v (k),
vy (k) (defined in (9b)):

gk) = Aik) {e7™E [kGo(v2) — vago (k)] + e [v1go(k) — kGo(v1)]  (28a)
+ e [uago(v1) — v1go(n)]}
- A’zk) {e™E [Gok) — Go()] + 7™ [Go(v1) — Go(k)]
+ e [Goma) — Govn) ]},
R = —— [(v2 = v1)Go(k) + (v2 = K)Go(v1) + (k — v1)Go(v)] , (28b)

A(k)
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Figure 4. The contour d D~ for (24a) on the finite interval.

where . ' .
Ak) = e (v —vy) + ek — vy) + e (v, — k). (28¢)

The derivation of integral representations such as (25) follows steps identical to those
used for the derivation of the analogous representations for the half-line (see [9], [10], [11]).
For example, for the heat equation, the derivation is based on the analogue of (12) and (14),
which are the following equations valid for all complex values of k:

K1G(k, 1) = Gok) — ikgo(K?, 1) — &1 (K>, 1) + ¢*E [;;, (K%, 1) + ikho(k?, r)] ., (29a)

Gk, 1) = Go(—k) + IkGo(k:, 1) = Gk, 1) + ¢ [ (2, 1) = ko (k1) | (29)

where g (k) is defined by (27), G (k, 1) is the Fourier transform of ¢ (x, #) (equation (3) with
oo replaced by L), and kg, h; denote the z-transforms of g(L, t) and g, (L, t),

t t
Eo(k,t):/ gL, s)ds, ﬁl(k,t)Z/ &g (L,s)ds, keC,t>0. (30
0 0

In the same way that the analogue of (12) and (14) yields a novel representation for problems
on the half-line, the analysis of (28) yields novel representations for boundary value prob-
lems formulated on the finite interval. For example, let ¢ (x, #) solve the Dirichlet problem,

q:(x,t) =qx(x,t), O<x<L, O0<t<T, (31a)
qg(x,0) =¢qo(x), O0<x <L, (31b)
q(0,1) = go(®), q(L,1) =ho(r), t>0, (31c)

where L and T are finite positive constants and qg, go, /1 are smooth functions satisfying
80(0) = g0(0), ho(0) = go(L). Then

1 * ikx—k2t o
qx,1) = o e qgo(k)dk

1 eikxszt

21 Jape A

[e* G0 (k) — e™ " Go(—k) — 2ike ™  Go(k?, 1) + 2ik Hy(k*, 1)] dk

1 eik(fo)szt )
—5 f i [Go(k) — Go(—k) — 2ikGo(k>, 1) + 2ike™ " Hy(k*, 1)] dk,
oD~

O<x<L, O<t<T, (32)
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Figure5. The curves d D~ for the heat equation on the finite interval.

where d D™ is the union of the rays arg k = 7 /4 and arg k = 37 /4 depicted in Figure 3,
9D~ is the union of the rays arg k = —7 /4 and arg k = —37 /4 depicted in Figure 5, g (k)
and Gy are defined by (27) and (17), H, is defined by

t
Hoy(k, 1) :[ & ho(s)ds, keC, (33a)
0

and A is given by ' '
A(k) = * — e KL ke C. (33b)

1.1.2.1. Derivation of the Classical Representations

If there exists a classical transform representation, this representation can be obtained in a
simple manner using the equations satisfied by ¢ (k, r) and the equations obtained through
invariance. For example, for the Dirichlet problem of the heat equation, in order to eliminate
g1(k?, 1) we subtract (29), and this yields

L
ekzt/ (efikx _ eikx)q(x’ t)dx
0

= Go(k) — Go(—k) — 2ikGo(k*, 1) + ik(e™" + e~ * ) Hy(k?, 1) (34)
— Al (K%, 1), k eC.

In order to eliminate the unknown function / 1 (K2, t) we evaluate this equation at those values
of k for which A(k) = 0, i.e. k = nw/L, n € Z. This yields an expression for ¢ (x, t)
involving the integral with respect to sin(nmwx /L), and then g (x, t) follows by inverting
this integral.

The main advantage of the above approach for deriving classical representations is
that it avoids the derivation of the appropriate transform (in this case the sine series).
Furthermore, it also avoids integration by parts.

It appears that the novel integral representations obtained by the new method have
both analytical and numerical advantages in comparison with the classical infinite series
representations: (a) They are uniformly convergent at both x = 0 and x = L. Analytically,
this makes it easier to prove rigorously the validity of such representations without the a
priori assumption of existence. Numerically, using appropriate contour deformations, it
makes it possible to obtain integrands which decay exponentially as k — oo, and this
leads to efficient numerical computations. (b) These representations retain their form even
for more complicated boundary conditions, whereas the classical representations involve
infinite series over a spectrum determined by a transcendental equation. For example, in
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the case of the heat equation with the Robin boundary conditions,

q:0,1) =190, 1) = (@), qx(L,1) = y2q(L, 1) = ha(1), >0,
n>0m>0n#r
q(x,t) is given by a formula similar to (32), where A (k) is now given by
A(k) = —(ik + y) ik + y2)e™ + (ik — y1) ik — yp)e ™.

On the other hand, the classical representation involves an infinite series over {k,}7°, where
k, satisfy the transcendental equation A(k,) = 0. In spite of the advantage of an integral
representation involving an explicit kernel, as opposed to an infinite series representation
involving a spectrum satisfying a transcendental equation, all standard textbooks present
the latter representation.

The classical representations can also be obtained from (32) by using Cauchy’s theo-
rem and deforming 3 Dt and 3 D~ back to the real axis.

1.1.2.2. The Discrete Spectrum

The solution representations (25) and (32), discussed earlier, raise interesting questions
about the existence of a discrete spectrum for evolution equations formulated on the finite
interval. It appears that there does not exist a discrete spectrum for (25), while regarding
(32) the existence of a discrete spectrum is a matter of definition. Indeed, the classical
sine-series representation is based on the discrete spectrum of the associated self-adjoint
operator 83. On the other hand, looking for a solution ¢ (x, ¢) treating the heat equation
directly as a PDE (without appealing to the spectral expansion of the associated ODE in x),
it is possible to express ¢ (x, t) as an integral, thus avoiding altogether the discrete spectrum
of the associated ODE.

1.1.2.3. The Associated Green’s Function

Using the integral representation for g (x, t) it is straightforward to compute the associated
Green’s function. In general, if an initial-boundary value problem involves n and n, bound-
ary conditions at x = 0 and x = L, denoted, respectively, by {g; (t)}g‘_] and {h; (t)}gz_l,
then

ni—1

L t
qx, 1) = / GV (x,1,8)q0®)dE + ) f G (x,1,9)g;(s)ds
0 =0 J0

nz—l

t
+ Z/(; H;B)(x,t,s)hj(s)ds, O<x<L, O<t<T,
i=0

where G/, {Gf 8‘71, {Hj}f’)r1 can be expressed as integrals in the complex k-plane. For
example, for the problem defined by equations (31) with gg = hy = 0, the trace of GV,
i.e., the function

L
K(t):/ GD(x,x,t)dx, t>0,
0
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is given by (see Section 2.3 for details)

L 1 L ekt
Kit)= —— -~ - = )3 35
0 =57=—>3 n/;Dgl—e—Z’kL (35)

where 9D denotes the curve obtained by deforming 8 D™ to pass above k = 0.

For the particular cases that there exists a classical integral representation, K (#) can
also be computed in terms of the associated discrete spectrum. For example, for the problem
defined by equations (31) with g9 = hp =0,

Kiy=Y e =" (36)
n=1

Equations (35) and (36) provide a relation between the classical spectrum and the geometry
of the heat equation [12].

1.1.2.4. Asymptotics

The new method yields elegant integral representations for initial-boundary value problems
formulated on the half-line and on a finite integral. These integral representations involve
an explicit (x, ) dependence in the form of an exponential with analytic dependence. An
important advantage of such representations is that they provide an effective approach to
computing the asymptotic properties of the solution. For example, for equations on the half-
line it is straightforward to compute the large r asymptotics [13]. Similarly, it is elementary
to compute the small # asymptotics. For example, (35) immediately implies the well-known
formula

I PP
2/t 2 ’

It is straightforward to obtain similar formulae for PDEs involving spatial derivatives of
arbitrary order.

K({t) =

1.2 Inversion of Integrals

The classical transform approach to separable boundary value problems for linear PDEs is
based on the derivation of an appropriate transform. If such a transform exists, it can be
algorithmically derived by constructing the associated Green’s function and by integrating
this function in the complex A-plane. For example, for the Dirichlet problem of the heat
equation on the half-line, the associated Green’s function G (x, &, X) satisfies the ODE

Gy —AG =8(x — &),
G(0,&,0) =0, / G%dx < oo.
0
Then, the classical formula

§(x —£) = — lim G(x, £, A)dr (37)

— 1l
R—o0 Al=R
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yields (see [14])
Sx—§&)= 2/ sin(kx) sin(k&)dk,
T Jo

which defines the sine transform pair.

However, the validity of (37) is based on the assumption that there exists a complete
set of eigenfunctions and that G (x, &, 1) is an analytic function of A except for poles and
branch-point singularities. Under these assumptions the integral in (37) reduces to a sum
of residues (the contribution of the discrete spectrum) plus integrals along the branch cuts
(the contribution of the continuous spectrum).

The new transform method for linear evolution PDEs, discussed earlier in section 1.1,
bypasses the method of separation of variables and hence it is not based on the construction
(or even the existence) of an appropriate transform. The above method can be extended
to other types of linear PDEs, such as the basic elliptic equations (see the discussion in
section 1.4) and hence as far as the new method is concerned the derivation of appropriate
transforms is obsolete.

The new method not only does not require classical transforms but actually provides
an alternative approach to deriving classical transforms avoiding the assumptions of com-
pleteness and analyticity. This approach involves (a) expressing g in terms of an integral in
the complex k-plane; and (b) using contour deformation and the residue theorem to rewrite
q in terms of an infinite series plus integrals along the real axis. This novel approach will
be illustrated in Chapter 4.

The above novel technique for constructing classical transforms, although efficient and
algorithmic, is conceptually unsatisfactory: Why should one solve a PDE in two dimensions
in order to construct a transform in one dimension? Actually, Israel Gel’fand and the author,
motivated from techniques developed in the theory of integrable nonlinear PDEs, introduced
in [15] a direct method for constructing integral transform pairs. This method is based on the
formulation of either a Riemann—Hilbert (RH) [16] or a d-bar problem [17]. In particular,
it was shown in [15] that the spectral analysis of the ODE

MX(X, k) - lk“(xv k) = CI(X), X € R? ke (Cv (38)

yields the classical Fourier transform pair. The first novel integral transform constructed by
this new method is the attenuated Radon transform derived by Novikov in [18] (generalizing
the analogous derivation of the classical Radon transform presented in [19]). The attenuated
Radon transform of a Schwartz function g(x;, x,) with attenuation f(xy, x;), where f is a
given Schwartz function, is defined by

gf(ﬁ, 0) = foo effroo (s cos@—psin6,s sin 0+p cos O)ds
X g(tcosf — psinf, tsinf + pcosf)dt, peR, 6 € (0,2r). (39a)
It will be shown in Chapter 7 that the inverse attenuated Radon transform is given by
1 L
g(x1, x2) = o (9, — ian)/ e1(p,1,0)do, (39b)
s 0

where (p, T) are given in terms of (xy, x,) by the equations

P =Xxpc080 —x;sinf, T =x;,sin6 + x| cosb,
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and J is defined as follows:
J(/O T 9) — eftm f(scosO—psinb,ssinO+p cosb)ds

% (eP*f'w,e)p—e—P*f(pﬁ) + e—P*f(p.e>P+eP*f'<p,9)) 2/(p.0),

(p,7) € R%, 6 €(0,2n), (39¢)

where P denote the usual projectors in the variable p,

1 * "d
(PF 1)) = 3L 4 o f L

; 39d
2+2i7r o PP (390)

and f (p, 6) denotes the Radon transform of f which is defined by
o0
f(,o, 0) = / f(tcosh — psinb, tsinf + pcosh)dr, peR, 6 € (0,27). (3%)
—0oQ

In the same way that the Radon transform provides the mathematical foundation of
computerized tomography (CT), the attenuated Radon transform provides the mathematical
foundation of another imaging technique of great medical importance called single photon
emission computerized tomography (SPECT).

Another novel application of the ideas of [15] is the introduction in [20] of a method-
ology for inverting a large class of integrals. An example of such an integral is

T
fk) = / e K=K £(9)ds, ke C, (40)
0

where /(s) is a given smooth function and T is a finite positive constant. This integral is a
variation of the integral

T
Fk) = / ¢ f(s)ds, keC, @1)
0

which, as discussed earlier in section I.1.1, appears in the characterization of the Dirichlet
to Neumann correspondence of the heat equation in the half-line. Actually, the integral in
(40) appears in the analogous problem for the heat equation in the domain {/(¢) < x < oo,
t > 0}. Although the integral (41) can be inverted by a straightforward application of the
inverse Fourier transform (after a suitable change of variables), the inversion of (40) is
rather complicated. This latter inversion is based on the spectral analysis of the following

ODE: I
e (2, k) — <k2 + ik%) w(t, k) =kf@t), 0<t<T, keC.

The novelty of this ODE in comparison with (38) is that, for (38) there exists a solution
u(x, k) which is sectionally analytic in k, while for the above equation there does not
exist such a solution; i.e., d;4/dk has support in a two-dimensional domain. This makes
it necessary to formulate a d-bar as opposed to an RH problem, which in turn implies
that the inversion of (40) cannot be written explicitly, but it is characterized through the
solution of a linear Volterra integral equation; see Chapter 8 for details. Nevertheless, this
equation involves an exponentially decaying kernel, and this leads to efficient numerical
computations [21].
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1.3 Novel Integral Representations for Linear PDEs

The direct approach to the new method discussed earlier in section I.1 starts with the deriva-
tion of the equation satisfied by the Fourier transform of ¢ (x, t) which is denoted by g (k, t).
The most efficient way of deriving this equation is not to use integration by parts as was
done in section 1.1, but to rewrite the given PDE as a one-parameter family of PDEs, each
of which is in a divergence form. Let q(x, t) satisfy the linear evolution PDE

gr +w(—idy)g =0, (42)

where w(k) is a polynomial of degree n such that Re w(k) > O for k real (this restriction
ensures that the initial-value problem of the given PDE is well posed). The PDE (42) admits
the one-parameter family of solutions exp[ikx — w(k)¢]. It is elementary to show that this
PDE can be rewritten in the form

n—1
(e—ikarw(k)tq(x’ t))[ _ | pikrtwion ch k)dlqx,t)| =0, keC, (43)

j=0 ¥

where {c; (k)}gf1 can be explicitly computed in terms of w(k); see Chapter 1.
Suppose that the above PDE is valid on the half-line. Then Green’s theorem in the
domain {0 < x < 00,0 < s < ¢} implies the following equation for g (k, t):

n—1

t
" ®1G(k, 1) = Gok) — ch(k)/ e"®5374(0,5)ds, Imk <0. (44)
J=0 0

Using the inverse Fourier transform and Jordan’s lemma, (44) implies that for 0 <
x <o0o,t > 0,q(x,t) satisfies

o0
glx, 1) = L / e ™1 gy (k)dk — L et W sk, ydk, (45)
2 J o 27 Jap+
where g(k, t) denotes the summation term appearing in (44) and 8 D™ is the oriented bound-
ary of D™,
D" ={keC, Imk>0, Rew(k) <0} (46)
with the orientation that D™ is on the left of 9D ™.

It should be emphasized that the integral representation (45) involves the “global
form” of the boundary values {37 ¢ (0, t)}o_l, i.e., certain ¢-integrals of the boundary values.
These “global values” are coupled by (44). In what follows we will refer to this equation
as the global relation.

It was noted in section 1.2 that the Fourier transform pair can be derived through the
spectral analysis of (38). Is there a spectral interpretation of (45)? The answer is affirmative:
It will be shown in Chapter 10 that (45) can also be derived through the simultaneous spectral
analysis of the following pair of equations called a Lax pair:

Wy(x, t, k) —ikpu(x,t, k) =q(x,t), 0<x<oo, t>0, keC, (47a)
n—1

wex, t, k) +wk)ulx,t, k) = ch(k)a){q(x, 1). (47b)
j=0
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Equations (47) are a direct consequence of (43). Indeed, the latter equation motivates
the introduction of the potential M (x, t, k) defined by

n—1
My = e gy, My = e R OrN e (0al g (x, 1),
j=0

Letting M = pexp[—ikx 4+ w(k)t], these equations become equations (47).

Equations (47), which are two equations for the single function p, are compatible if
and only if g satisfies (42).

Letting g(x, ) = X (x; A)T(¢; 1), (42) yields the two ODEs

dT d
T AT =0, w( ldx>X+)»X—O. 48)
Comparing (47) with (48), it becomes evident that the former equations express a deeper
form of separability. Indeed, (47) are equivalent to (42), where (48) characterize only
the separable class of solutions. Furthermore, the second of equations (48) is an ODE of
order n, whereas (47) and (47) are both ODEs of first order. It is puzzling that in spite of
these advantages, the Lax pair formulation of linear PDEs does not appear in the classical
literature.
Equations (47) can be rewritten in the form

n—1
d e ® ] = e RO gy 4+ " e (k)dlq (x, ydt | . (49)
Jj=0

Hence, performing the simultaneous spectral analysis of the Lax pair (47) is equivalent to
performing the spectral analysis of the differential form (49); see [22].

Lax pairs for linear evolution PDEs were first introduced in [15]. It was later realized
that Lax pairs also exist for a large class of linear PDEs which include PDEs with constant
coefficients, such as the Laplace, the Helmholtz, and the modified Helmholtz equations. It
appears that for the latter basic elliptic equations, the simultaneous spectral analysis of the
associated Lax pairs, or equivalently the spectral analysis of the associated differential form,
provides the simplest way of constructing integral representations in the complex k-plane.
For example, the following result will be derived in Section 11.2 (see [22], [25]).

Proposition 1. Let 2 be the interior of a convex bounded polygon in the complex z-plane,
with corners z1, .. ., Zu, Zn+1 = 21; see Figure 6. Assume that there exists a solution g (z, 7)
of the modified Helmholtz equation

g:—Bq=0, zeQ, p>0, (50)

valid in the interior of €2 and suppose that this solution has sufficient smoothness all the
way to the boundary of the polygon. Then ¢ can be expressed in the form

_ 1 < iy~ dk
q(z,2) = HZ/ DG T e (51a)
j=1"1
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Figure 6. Part of the polygon.

where the functions {g; (k)}] are defined by

AL £ d dz
Gj(k) = f B0 [(qz +ikBg) = — <QE + ﬁq> —Z} ds, keC,
2 ds ik ) ds

J=L...,n zup1 =21, (51b)

z(s) is a parametrization of the side (z;, z;4+1), and {/;}] are the rays on the complex k-plane
oriented toward infinity and defined by

lj={keCrargk) = —arg(zj1 —2))}, Jj=1,....n 241 =21 (51¢)

Equation (51b) can be written in the form

A S ket | . (1ldz dz
Clj(k)=/z e Pz k)[lqn-l-lﬂ <%£+ka>4]d& keC,

j=15'~"na Zn+1 = 21, (Sld)

where g, denotes the derivative of g normal to the boundary of <.
Furthermore, the following global relations are valid:

Y Gik)=0. Y g;(k)=0. keC, (52)
j=1 j=1

where {G;(k)}| are defined by

} et o T _(ldz  dz
q,-(k)zf Pz k)|:lqn+lﬂ <%£+ka>q]ds, k eC,

<j

J=1 ..., 24 =2 (53)

The global relations couple the functions g and g, on the boundary; i.e., they couple the
Dirichlet and Neumann boundary values, and thus they characterize the Dirichlet to Neu-
mann correspondence.
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1.4 Green’s Identities, Images, Transforms, and the
Wiener-Hopf Technique: A Unification

There exists a variety of methods for the exact analysis of boundary value problems for
linear PDEs in two dimensions. In what follows an attempt will be made to show that the
approach presented in this book unifies and generalizes these methods.

We propose that analytical techniques in two dimensions can be divided into two
large categories: One is formulated in the physical plane (the complex z-plane) and the
other is formulated in the spectral or Fourier plane (the complex k-plane). The first unified
feature of these categories is that they are both based on rewriting the given PDE as a
family of divergent forms. Indeed, it is well known that the classical Green’s identities,
which provide the essence of the physical plane formulation, are based on a divergence
formulation. Furthermore, the new method starts with rewriting a given PDE as a one-
parameter family of PDEs, each of which is in a divergence form (for example, (42) is
rewritten in the form (43)).

A given PDE can be rewritten in a divergence form by utilizing the formal adjoint.
For example, let g satisfy the modified Helmholtz equation (50),

Qo 4y —48%¢ =0, (x,y) €, (54)

where Q is a piecewise smooth domain in R?. Denote by G a solution of the adjoint PDE,
which in this case coincides with (54). The equations for ¢ and g imply

G4qx — 4:9) — (9dy — 9y4), =0, (x,y) € Q. (55)

This equation is the starting point of both the physical plane and the spectral plane formu-
lations.

(a) Choose, instead of ¢, the fundamental solution G (x’, y'; x, y). Then an analogue
of (55) and Green’s theorem imply

f [(Gay — Gyg)dx' = (Ggy — Gugydy'] = | 400 (00 €8 o)
a0 0, (x,y) ¢ <, (56b)

where 92 denotes the boundary of €.

Equation (56b) couples the Dirichlet and the Neumann boundary values; thus it char-
acterizes the Dirichlet to Neumann correspondence in the physical space. Equation (56a)
provides the integral representation in the physical space.

(b) Separation of variables shows that we can choose ¢ = expl[k;x + ky], where
k% + k% = 4p2. Hence, introducing the potential M, (55) implies

M, = R (g —kg), My = TR (kg — q,); (57)

i.e., M satisfies
dM = "V [(khg — gy)dx + (g — kig)dy]. (58)
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Using the parametrization k; = 28sin X, k; = 28 cos A and letting exp[iA] = k, M =
wexplkix + kyyl, equations (57) yield the following Lax pair:

1 , 1
My‘l'.B(E‘Fk)PL:‘Zx"‘l,B(k_%)%
A 1
Mﬂrlﬁ(%—k>u=—qy+/3(k+—>q, (x,y) €, keC.

k

These equations are equivalent (compare with (58)) with

d [Meiﬁ(%fk)erﬁ(%Jrk)y]
— eiﬂ(}ck)x+/5(;+k)y{ |:qx + lﬁ <k _ %) qi|dy

+ |:—qy+,3 (k+ %) q]dx}, (x,y) e, keC. (589

Applying Green’s theorem in the domain €2, (59) yields

/ eiﬂ(;_k)x-t,-ﬂ(;-&-k)y”:qx +iB <k — l) qi| dy
Q2 ¢

+|:—qy+,8(k+%>q]dx}20, k e C. (60)

This equation is the global relation; i.e., it characterizes the Dirichlet to Neumann corre-
spondence in the spectral space. Furthermore, the spectral analysis of the differential form
(59) yields the integral representation in spectral space. For the case when 2 is a convex
polygon, this representation is given in Proposition 1; see equations (51).

1.4.1. From the Physical to the Spectral Plane

The above discussion indicates that the integral representation in the spectral plane is the
analogue of the classical integral representation in the physical plane obtained via the funda-
mental solution (and similarly for the associated global relation). This implies that it should
be possible to construct the spectral representation starting with the classical one. This
was actually implemented in [26]: Consider for example the modified Helmholtz equation.
Representing the product of § functions in terms of Fourier integrals,

1 ) N y
S(x —xN8(y —y) = y3 //2 R = HRO=) gk, dk,y, (61)
R

we see that the fundamental solution of (54) is given by

1 eikie—x)+ika(y=y")
G= ——2// P rdgap Yhdk
4 R ki + k3 +4B



I.4. Green’s Identities, Images, Transforms, and the Wiener—Hopf Technique 21

Substituting this expression in the LHS of (56a) and comparing the resulting equation with
the formula for g given by (51a) (the representation in the spectral plane), we observe that
the former equation involves integrations with respect to both dk; and dk,, whereas the
latter equation involves integration only with respect to dk. It is shown in [26] that after
performing a change of variables from (k, k») to (kr, kx), where kr and ky are tangent
and normal to 92, it is possible to compute explicitly the integral with respect to dky, and
then the integral representation in the physical plane yields the integral representation in the
spectral plane.

Although the derivation sketched above is more complicated than the derivation via the
spectral analysis, it has the advantage that it establishes the equivalence of the representations
in the physical and spectral planes.

1.4.2. The Method of Images Revisited

For the evolution equation (42) the global relation and the integral representation in the
spectral plane are (44) and (45), respectively. For the implementation of the new method
to (42), a crucial role is played by the invariance properties of the global relation (44).
This motivates the following question: Is it possible to utilize the invariant properties of
the global relation in the physical plane? The answer is affirmative and this provides an
alternative and simpler approach to the classical method of images.

In order to illustrate this alternative approach we consider Laplace’s equation and
look for a representation of g, instead of ¢g. Laplace’s equation can be written in the form
q.:; = 0, i.e., (g;);: = 0, which shows that g, is an analytic function. Hence, the integral
representation and the global relation for the function g, are given by

L/ q:dE {%, 7€, )
8

2im Jooc—z |0, z¢Q.

Let the real-valued function ¢ satisfy Laplace’s equation in the upper half complex z-plane
with the following oblique Neumann boundary condition:

qy(x,0)sinao + g (x,0)cosa = g(x), —00 < x < 00, (63)

where g(x) is a given function with sufficient smoothness and decay and 0 < o« < 7/2.
The boundary condition (63) prescribes the derivative of ¢ in a direction making an angle
—a with the x-axis. We will show that ¢, is given by (see [27])

e /°° g(é)ds

:21'71 w £€—2

q: , —00o<x <00, y>0. (64)

Indeed, if €2 is the upper half complex z-plane, equations (62) withz = x +iy, ¢ =& +in
become

1 /%@ﬂ%4%@ﬁu§_ g., xeR, y>0, (65a)
4im n

§—z 0, xeR,y<O. (65b)
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The crucial observation is that the operation of complex conjugation followed by the sub-
stitution y — —y leaves § — z invariant. Hence, performing these operations in (65b), we
find
L1 [ ge(6.0) +igy(£.0)
4im J_o E—z

dé¢ =0, xeR, y>0. (65¢)

By manipulating (65a) and (65c¢) it is possible to eliminate the unknown boundary values:
Multiplying (65a) and (65¢) by exp[—i« /2] and — exp[ia /2], respectively, and then adding
the resulting equations, we find (64).

Comparing the integral representation obtained by the method of images with the
integral representation in the spectral plane, we note that (64) involves one integral, whereas
the representation in the spectral plane involves two integrals (an integral of the boundary
data in the physical plane and an integral in the spectral plane). For some boundary value
problems it is possible to compute explicitly the integral in the spectral plane. These are
precisely the problems that can be solved by a finite number of images.

1.4.3. The Wiener-Hopf Technique and the Riemann-Hilbert
Formulation

A large class of boundary value problems can be analyzed by the ingenious Wiener—Hopf
technique [28]. For such problems there does not exist an appropriate transform; hence one
uses some transform such as the Fourier transform, and then one formulates a Wiener—Hopf
equation in the complex continuation of the transform variable. It turns out that the global
relation in the spectral plane and the equations obtained using the invariant properties of
this equation provide a generalization of the Wiener—Hopf formulation. Indeed, in the case
of very simple domains these equations yield directly the relevant Wiener—Hopf equation.
For more complicated domains one obtains a matrix RH problem (we recall that a Wiener—
Hopf equation is a particular case of an RH problem). An illustrative example will be
discussed in Chapter 13.

1.4.4. A New Transform Method

The application of the new method to evolution PDEs was discussed earlier in section I.1.
We recall that this method involves two novel steps: (a) Construct an integral representation
in the complex k-plane and derive the associated global relation (for the half-line these are
(45) and (44), respectively). (b) By using the invariant properties of the global relation,
eliminate the unknown boundary values from the expression in (a).

It turns out that, in addition to evolution PDEs, it is also possible to construct the
integral representation and the global relation in the spectral plane for a large class of
boundary value problems. Hence for all such problems it is possible to implement the
new method (see [22], [23], [24], [25], [29], [30], [31], [32], [33], [34], [35], [36], [37],
[38]). For example, for the modified Helmholtz equation in a convex polygon the relevant
equations are (51) and (52).
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Figure 7. The equilateral triangle.

As an illustrative example let us consider the Dirichlet problem for the modified
Helmholtz equation in the interior of the equilateral triangle (see Figure 7) with vertices

| o

It turns out that, without loss of generality (see Section 12.5), it is sufficient to consider
the symmetric problem, i.e., the problem with the same real-valued function d (s) prescribed
on each side.

For the sides (1), (2), (3) the following parametrizations will be used:

I l [
2(8) = —=+is, z(s) = (— + is> a, z(s) = <— + iS> @, (66)
W =37 N 23
l
—— <y <
5 =5=
Hence, the spectral functions {g; (k)}? are defined as follows (see (51d)):

2im
, a=e3.

N~

1
q1(k) = E(—ik) [iU(k) +B <% - k) D(k)} ;

G2(k) = g1 (ak),  g3(k) = g1 (ak), (67)
where

L
Ek) = H 055, Dk = / "D d(s)ds,

oI~

: |
Uk) = / HAED3g (s)ds, ke C. (68)
i
2
The function D(k) is known, whereas the unknown function U (k) contains the unknown
Neumann boundary value g,.

The reality of d(s) implies that ¢ is real, and hence g; (k) = g; (k). Thus in this case
the global relations (52) become

3 3
D Giky=0. Y g;(k)=0. keC. (69)
j=1 j=1
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Figure 8. The contours of integration for the modified Helmholtz equation in the
interior on an equilateral triangle.

The integral representation (51a) involves the integrals of {¢; (k) }? along the rays {/; }?
defined as follows (see (51c¢)):

5
llZ{kG(C, argk:—%}, lzz{keC,argk:?n},

l3={ke(C,argk=%}. (70)

It turns out that by employing the global relations and by using appropriate contour
deformations it is possible to eliminate the unknown functions U (k), U (ak), U (ak) from
(51a); see Section 12.5 for details. This yields the following integral representation (see
(23], [32]):

_ N l_ G (k) %
q= i {A(k, z,2)E(—ik) [ﬂ (k k) D(k) + ﬂA(ak)]} .
1 o\ 20 G(k) dk
+4_77,’l/li A(k,Z, Z)E (ldk)ﬁmT, (7121)
where
A= eiﬁ(kz—{:) _i_eiﬁ(&k—%) +eiﬁ(ak—ﬁ)’ (71b)
G(k) = [N(&k) <l - k> D(k) +2 <i - &k) D (k)
k ak
+AT (k) (L — ak) D(ak):| , (71¢)
ak
A(k) = e(k) — e(—k), AT(k) = e(k) + e(—k), e(k) = e7* D), (71d)

and l/1 is a ray directed toward infinity such that —7 /2 < argk < —m /6, see Figure 8.
The remarkable feature of the above integral representation is that all relevant inte-
grands decay exponentially. In particular this leads to effective numerical computations.

1.4.5. A Unification and a Novel Numerical Technique

Our current understanding of analytical methods for two-dimensional PDEs can be sum-
marized as follows: Using the formal adjoint it is always possible to rewrite a given PDE
in a divergence form. By employing the associated fundamental solution, this formulation
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immediately yields the classical Green’s representation as well as the global relation in the
physical plane. The algebraic manipulation of the integral representation and of the equa-
tions obtained from the global relation through certain invariant transformations provides
a simple alternative to the classical method of images. On the other hand, the divergence
form of a given PDE also yields a Lax pair formulation. This immediately implies the
global relation in the spectral plane. If there exists a classical transform representation,
this representation can be obtained in a simple way by employing the global relation and
its invariant consequences, as well as by using the associated inverse transform. In the
general case (which includes the case when there does not exist an appropriate transform),
it is still possible to construct an integral representation in the complex k-plane in terms
of certain integrals of the boundary values along the boundary of the domain. This can be
achieved by a variety of methods which include the simultaneous spectral analysis of the
associated Lax pair. For a large class of boundary value problems it is possible to eliminate
the integrals of the unknown boundary values by using the global relation and its invariant
consequences. This yields an integral representation in the complex k-plane involving only
integrals of the known boundary conditions; hence this method can be considered as a gen-
eralized transform method. For more complicated problems, it is necessary to determine
the unknown boundary values themselves (as opposed to their integrals). For a subclass
of these problems this can be achieved through the formulation of a matrix RH problem,
which provides a generalization of the classical Wiener—Hopf technique.

In the new formulation of the method of images, one starts with the integral represen-
tation in the complex z-plane and then eliminates directly the unknown boundary values by
utilizing the invariant properties of the associated global relation. Similarly, in the gener-
alized transform method, one starts with the integral representation in the complex k-plane
and then eliminates the integrals of the unknown boundary values by utilizing the invari-
ant properties of the associated global relation. In this sense, the new transform method
provides the analogue in the spectral plane of the new formulation of the method of images
(which is formulated in the physical plane).

The above discussion is summarized in the diagram below, where g denotes the
solution and BVs denotes boundary values.

As was discussed earlier, the main difficulty of boundary value problems stems from
the fact that some of the boundary values are not prescribed as boundary conditions. For
example, for the basic elliptic equations, either the Dirichlet or the Neumann boundary
values are unknown. The fundamental importance of the global relation follows from
the fact that it couples the boundary values, and therefore it characterizes the generalized
Dirichlet to Neumann map.

For elliptic PDEs there exists a well-known method, called the boundary element
method, which computes numerically the Dirichlet to Neumann map. This method is based
on the integral representation of the solution in the physical plane. For the Neumann prob-
lem, the limit of this equation, as z approaches the boundary within the given domain, yields
a linear integral equation for the unknown Dirichlet boundary value (similar considerations
are valid for the Dirichlet problem). It must be emphasized that this integral equation can
also be obtained by taking the limit of the global relation as z approaches the boundary with
z outside the given domain. Hence, the boundary element method is based on the numerical
solution of the global relation in the physical plane. In [39], [40], [41], [42] a numerical
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method is presented for computing the Dirichlet to Neumann map which is based on the
global relation in the spectral plane. This novel method will be discussed in Chapter 14.

Divergence Form

v N
Physical Plane (z) Spectral Plane (k)
g in terms of BVs q in terms of integrals of BVs
global relation global relation
Method of Images New Transform Method

eliminate unknown BVs  eliminate integrals of unknown BVs

1.5 Nonlinearization of the Formulation in the
Spectral Plane

As it was discussed earlier in section 1.4, the solution of a linear PDE can be expressed
through appropriate integral representations in both the physical and the spectral plane.
Furthermore, the latter representation can be constructed through a variety of methods.
It appears that only the integral representation in the spectral plane, and in particular the
derivation of this representation through the simultaneous spectral analysis of the Lax pair,
can be generalized to integrable nonlinear PDEs. In order to illustrate the “nonlinearization”
of the linear approach, we will concentrate on the linear PDE

iCIt + qix = 0. (72)

I.5.1. From Linear to Integrable Nonlinear PDEs

Equation (72) is the compatibility condition of the following two equations satisfied by the
scalar function w(x, t, k):

Wy —ikp=q, p +ik’n=iq. —kq, keC. (73)

The Cauchy problem of (72) can be easily solved through the Fourier transform in x. On
the other hand, it is shown in Chapter 6 that the Fourier transform can be rederived through
the spectral analysis of the first of equations (73). This leads to the formulation of an RH
problem with a “jump” across the real axis of the complex k-plane; this jump is proportional
to the Fourier transform of ¢ (x, t) denoted by g (k, t). The time evolution of g(k, r) can
be determined from the second of equations (73) (or from the PDE (72) itself). Thus, the
solution of the Cauchy problem with the initial condition gy (x) can be formulated as follows:

qx,t) = —iklim [kp(x,t, k)], xeR, t>0, (74)
—00
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where p is a sectionally analytic function in the entire complex k-plane for all x € R and
t > 0, with a jump across the real k-axis,

. uwt, Imk >0,
T mk <o,

Wt k) — k) = @G0 (k), ke R, (75)

where go(k) denotes the Fourier transform of go(x).

We will now show that starting with the above RH problem, it is possible to construct
a Lax pair for a nonlinear version of (72); see [43], [44]. We start by rewriting the scalar RH
problem as the following triangular matrix RH problem for the sectionally analytic 2 x 2
matrix M(x,t,k),x e R, t > 0,

1 eikxfiktho(k)

Mt (x,t, k) =M (x,t,k) , keR, (76a)
0 1
. 1
M(x,t, k) =diag(l,1) + O ©) k — oo. (76b)
Indeed, if M, and M, denote the column vectors of M, the first column of (76) implies
1 1
Ml’Lle_,ke]R; M, = + 0 % , k— oc.
0
Thus
1
M, =
0

Then the second column of (76) yields

eikxfikzt’\ k 0
My — My = ©ON ke My .k oo
0 1
Thus
M, = " ,
1

where u satisfies (75) and u = 0(1/k) as k — oo.
We next eliminate the restriction of the triangularity of the jump matrix in (76a), but
we retain the unimodular property of this matrix. This yields

1 eikx—ikzzp](k)
M*(x,t,k) =M (x,1,k) , keR, amn

e—ikx+ik2zp2(k) 1 4+ p1(k)pa (k)

where p; and p, are some functions of k.
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Starting from the RH problem defined by (76b) and (77) and employing the powerful
dressing method introduced by Zakharov and Shabat [45], [46] (see also [47]), it is possible
to construct algorithmically the following Lax pair (see Chapter 15 for details):

M, + ik[os, M] = OM, (78a)
M, + 2ik*[o3, M]1 = 2kQ — i Q. 03 — i Q*03)M, (78b)

where [, ] denotes the usual matrix commutator and

1 0 0 q(x,1)
o3 = , 0= . (79)
0 -1 r(x,t) 0

The compatibility condition of (78) yields the following pair of nonlinear evolution PDEs
for g(x, t) and r(x, 1):

ig; + g — 2rg? =0,

q: + 4 q (80)

—ir; + 1o —2rg = 0.
Thereductionr = Ag, A = %1, yields the celebrated Nonlinear Schrédinger (NLS) equation
(see [48])

igi+qux = 24lgPPg =0, A =£l 1)

In summary, we propose the following approach for constructing an integrable non-
linear PDE corresponding to a given linear PDE.

1. Construct a Lax pair for the given linear PDE (for (72), a Lax pair is given by
(73)). A Lax pair for an arbitrary linear PDE with constant coefficients is algorithmically
constructed in Chapter 9.

2. By analyzing this Lax pair, express the solution of the initial-value problem of the
given linear PDE in terms of a scalar RH problem (see (74) and (75)). For an arbitrary linear
PDE this analysis is performed in Chapter 10.

3. Rewrite the relevant RH problem in a triangular matrix form (see (76a)), and then
“deform” this problem in order to obtain a genuine matrix RH problem; see (77).

4. Starting with the latter problem and by employing the dressing method, construct
the associated Lax pair. The compatibility condition of this Lax pair yields a nonlinear
integrable PDE.

1.5.2. Simultaneous Spectral Analysis and Integral Representations

Suppose that there exists a smooth solution ¢ (x, ¢) of the linear PDE (72) formulated on
the domain €2,
Q={0<x<oo, 0<t<T}, T>0, (82)

and suppose that this solution has sufficient decay as x — oo forall 0 < ¢t < T. Then,
according to the new transform method, this solution can be expressed in the following form
(see (45)) for (x, 1) € Q:

1 o . 1 . .
Wﬁ=5/€W%MW—E/eWMNW, (83)
o aD+



I.5. Nonlinearization of the Formulation in the Spectral Plane 29

Figure 9. The function u for (72).

where d D™ is the oriented boundary of the first quadrant of the complex k-plane (see (46)),
4o (k) is the Fourier transform of the initial condition go(x), and g(k) is defined in terms of
the boundary values ¢ (0, ¢) and ¢, (0, ?),

T
g(k)=/ ¢ 1ig (0, 5) + kq (0, s)1ds, k € C. (84)
0

Actually, as shown in Chapter 10, the simultaneous spectral analysis of the Lax pair

(73) implies that g (x, t) can be expressed as follows: ¢ is given by (74), where the sectionally
analytic function w, in addition to a jump across the real k-axis, also has a jump across the
positive imaginary axis,

w1, argk € [0, 7],

W= M, argke[m,3m/2],

us3, argk € [37/2,2nr],

where (x, 1) € Q and
ik
ur — ps = —e™ " Ggo(k), ke R,

pr — 1 = X F G (k) — k)], ke R,
y — py = —e* 13y, Kk eiR™

The solution of the above RH problem can be expressed in a closed form for all
(x,) € Qandfork ¢ RUIR™:

Lo e dl ] el
_ Hx—i l o x—il=t l .
Sl vl B (L0 parit el AL )
Then (74) yields (83).

The spectral functions go(k) and g(k) are directly related to the x-part and 7-part,
respectively, of the Lax pair (73): Let

Yx, k) = u(x,0,k), o k)=un@,z,k). (85)
Then

w(x, k) —ik k) = , 0 , Imk <O,
dol) = —y 0,k VD THVED = @00 D<o MBS0 )
limy_, o e—zkxw(x’ k) =0;
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@ (t, k) +ik2e(t, k) =ig:(0,t) —kq(0,¢), O0<t<T, keC,
¢(0,k) =0.

gk = eFTo(T, k)

&7

‘We emphasize that the conceptual steps needed for the solution of the NLS equation

(81) in the domain Q2 are identical to those used above for the solution of the linearized

version of the NLS. The main technical difference is that the scalar RH problem for u is

now replaced by a 2 x 2 matrix RH for the sectionally analytical function M. Indeed, it will

be shown in Chapter 16 that in the case of the defocusing NLS ((81) with A = —1), g(x, 1)
is given by

q(x,t)=2i klingo(kM(x, Lk, (x,t) e,

where the sectionally analytic 2 x 2 matrix-valued function M as k — oo has the asymptotic
behavior (76b) and has “jumps” across both the real and imaginary axes of the complex k-
plane. These jumps are determined by the spectral functions (a(k), b(k)) and (A(k), B(k))
which are the analogues of §o (k) and g (k). Actually, just as in the case for the linear problem,
the spectral functions are directly related to the x-part and the ¢-part of the associated Lax
pair, i.e., equations (78) (with » = g): In analogy with (86) we now have the following
equations (see [49]):

b(k)
a(k)

=Wv(0,k), Imk=>0, (88)

where for 0 < x < oo and Im k > 0, the vector W (x, k) satisfies the second column of the
x-part of the Lax pair evaluated at t = 0,

1 0 0 golx)
W, (x, k) + 2ik W(x, k) = W (x, k). (89)
0 0 o) 0

Similarly, in analogy with (87) we now have the following equations:

B(k)
| =®0,k), keC, (90)
A(k)

where for 0 < ¢t < T and k € C the vector ®(¢, k) satisfies the second column of the ¢-part
of the Lax pair evaluated at x = 0,

10
D, (1, k)+4ik> (1, k)

—ilg(0,1)]? —iq.(0,1) +2kq (0, 1)
= (@, k). 1)

—iq,(0,1) +2kg (0, 1) ilg(0,1)[?
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We note that the equations for ¥ and &, in contrast with the equations for ¥ and ¢, cannot
be solved in a closed form. Hence, the spectral functions for the NLS, in contrast with the
functions gy (k) and g (k), cannot be expressed in terms of explicit integrals but are expressed
in terms of the solutions of (89) and (91) (which are equivalent to linear integral equations
of the Volterra type). Similarly, the solution of the associated matrix RH problem for M
cannot be solved in a closed form, but it is characterized through the solution of a linear
integral equation of a Fredholm type. Hence, g (x, t) cannot be written in an explicit form
(like (83)), but it involves M:

1 —_— . .
q(xv t) = __{/ F(k)e_ZlkX—41k2fMl+ldk
7\ Jops

o0 o0
+ / y (k)e 24k prk e /O |y(k)|2M1+2dk}, 92)

o0

where d D3 denotes the oriented boundary of the third quadrant of the complex k-plane, M,
and M, are the (11) and (23) components of the solution M of the associated RH problem

and
-1

0] L | ad)

k)= —=—, T'(k)=—
y (k) =0 (k) «® | 3%

a(k) — bk) . 93)

Equation (83) is the linear limit of (92). Indeed, for small g, we have M;; ~ 1,
My ~ 0, y(k) ~ Go(k), T'(k) ~ g(k), and (92) becomes (83) (after the transformation
—2k — k).

The situation for the modified KAV (mKdV) and KdV equations is similar (see [49],
[50], [51], [52], [53]). Furthermore, these results can also be extended to integrable nonlinear
PDEs formulated on the finite interval (see [54], [55]).

1.5.3. The Dirichlet to Neumann Map

If g (x, t) satisfies the defocusing NLS, then ¢ (x, t) is given by the RHS of (92), where the
functions y (k) and I" (k) are characterized through go(x) and {g (0, t), g, (0, 1)}, respectively
(see equations (93), (88)—(91)); furthermore M is the solution of a 2 x 2 matrix RH problem
uniquely defined in terms of y (k) and I'(k). For a given initial-boundary value problem
either ¢ (0, t) or g, (0, ¢) is an unknown function; therefore the last (and most difficult step)
is the determination of I"(k) in terms of go(x) and the given boundary data. This can be
achieved through the analysis of the global relation, which for the defocusing NLS is given
by

a(k)B(k) — b(k)A(k) = ¢**Tct(k), Imk > 0, (94)
where ¢t (k) is a function analytic for Imk > 0 and of O(1/k) as k — o0o. For ¢ small,

we have a(k) ~ 1, A(k) ~ 1, b(k) ~ go(k), B(k) ~ g(k), and (94) becomes the associated
global relation for (72) (see (44) evaluated att = T')

T T
Golk) — i / %0, s)ds + k / e*5¢(0, 5)ds = *Tct(k), Imk <0,  (95)
0 0
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where ¢t (k) denotes the Fourier transform of ¢ (x, T') (the discrepancy between Imk > 0
and Im k < 0 is due to the fact that for the analysis of the NLS, k is replaced by —2k).

Let us consider the Dirichlet problem, i.e., g(0,t) = go(¢), where go(¢) is a given
smooth function. The generalized transform method is based on the fact that the 7-integral
of ¢, (0, t) appearing in the integral representation for g (x, ) can be eliminated using the
algebraic manipulation of the equation obtained from (95) by the invariant transformation
k — —k. (This equation implies that g(k) can be expressed in terms of go(—k) and of
the z-transform of go(¢).) Unfortunately, the analogue of this approach works only for a
very particular class of boundary conditions. Indeed, the spectral functions for the NLS
involve the functions W (¢, k) and ® (¢, k) and these functions do not remain invariant if
k is replaced by —k. The class of boundary conditions for which the unknown spectral
functions can be obtained through the algebraic manipulation of the global relation will be
referred to as linearizable (see [50], [51], [56]). For the NLS, such a boundary condition is
the homogeneous Robin boundary condition

9<(0,1) — xq(0,1) =0, x >0. (96a)

In this case, I'(k) can be explicitly expressed in terms of x and of {a(k), b(k)}: T'(k) is
given by the second of equations (93) with
B(k)  2k+ix b(—k)
A(k)y  2k+ixa(—=k)’

(96b)

In the general case, it is not possible to solve the global relation for B/A, but it is
necessary to solve the global relation for the unknown boundary value. It was shown earlier
in section I.1.1 that the global relation for linear PDEs can be solved explicitly for the
unknown boundary values. It is remarkable that in the nonlinear case the global relation can
also be solved explicitly (see [57], [58], [59]). This result makes crucial use of the so-called
Gel’fand-Levitan—-Marchenko (GLM) representation [60]. For example, for the NLS with
qo(x) = 0and g (0, t) = go(¢) the following formula is valid:

dt
Ji=1’

where M, (¢, s) and M,(¢, s) are the functions characterizing the GLM representation of
the vector @ (¢, k) (see Chapter 18 for details). In the linear limit, we have M, (¢, t) ~ O,
M (t,2t —t) ~ go(t), and (97) yields the Dirichlet to Neumann map associated with the
linearized NLS (compare with (23) for the analogous map for the heat equation),

M
O0<t<T, o7
aT

,’%[ t 8
qx(0, 1) = go(t)Ma (1, 1) — eﬁ fo —(t,2t — 1)

0n=—" [ o 08)
) =—— T)—.
QX ﬁ o gO —1

There exist certain initial-boundary value problems, for which all relevant boundary
values are prescribed as boundary conditions (see [61], [62], [63]). For these simpler
problems, the simultaneous spectral analysis yields directly the effective representation of
the solution and there is no need to consider the global relation. An example of such an
initial-boundary value problems is discussed in Chapter 19.
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One of the important advantages of the new method for integrable PDE:s is that it can
be used for the study of the asymptotic properties of the solution. The large ¢ behavior of
the NLS, sG (sine Gordon) and KdV equations on the half-line is studied in [64], [65], [66],
respectively. The relevant analysis is based on the RH problem formulation and on the Deift—
Zhou method (see [67], [68]). The latter method is an elegant nonlinearization of the steepest
descent method, and it yields rigorous asymptotic results for RH problems with exponential
(x, t) dependence. In our opinion this result is one of the most important developments in
the theory of integrable systems in particular, and in the theory of RH problems in general,
and thus it is quite satisfying that the new method gives rise to RH problems precisely of
the type that can be analyzed by the Deift-Zhou method. Also, by employing an essential
extension of the Deift—Zhou method introduced by Deift, Venakides, and Zhou (the so-called
g-function mechanism) [69], [70], it is possible to calculate asymptotically fully nonlinear
waveforms such as those in the zero-dispersion limit [71].

1.5.3.1.  The Ehrenpreis Fundamental Principle

Finally, we note that the method presented here is deeply related to the so-called fundamental
principle. Indeed, the expression of ¢ (x, y) for linear equations has explicit exponential
(x,y) dependence consistent with the Euler—Palamodov—Ehrenpreis representation (see
[72], [73], [74]). The expression of ¢ (x, t) for nonlinear equations involves an RH problem
whose jump matrix has an explicit exponential (x,t) dependence. Thus, the new method
provides the concrete implementation as well as the nonlinearization of this fundamental
representation.

Regarding the Palamodov—Ehrenpreis representation, we note that in 1950 Schwartz
posed the problem of whether, given a polynomial P on C", an elementary solution of the
differential operator P(id/dx), x € R", always exists, i.e., if there exists a distribution E
solving P(id/dx)E = &, where § is the Dirac delta function. The existence of such an
elementary solution was established independently by Malgrange and by Ehrenpreis using
nonconstructive proofs. Thus in the same decade, techniques of functional analysis were
used to try to construct this elementary solution explicitly. For example, if one considers
the equation

P<ii)q(x):0, x € Q, 99)
ox

where €2 is a convex domain in R”, it follows that g(x) = e** k e C", is a solution
of (99) if P(k) = 0. For n = 1, the Euler principle states that every solution of (99) is
a linear combination of exponentials. The generalization of Euler’s principle for n > 1
was established by Ehrenpreis and by Palamodov. The statement of this result, called
by Ehrenpreis the fundamental principle, is as follows: If g is a solution of (99) in an
appropriate functional space in a convex domain 2 in R", then there exists a measure |,
whose support lies in P~'(0), such that

g(x) =f Ak, x)e *duk), xeR", keC",
P-1(0)

—ik-x

where A is a polynomial such that the trigonometric polynomial A(k, x)e is a solution

of (99) for every fixed k € P~'(0).
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The proof of this beautiful result is based on an interpolation theorem for holomorphic
functions with a given growth rate on a subdomain of C"; the measure w is not constructed
explicitly.

Recently, using certain generalized d-bar formulas derived by Henkin [74], there has
been some progress in determining the explicit form of the measure du in the case of a
smooth, bounded, convex domain; see [75].

An elementary implication of the Ehrenpreis principle is that for the equation (42)
formulatedin 0 < x < 00,0 < ¢t < T, there exists a measure such that

qx, 1) = /e”‘"_‘“(")’du(k)

The method introduced in this book expresses d (k) explicitly in terms of the given initial
and boundary data.
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Chapter 1

Evolution Equations on the
Half-Line

The application of the new method to linear evolution PDEs formulated either on the half-
line or on the finite interval was discussed in section 1.1 of the introduction. In this part of
the book we will present the derivation of the results mentioned in the introduction and will
also discuss some additional examples.

We will concentrate on the linear evolution PDE (42), i.e.,

g+ w(—id)g =0, (1.1)

where
w(k) is a polynomial of degree n and Re w(k) > Ofor k real. (1.2)

The above restriction on w(k) ensures that the initial-value problem of (1.1) on the full line
is well posed.
Let «,, denote the coefficient of k", i.e.,

wk) = ok + oy K"V g, o, #O. (1.3)

The large k limit of the condition Re w(k) > 0implies that if z is odd, then necessarily
o, 1s either i or —i, whereas if n is even, then Re o, > 0.

The simplest way to determine the function w(k) corresponding to a given linear
evolution PDE is to substitute in the given PDE the following exponential which is an exact
solution of (1.1):

et ke (1.4)

We first introduce some useful notations.

e It will turn out that an initial-boundary value problem for (1.1) on the half-line requires
N boundary conditions, where

’51, n even,
N={m 0 odda, =i, (15)
”T_l, n odd,a, = —i,

and «,, is the coefficient of k" in w(k); see (1.3).

37
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* The given initial condition will be denoted by go(x) and its Fourier transform by
Go(k),

[e.¢]
q(x,0) = go(x), 0 <x <o00; olk) = / e ™ qo(x)dx, Imk >0. (1.6)
0

It is assumed that go(x) has sufficient smoothness and sufficient decay as x — oc.

* The -transforms of the boundary values will be denoted by g; (k),
T
gjlk) = / 37g(0,s)ds, keC, j=0,1,....,n—1. 1.7)
0

* If the function g or one of its derivatives is specified as a boundary condition, then
this function will be denoted by g;(¢) and its z-transform by G (k),

T
3q0,1)=gj(t), 0<t <T; Gjk)= / e g;(s)ds, keC. (1.8)
0
It is assumed that g; () has sufficient smoothness and that it is compatible with go(x)
atx =t =0,ie., g;(0) = (d/dx)’q(0).

If g and its first N — 1 derivatives are specified as boundary conditions, i.e., if j
in (1.8) takes the values O, 1, ..., N — 1, then we will refer to this problem as the
canonical problem.

* It will turn out that the integral representation which will be derived for ¢ is also valid
if T is replaced by ¢ in (1.8); the relevant integral will be denoted by G (k, ), i.e.,

t
Gj(k,t)=/ Mgi(s)ds, keC, 0<t<T. (1.9)
0

* C* and C~ will denote the upper half Imk > 0) and the lower half Imk < 0) of
the complex k-plane. The domain D is defined by

D=1{keC, Rewk) <O0). (1.10)
D™ and D~ will denote the part of D in C* and C™,
Dt=DNCY, D =DnC". (1.11)

* The asymptotic form of D, D", D~ as k — oo will be denoted by D, D;, Dy,
respectively, i.e.,

Dr=1{ke D, |wk)| >R, R large}, (1.12)
DY =DrNC", Dy =DrNC". (1.13)

Outside the curve defined by |w(k)| = R, R > 0 and sufficiently large, 0D is the
union of smooth disjoint simple contours which approach asymptotically, as k — oo,

the rays defined by
Ap—1 "
Re (k + ) =0,
noy,

where «,, and o, are the coefficients of k" and k*~! in w(k); see (1.3).
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Proposition 1.1 (ageneral integral representation). Let g (x, ) satisfy the linear evolution
PDE (1.1) in the domain

Q={0<x<o0, 0<t<T} (1.14)
where w(k) satisfies the restrictions specified in (1.2). Define the polynomials c;(k), j =

0,...,n — 1, by the identity

n—1
Y i) =i wk) —wd (1.15)
=0

k—1

I=—i0,

Assume that g(x, ¢) is a sufficiently smooth (up to the boundary of €2) solution of
(1.1), which has sufficient decay, as x — oo, uniformly in O < ¢ < T'. Then, g(x,?) is
given by

1 [> . 1 - 5
g(x, 1) = 7 / R e g (kydk — > ek mv®r 5 (1 dk, (1.16)
—00 oD+

where d D is the oriented boundary of the domain D™ defined in (1.11) with the orientation
that D" is to the left of D™, §o(k) is defined by (1.6), and the function g(k) is defined in
terms of the ¢-transforms of the boundary values {37 g (0, t)}’(’)f1 (see (1.7)) by the formula

n—1

gk) = ch(k)gj(w(k)), k e C. (1.17)

j=0

Furthermore, the following global relation is valid:

o0
Go(k) — (k) = ewU‘)T/ e " g(x, T)dx, Imk <O. (1.18)
0

Equations (1.16) and (1.18) are also valid if T in these equations is replaced by ¢, in
which case these equations become (45) and (44), respectively, of the introduction.

Proof. A particular solution of the formal adjoint of (1.1) is § = exp[—ikx +w(k)z]: thus
we start with (43) of the introduction, where {c; }’1’*1 are to be determined. Simplifying (43)
and replacing ¢; by —w(—id,)g we find

n—1
w(k) — w(—idy) ,
_—g = E : k aj s
—ik+o, 1 j:oCJ( o

which is (1.15).

Equation (43) and the application of Green’s theorem in the domain 2 and in the
domain {0 < x < 00,0 < s < t}, yield (1.18) and (44), respectively. Solving the latter
equation for g(k, ) and then using the inverse Fourier transform, we find an equation
similar to (45), where the second integral in the RHS involves an integral along the real
axis instead of an integral along dD*. The fact that the real axis can be deformed to
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9D is a consequence of the following: (a) The function Re w(k), which characterizes the
domain D, is a harmonic function of (kg, k;), and thus the set C\a D is the union of disjoint
unbounded simply connected open sets. (b) The second integral in the RHS of (45) involves

the integrand
n—1

t
Jikx / e "0 37 ¢ (03)g(0, 5)ds, (1.19)

0 =

and this expression is bounded and analyticin E* = CT\ D" and of order ¢/** /k as k — oo
(the exponential exp[—w(k)(¢ — s)] is bounded for Re w(k) > 0 and integration by parts
implies that as k — oo the expression in (1.19) is of order exp[ikx]c,—1(k)/w(k)). Hence,
Jordan’s lemma in the domain E* implies that the real axis can be deformed up to the
boundary of E* which coincides with d D™

Replacing t by T in (45) is equivalent to adding a term involving an integrand similar
to the expression in (1.19) where the integral from O to ¢ is now replaced by the integral
from ¢ to T. However, in this case exp[—w (k) (¢t — s)] is bounded and analytic in D*, and
thus Jordan’s lemma in D" implies that the contribution of this term vanishes. a

Remark 1.1. For T finite, g(k) is an entire function, thus 3 D" can be replaced with any
other contour in C* which as k — oo approaches dD*. For T = 0o, d D" can be replaced
with dD},.

Remark 1.2. For the rigorous analysis of well-posedness as well as for certain other
applications it is convenient to use the representation (1.16) instead of (45). On the other
hand, (45) has the advantage that it is consistent with causality. In what follows we will
use either (1.16) or (45) depending on the circumstances. Similarly, we will use the global
relation either in the form (1.18) or in the form (44).

Example 1.1 (the heat equation). Substituting the expression (1.4) in the heat equation

qr = qxx (1.20a)
we find
w(k) = k>. (1.20b)
The domain D is defined by Re (k%) < 0, i.e., cos[2 arg k] < 0. Hence,
2areke (Z,37) 42 0,1
arg ) mm, m=0,1.
Thus 3 P
T 3w T I
D= k - — Ul —, — . 1.20
e (5-5)0 (5-5)) a0

Equation (1.15) implies

1

N
> eid] =i
— k—1

=ik + 0,.

I=—i0,
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ki

D+

kg

Figure 1.1. The domains D and D~ for the heat equation.

Thus
g(k) = ikgo(k*) + g1 (k%). (1.20d)

Hence the solution of the heat equation (1.20a) is given by (1.16) with w = k2, g
defined by (1.20d), and 8 D™ depicted in red in Figure 1.1 (the green contour will be needed
for the finite interval).

Example 1.2 (a PDE with a second order derivative). Let ¢ satisfy the PDE

qr = qxx + ﬂqx, B >0. (1.21a)

This PDE appears in several applications including pharmacokinetics [76]. Furthermore,
solving (1.21a) on the half-line is equivalent to solving the heat equation in a linearly moving
domain. Indeed, let u (&, 7) satisfy the heat equation in the domain

Q(r):{ﬁt<§<oo, T > 0}.

Let
t=1t, x=&-Btr, qx,t)=ul, 7).

Then
81—28;—,38)(, 8528,{

and the heat equation in Q (1) becomes (1.21a) in Q.
Substituting the expression (1.4) in (1.21a) we find

w(k) = k* — iBk. (1.21b)
Letting k = kg + ik; in Rew(k) < O we find

D = {ky — ki + Bk; < 0}. (1.21¢)
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ki

L

,,,,,,E'

kg

Figure 1.2. The domains D" and D~ for (1.21a).

Equation (1.15) implies

1 2 g2y . _
3 e kdi = (=D ZiBk=D oy 4 p.
par k—1
Thus
g(k) = (ik + B)go(w(k)) + g1 (w(k)). (1.21d)

Hence the solution of (1.21a) on the half-line is given by (1.16) with w, g defined by
(1.21b), (1.21d), respectively, and d D" depicted in red in Figure 1.2.

Example 1.3 (a PDE with a third order derivative). Let ¢ satisfy the PDE
qr + Gxxx = 0. (1.22a)

In this case
wk) = —ik>. (1.22b)

Using
wk) = —ilk|® [cos(3 argk) +isin(3argk)],

it follows that D is defined by sin(3 argk) < 0, i.e.,

3argk € (w,27n) 4+ 2mmw, m=0,1,2.

D=lasre (.7 Vo (V0 (2".2 1.22
e (R (=)o) 0

Equation (1.15) implies

Thus

k3_13
k—1

= k% 4+ (—idy)? + k(—idy).
I=—id,

2
D e (03] =i(—i)

j=0
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Figure 1.3. The domains DV and D~ for (1.22a).

Thus
g =k go(w(k) — ikgi(w(k)) — g2 (wk)). (1.22d)

The domains D" and D~ are shown in Figure 1.3.

Example 1.4 (another PDE with a third order derivative). Let ¢ satisfy the PDE

Gr — Gxxx = 0. (1.23a)
In this case
w(k) =ik’ (1.23b)
and
D= {argke (o, %)u(%ﬂn)u(%”%”” (1.23¢)
g(k) = —kK*go(w (k) + ikg (w(k)) + g (w(k)). (1.23d)

The domains D" and D~ are shown in Figure 1.4.

Figure 1.4. The domains DV and D~ for (1.23a).
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Figure 1.5. The domains D" and D~ for the first Stokes equation.

Example 1.5 (the first Stokes equation). Let ¢ satisfy the first Stokes equation

qr + Gxxx +qx = 0. (1.24a)

This is the linearized version of the celebrated Korteweg-de Vries (KdV) equation (1). In
the case of water waves, the latter equation is the normalized form of the equation

an 3\/?818277 1, 1 . oh
— 4+ /2= zA—+n+-0")=0, rA=-h ——,
ot 2V hoe \379e2 T 1T RN 8" T pg
where 7 is the elevation of the water above the equilibrium height £, o is the surface tension,
p is the density of the water, and g is the acceleration constant. This equation is the small
amplitude, long wave limit of the equations describing inviscid, irrotational water waves.
The KdV equation usually appears without the ¢, term because this equation is usually

studied on the full line and then g, can be eliminated using a Galilean transformation.
However, for the half-line this transformation would change the domain to a wedge.

For (1.24a),
wk) =ik — ik3, (1.24b)
D = {k;Bkz —kj — 1) <0}, (1.24¢)
and
gk) = (K* — Dgo(w(k)) — ikgi(w(k)) — g2 (w(k)). (1.24d)

The domains Dt and D~ are shown in Figure 1.5.

Example 1.6 (the second Stokes equation). Let g satisfy the second Stokes equation
qr — Gxxx +qx = 0. (1.25a)

In the case of water waves this corresponds to dominant surface tension, o > gph?/8.
In this case
w(k) = ik + ik, (1.25b)

D = {k;(kj — 3k — 1) <0}, (1.25¢)
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and
g(k) = —(1 + k) go(w(k)) + ikgi(w(k)) + g2 (w(k)). (1.25d)
The domains Dt and D~ are shown in Figure 1.6.
Ny e
N -
. B /,@/,
D+
e

Figure 1.6. The domains D" and D~ for the second Stokes equation.

Example 1.7 (a PDE with a fifth order derivative). Let g satisfy the linear PDE

4 +4q: — 39 =0. (1.26a)

In this case
wk) =ik — ik>, (1.26b)
D = {k;(5k} + k] — 6kzxk; — 1) < 0}, (1.26¢)

and
gk = (K" = Dgo(wk)) —ik> g1 (w (k) — K> go(w(k)) +ikgs(w(k)) + ga(w(k)). (1.26d)

The domains D and Dy are shown in Figures 1.7(a) and 1.7(b), respectively.

by Dy

(a) (b)
Figure 1.7. (a) The domains D*, D~. (b) The domains D;;, Dyg.

The expression for g (k) involves the ¢-transforms of all boundary values {8;! q(0,1) }371 .
However, n — N of these boundary values cannot be prescribed as boundary conditions;
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thus (1.16) does not provide the effective solution of any initial-boundary value problem.
However, using (1.16) together with the global relation (1.18), it is possible to obtain the
solution of any boundary value problem for which N linearly independent combinations
with constant coefficients of a subset of the set {37 (0, t)}g_1 are prescribed as boundary
conditions. For concreteness, in what follows we state the result for the case that the func-
tion ¢ and its first N — 1 derivatives are prescribed as boundary conditions (the canonical
problem). Other types of boundary conditions, including Robin type, will be discussed in
the examples.

Proposition 1.2  (the integral representation of the canonical problem). Define the integer
N by (1.5). Let g satisfy (1.1) in the domain €2 defined by (1.14) and let g satisfy the
following initial and boundary conditions:

q(x,0) =qo(x), 0<x <o0, (1.27)

3/q0,1)=g;(t), 0<t<T, j=0,1,....,N—1. (1.28)
Then g (x, t) is given by

1 . 1 .
g0 1) = — / WG — / G 0dk, (x,0) € @, (1.29)
2 —00 2 BD;

where 9D} is the oriented boundary of the domain D}, defined in (1.13), gy is defined in
(1.6), and g (k) is defined in terms of g; (k) by (1.17), where

gik)=G;k), j=0.1,...,N—1, (1.30)

and the functions {g;} ' are determined as follows: The domain D}, consists of N sectors,
{D;m}{v, and in each of these sectors, say D;m, m fixed, {g; (w(k))}';\,_1 satisfy n — N
linear algebraic equations. These equations can be obtained from the global relation (1.18)
by dropping the RHS and by replacing k with {v; ,, (k)};‘;lN , where these n — N functions
are determined by the requirements that they leave w (k) invariant and that they map D;ﬁ’m
to Dy, i.e., for fixed m,

w(k) = w k), ke D;m, vimk) e Dy, I=1,...,n—N. (1.31)
Proof. It was noted in the proof of Proposition 1.1 that D consists of the union of disjoint

unbounded simply connected open sets. For k large, w(k) ~ «,k" and D approaches Dg
which consists of the following n sectors:

3
arga,,—}—nargke(%,?n)—i—Zmn, m=0,...,n—1. (1.32)
If nisoddand o, = —i (i.e., arga, = —m/2), then (n — 1)/2 of these sectors are in

C™*, whereas if a, = i, then (n + 1)/2 of these sectors are in C*. If n is even, using the
restriction that arg o, € [—7/2, /2], it follows that n/2 sectors are in C*.
Using Jordan’s lemma in D we can replace d D by dD}.
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For large k, the solutions of the equation w(k) = w(v(k)) become

2imm

vuk)y ~en k, m=1,...,n—1. (1.33)

Thus, for each fixed sector D;f ., there existn — N functions {v; , }’l’_N which map this sector

to the n — N sectors of Dj. Hence, replacing k by v; ,, in the global relation (1.18) we find

n—1

Goim) = Y cjmEwk) =" 7§, (), 1=1,...,n =N, (1.34)
j=0

where g, (k) denotes the Fourier transform of g (x, T'). The first N terms of the summation
in the LHS of (1.34) are the known functions G j (w(k)), and thus (1.34) can be considered as
n— N equations for the n — N unknown functions {g; }'1'\,71 . The solution of this system yields
for each g;, j = N,...,n — 1, an expression corresponding to the homogeneous version
of (1.34) plus an expression corresponding to the functions exp[w (k) T14, (v;.,). However,
the contribution to the solution g (x, ¢) of the latter part vanishes. Indeed, the determinant of
the relevant system is independent of k (see [77]), and hence the nonhomogeneous part of
(1.34) yields an integrand which consists of linear combinations (polynomials in k of order
less than n— 1) of the terms exp[w (k) (T — )17 (v m)- But T —t > 0, thus exp[w (k) (T —1)]
is bounded and analytic in D;ﬁ, whereas ¢, (v;,,) is bounded and analytic in D;ﬁ’m (since
g, (k) is well defined in C™), thus Jordan’s lemma in D;m yields the desired result. O

Remark 1.3. Suppose that N linear combinations with constant coefficients of a subset of
the boundary values {3} ¢ (0, t)}g_l are prescribed as boundary conditions. Then, provided
that a certain determinant does not vanish identically, it is still possible to construct g (x, ¢):
The determination of {g; }g_' still involves (1.34); however, the relevant determinant is
now a polynomial in & instead of a constant. Thus, if this polynomial has zeros in D7, then
the contour BD;F must be deformed to avoid these zeros, or alternatively the contribution
of these zeros can be computed via a residue calculation. This will be illustrated in the
examples below.

Example 1.8 (the heat equation). Using the expression for (k) defined by (1.20d), the
global relation (1.18) becomes

Go(k) — [ikgo(k*) + g1 (kA1 = & Tgr(k), Imk <0. (1.35a)

The equation k> = v? has only one solution other than k, v = —k. Replacing k with —k in
(1.35a) we find

Go(—k) — [—ikgo (k™) + 21(K)] = ¢ "G4r(—k), Imk = 0. (1.35b)

(i) The Dirichlet Problem. The solution g (x, t) is given by

1 [ . R 1 . R )
g0, 1) = — / elkx_kZZCIo(k)—Z / "R [Go(—k) + 2ikGo(k»)] dk, (1.36)
—00 oDt
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where d D7 is as depicted in Figure 1.1. Furthermore G((k?) can be replaced by Go(k?, t)
(defined in (1.9)), in which case (1.36) becomes (16).

Indeed, in this case gy = Gy, and thus by solving the homogeneous version of (1.35b)
for g; and inserting the resulting expression in g we find

g(k) = 2ikgo(k*) + Go(—k), TImk > 0.

Hence (1.16) becomes (16).
(i1) The Neumann Problem. The solution g (x, t) is given by

1 * ikx—k%r ~ 1
q(x, 1) = — e go(k) —

ikx—k2 20 _ o~
— 2G (k") — qgo(—k) | dk, 1.37
) e /;me [2G (k%) — Go(—k)] (1.37)

where G (k) is the z-transform of the Neumann data (see (1.8)) and d D™ is as shown in
Figure 1.1. Furthermore, G| (k?) can be replaced by G (k?, t) defined in (1.9).

Indeed, in this case g, = G, and thus by solving (1.35b) for ikgy(k?) and inserting
the resulting expression in g we find

g(k) = 2G1 (k%) — Go(—k) 4+ T gr(—k), Tmk > 0.

Inserting this expression in (1.16) and noting that the contribution of the term exp[k> T 1§ (—k)
vanishes, we find (1.37).
(iii) The Robin Problem. Let

q:0,t) —yq0,t) = gr(t), O0<t<T, y realconstant. (1.38a)

The solution ¢ (x, t) is given by

( t) _ 1 /oo ikx—k>t A (k) 1 / ikx—k*t 2k G (kZ)
0= _Ooe a0 2 3D+e k+iy %
k—iy.,

. (1.38b)
e l.y%(—k)} + H(—=y)2ye” 7 [Gr(=y?) — Goliv)],

where H (y) denotes the usual Heaviside function, d D™ is as depicted in Figure 1.1, and
G g (k) denotes the t-transform of the function gg, i.e.,

T
Gr(k) =/ X gr(s)ds, keC. (1.38¢)
0

Furthermore, Gz (k%) and G g (—)/2) can be replaced by G (k%, t) and GR(—)/Z, t) defined
in (1.9).
Indeed, taking the 7-transform of the boundary condition (1.38a) we find
&%) = yg(k*) + Gr(k), keC. (1.39)
Replacing g, by the RHS of (1.39) in the global relation (1.35b) we find

(ik — )30 (k*) + Go(—k) — Gr(k?) = T Gr(—k), Imk > 0. (1.40)
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Solving this equation for gy and then inserting the resulting expression for g, as well as the
expression for g; (equation (1.39)), in the definition of g (equation (1.20d)) we find
k—iy . k—iy

Gr(k?) — —k
k+iy r(k7) k+iyq°( )+k+iy

glk) = & Tor(=k), Imk>0. (1.41)

Ify > 0,k+iy # Ofork € D", thus the last term in the RHS of (1.41) does not contribute
to the solution ¢ (x, ). However, if y < 0, this term yields the following contribution:

_L 6ikx+k2(T_t)uéT(_k)dk

2w Jap+ k+iy
= —%(Zin)e”_yz(T_')(—2iy)c}r(iy) — 2y TG (i),
Evaluating (1.40) at k = —iy we find
e Tgr(iy) = Goliy) — Gr(=y?)
and (1.38b) follows.

Example 1.9 (a PDE with a second order derivative). For (1.21a), using
wk) —w®) = (k> —ipk) — (v* —ifv) = (k = v)[k +v —if],

it follows that v(k) = —k 4 iB. Thus we consider the global relation (1.18) with g(k) given
by (1.21d) and we replace k with v(k),

Go(—k +iB) — [—ikgo(w(k)) + g1 (w (k)] = " DTG (—k +ip), ke DT, (1.42)

where w(k) is defined by (1.21b).
(1) The Dirichlet Problem. The solution ¢g(x,t) is given by (1.16) where w(k) =
k* — iBk, 3D7 is as depicted in Figure 1.2, and g (k) is given as

§(k) = qo(—=k +ip) + ik + B)Go(w(k)). (1.43)

Furthermore, G((k?) can be replaced by Go(k?, t).

Indeed, in this case gy = G, and thus by solving the homogeneous version of (1.42)
for g; and then substituting the resulting expression in the definition of g(k) (equation
(1.21d)) we find (1.43).

(i) The Neumann Problem. In this case

1
gk) = = [—(@ik + B)do(—k +iB) + ik + B)G1(w(k)], ke D*. (1.44)

Indeed, solving (1.42) for gy and then substituting the resulting expression in the definition
of g(k) we find the RHS of (1.44) plus the term

ik +B) ur

T gr(—k +ip).

The contribution of this term vanishes since k = 0 is outside D™.
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Example 1.10 (a PDE with a third order derivative). For (1.22a), o, = —i, thus N = 1.
Also

2im
3

v =ak, v= a’k, a=e3. (1.45)

Ifk € D, thenv, € D; and v, € D5 ; see Figure 1.3. Thus we consider the global relation
(1.18) with g given by (1.22d) and we replace k with v; and with v,,

Golak) — a?k23o + iakg) + & = e * T g (ak), (1.46a)

Go(@®k) — ak®go + iad’kg) + g2 = e KT g1 (@), k € D*. (1.46b)

The Dirichlet Problem. The solution g (x, t) is given by (1.16) where w(k) = —ik?,
dD™ is as depicted in Figure 1.3, and g(k) is given by

3(k) = 3K2Go(—ik®) — ago(ak) — a’go(a®k), a=e, keD™. (1.47)

Furthermore, Go(—ik>) can be replaced by Go(—ik>, t) defined in (1.9).

Indeed, we must solve the homogeneous version of (1.46) for g; and g, and then
substitute the resulting expressions in the expression for g. Actually, instead of following
this procedure it is more convenient to supplement (1.46) with the equation for g and to
eliminate g; and g, from these three equations: the equation for g is

—k*Go + kg + 8 = —g (k).

Multiplying the homogeneous version of (1.46a) by «, the homogeneous version of (1.46b)
by 2, adding the resulting equations to the equation for g (k) above, and using the fact that

l+a+a?=0, (1.48)

we find the expression for g(k) given by the RHS of (1.47).

Example 1.11 (another PDE with a third order derivative). For (1.23a), o, = i, and thus
N = 2. The functions v; and v, are still defined by (1.45). If k € DT, then v, € D~ and
ifk € D; , then v, € D7; see Figure 1.4. Thus in order to determine g (k) for k € D1+ and

k € DY we must use vy and vy, respectively. Hence, we consider the global relation (1.18)
with g given by (1.23d), i.e.,

—k*go +ikgi + & = §(k)
and replace k with either v; or v;:
Golak) + o®k*go — iak@, — g = ¢* Tgr(ak), k € D, (1.49a)
Go(@®k) + ak®go — ia’kg) — g = ¥ Tgr(@®k), k€ D. (1.49b)
The Canonical Problem. In this case

q(0,1) = go(®), ¢x(0,1) = g1 (1). (1.50)



Chapter 1. Evolution Equations on the Half-Line 51

The solution g (x, t) is given by (1.16) where w(k) = ik3, D is as depicted in Figure 1.4,
and g (k) is given by

_ Jao@k) + (@ = DE*Go(ik*) +i(1 — a)kG1(ik), k€ DY,

g(k) = 1.51
S0 =1 a0 + (@ — DGk +i(1 —akGiikd). keDf, 7V
with @ = exp[2im/3]. Furthermore G (ik®) and G (ik>) can be replaced by Go(ik>, t) and
G, (ik3, t) defined in (1.9).

Indeed, replacing go and g; by G and G in (1.49) and adding the resulting expressions
to the expression for g (k) we find (1.51).

Example 1.12 (the first Stokes equation). For (1.24a), o, = —i, and thus N = 1. Using
wk) —w) = ik —ik®) — (v —ivd) =itk —v)(1 — k* —v* — kv),

it follows that
Vrkv 4k —1=0, v~e Tk koo, j=12 (1.52)
The domains D}r, D;], DEZ coincide with the domain, D, D, D; of Figure 1.3. If

k e D,’;, then v; € Dy and v, € Dy . Thus we consider the global relation (1.18) with g
given by (1.24d), i.e.,

(k* — 1)go — ikg1 — & = g(k),

and we replace k with v; and v;:

Gow) + (1 =130+ ivig1 + & = " DTG (vy), (1.53a)
Go() + (1 —v)Go+ i + & =" ®TGr (1)), ke DY, (1.53b)

The Dirichlet Problem. The solution g (x, t) is given by (1.16), where w (k) = ik—ik?,
the contour in the second term of (1.16) is either d DT of Figure 1.5 or the contour D}
corresponding to d DT, which is depicted in Figure 1.3, and g(k) is given by

g(k) =

1
-~ [(v1 = K)Go(m2) + (k — v2)Go(v1)] + Bk> = DGo(w(k)), k € D*.
(1.54)

V1

Furthermore Go(w(k)) can be replaced by Go(w(k), 1).

Indeed we replace gy by G in the homogeneous versions of (1.53) and also supplement
these equations with the equation for g (k) where g is replaced with Go. In order to eliminate
the unknown functions g; and g, from these three equations, we multiply the homogeneous
versions of (1.53a) and (1.53b) by «; and «,, respectively, and then add the resulting
expressions to the equation for g (k); the coefficients of g, and g, vanish, provided that

k — V2 Vv — k

art+oy =1, oy +ov, =k, ie., o = , ap =
v — WV Vi — 1”2

and then (1.54) follows by making use of the identities

U1+U2=k, U]Uz:kz—l.
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Example 1.13 (the second Stokes equation). For (1.25a), o, = i, and thus N = 2. The
functions v; and v, satisfy

Vibkv 4K +1=0, j=12 v ~e3, k>oo, j=12 (1.55)
The domains Dy , Dy ., Dy are as depicted in Figure 1.4. If k € D%, then v; € Dy and
if k € Dy, then v, € Dy. Thus in order to determine g(k) for k € D} and k € D3, we
must use vy and v,, respectively. Hence we consider the global relation (1.18) with g given
by (1.25d), i.e.,
—(L+KD)G0 + ik§) + & = g,

and replace k with either v, or v;:

Gow) + (1 + v g0 —ivig1 — & = e"®Tgr(v1), k € Dy, (1.56a)
Go(2) + (L +v3)g0 — ivgi — & = e"©Tgr (1)), k € D3;. (1.56b)

The Canonical Problem. In this case ¢(0, t) and ¢, (0, t) are given; see (1.50). The
solution g (x, t) is given by (1.29) where w(k) = ik + ik, the curves 8D,§1 and E)D,t2 are
the curves 9D} and D5 of Figure 1.4, and g (k) is given by

) = {éo(vl) + (f = ) Go(w(k)) + itk —v)Gi(wk), k€ Dy, (1.57)

Go(n2) + (v = k) Go(w(k)) +i(k —v2)Gi(w(k), k € Dyg.

Furthermore, Go(w(k)) and G (w(k)) can be replaced by Go(w(k), ¢) and G| (w(k), t).
Indeed, replacing the functions gy and g; by G and G, in the expression for g (k)
and adding the resulting expression to the homogeneous versions of (1.56), we find (1.57).

Example 1.14 (a PDE with a fifth order derivative). For (1.26a), o, = —i, and thus
N = 2. The functions {v;}} satisfy

4 3 2.2 3 4 _ i .
vj+kvj+k vj+k vi+k'—1=0, vi~esk, k—o0, j=1,2,3,4. (1.58)

The domains Dy , Dy , Dy, Dy, Dy, are as depicted in Figure 1.7(b). These domains and
the definitions (1.58) imply the following:

+ . - - -
k€ Dy :vi € Dg, v2€Dp, v3€ Dp

and
+ . - = =
keDRz.vzeDRl, v; € Dy, u4eDR3.

The Canonical Problem. In this case ¢ (0, t) and g, (0, t) are given; see (1.50).
We consider the global relation (1.18) with g given by (1.26d), i.e.,

k* = 1)Go — ik*G| — k*3y + ikgs + g4 = g (k). (1.59)

Fork e D;I we can determine g (k) by eliminating {g; }‘2‘ from the above equation, and from
the equations obtained from the homogeneous version of the global relation, by replacing
k with {v; ?, i.e., from the equations

Go) + 1 =v)HGo+iviGi+vigs—ivi@s— g, ke Dy, j=1,2,3 (1.60)
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Fork € D;fz we can determine g(k) by eliminating {g; }‘2t from (1.59) and from an equation
similar to (1.60) but with j = 2,3, 4. Then we insert these expressions in (1.29) where
w(k) = ik — ik’ and 3Dy, , 9 D are as depicted in Figure 1.7(b).

1.1 The Classical Representations: Return to the Real Line

It was mentioned in the introduction that the global relation, and the equations obtained
from the global relation through the transformations which leave w(k) invariant, provide
an alternative approach to deriving the classical representations. As an example, consider
the heat equation (1.20a). In this case the global relation and the equation obtained through
the transformation k — —k are (1.35a) and (1.35b). Replacing T by ¢ in these equations
we find

t
Go(k) — f e5Tikq (0, 5) + g+ (0, )1ds = ¢ (k, 1), Imk <0, (1.61a)
0

t
%hm—/embwmaw+%m»mn=&%eko,Mkza (1.61b)
0

where go(k) and g (k, t) denote the Fourier transform of go(x) and g (x, t); see (1.6) and
(3). Equations (1.61) are both valid for k real. Thus, the algebraic manipulation of these
equations yields an integral transform for ¢ (x, #) with k on the real line.

(i) The Dirichlet Problem. In this case the function ¢ (0, ¢) is known, and thus we
must eliminate g, (0, ). Subtracting equations (1.61) we find the sine transform of ¢ (x, t);
see (18).

(i) The Neumann Problem. In this case ¢, (0, t) is known, and thus by adding equa-
tions (1.61) we find

/ q(x, 1) cos(kx)dx = e ¥ [/ go(x) cos(kx)dx — G (k?, t)i| , keR,
0 0

where G(k, t) is the ¢-transform of the Neumann data involving an integral from O to ¢;
see (1.9).

(iii) The Robin Problem. Let g satisfy the Robin boundary condition (1.38a). In
this case after using this condition to express ¢, (0, s) in terms of ¢ (0, s), equations (1.61)
become two equations involving the unknown ¢ (0, s). Eliminating this unknown function

we find o L

—ikx — 1y ikx

e + ——e¢ x,t)dx

/0 ( k+iy )q( )
2 | A 2k

=kt |:qR(k) — k+inR(k2,t):|, k € R, (1.62a)

where - i
@®=/ G%u_liwj%mw,keR (1.62b)
0 k+l)/

t
Gr(k, t):/ & gr(s)ds, keC. (1.62¢)
0
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The above approach has the advantage that it avoids the determination of the “proper”
transform (it also avoids integration by parts). For example, the fact that the proper transform
for the Dirichlet problem is the sine transform is a direct consequence of (1.61). However,
the above approach has the disadvantage that it requires the independent knowledge of
how to invert the integral transforms of g(x, t). This of course can be achieved using
results from the Sturm—Liouville theory. Alternatively, one can obtain the classical integral
representations without using the Sturm-Liouville theory by starting with the novel integral
representations and then using contour deformation.

For example, for the Dirichlet problem the novel integral representation is given either
by (1.36) or by (16). Regarding the latter equation we note that go(—k) is analytic in C¥,
whereas exp[—k’t]kG((k>, t) is bounded and analytic in C*\ D*. Thus the contour d D*
can be deformed back to the real line,

oo oo

glx, 1) = 1 / R R 50 (o dk — 1 / R RG0(—k) + 2ikGo (K2, 1)]dk.
21 —00 2 —00

By splitting the integral along the real line into an integral from —oo to 0 and an integral

from 0 to oo, the above expression becomes (19).

Similarly, for the Robin problem the novel integral representation is given by (1.38b).
Replacing Gz (k?) and Gg(—y?) by Ggr(k?, t) and G g(—y?, t) in this equation, deforming
the contour 3 D back to the real line, and splitting the integral along the real line into the
two integrals mentioned earlier, we find that if y > 0, then

1 2 OO ikx —ikx A
qx, 1) = Ee*k ! {f [e%°G, () + e ™ g, (k)] dk
0

0 efi kx ei kx
—2/ < — + . )kGR(kz,t)dk}, 0<x<oo, >0. (1.63)
0 k+iy k—iy

Remark 1.4. TItis always possible to deform from the real line to the contour d Dt before
using the global relation to eliminate the unknown boundary values. However, it is in
general not possible to deform back to the real line after using the global relation. Actually,
this “return to the real line” is possible only in the exceptional cases that there exists a
classical x-transform pair. Let us consider, for example, the novel integral representations
for the Dirichlet problem of the heat equation and of the PDE (1.21a). These representations
involve go(—k) and go(—k +ip), respectively, and thus while §o(—k) is defined in the entire
upper half of the complex k-plane, the domain of definition of §o(—k + i) is restricted:

o0
Go(—k +ip) :/ e Bx g (x)dx, Imk > B. (1.64)
0

Hence, since this term is not bounded for Imk < B (unless go(x) decays exponentially),
we cannot deform the contour d D" of Figure 1.2 back to the real line. This indicates that
there does not exist for this problem an x-transform formulated on the real k-axis. This is
consistent with the following argument: Using the transformation u = g exp[Bx/2], (1.21a)

is mapped to the equation
2

Uy = Uxy — — U,

4
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which can be solved by classical transforms. However, the initial condition for « is given
by uo(x) = go(x) exp[Bx /2], and thus this approach works only for exponentially decaying
initial conditions.

The situation for the PDEs involving a third and a fifth order derivative, discussed in
Examples 1.10-1.14, is similar to that of (1.21a).

1.2 Forced Problems

Let g (x, t) satisfy the inhomogeneous PDE
gr +w(—idy)g = f(x,1) (1.65)

in the domain 2 where f(x, ¢) has appropriate smoothness and decay.

Equation (1.65) can be written in a form similar with (43), where now the RHS of
(43) is replaced with exp[—ikx + w(k)t] f. This term yields the following additional term
in the RHS of (44):

Fk, 1) = /t <foo e KETwlT £(g t)dé) dr. (1.66)
0 0

This implies that g (x, ) satisfies an equation similar with (1.29) where gy (k) is now replaced
by
Go(k) + F(k, 1).

Remark 1.5. Nonlinear evolution PDEs can be considered as forced linear PDEs. By
using the explicit formulae for forced linear PDEs derived by the new method, it should be
possible to study the well-posedness of a large class of nonlinear PDEs. This should yield
existence at least for small time, or for boundary conditions which have small norms in an
appropriate function space.

1.3 Green’s Function Type Representations

The integral representation of the solution of the PDE (1.1) formulated on the half-line is
given by (1.29) where the function g (k) involves integrals of the given initial and boundary
conditions. Furthermore, the integrals from 0 to T of the boundary conditions can be
replaced by integrals from 0 to 7. Thus, by changing the order of the k-integration with the
x- and t-integrations, it is always possible to express the solution in the form (20) of the
introduction.

Second order PDEs are distinguished by the fact that for simple boundary value
problems, G and G'® can be computed explicitly.

As an illustration, we will derive G and G'® for the Neumann problems of the heat
equation and for the Dirichlet problem of the first Stokes equation.

1.3.1. The Heat Equation with Neumann Boundary Conditions

The solution is given by (1.37), where we replace G () by G, (k%, t). Hence,

qr, 1) = f T 60,1, £)q0(E)dE + / GO 1, )g1()ds,  (1.67)
0 0
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where
G = 1 / ” eik(x—¥>—k2fdk+i / KA1 g (1.68a)
2 —00 2 oD+
1 T
g —_1 / kTR0 g (1.68b)
T Jap+

The integrals defined by (1.68) can be computed explicitly:

) 1 _ =92 te)?
GV(x,1,8) = e +e W |, 0<x<o00, 0<& <oo0, t>0, (1.692)

2/t
YZ
G®(x,1,5) ey t>0, 0 t (1.69b)
X, 1,8) = —————, <Xx < 00, > 0, <s<t. .
St —5)

Indeed, we first consider the first integral in the RHS of (1.68a) which we call I. By
completing the square of the exponential of this integral we find

-2 *° . X —
| =e¢ 4 / e_t(k_”])zdk’ n= é
. 2

But

foo e—t(k—in)ldk _ /Oo_m e—zzzdz — /OO e—rzzdz — L /OO e_lzdl _ \/_E’
—00 —o0—in —0o0 \/; —0o0 \/;

where the first equality follows from the change of variables z = k — i, the second equality
follows from Cauchy’s theorem, and the third from the change of variables / = /7z. Hence,
the evaluation of I yields the first term in the expression for G). Next we consider the
second integral in the RHS of (1.68a) and the integral in (1.68b): The contour d D™ can be
replaced by the real line and then these two integrals can be mapped to the integral I by the
transformations £ — —& and {t — ¢ — 5, & — 0}. Hence, these integrals yield the second
terms in GV and G'®.

1.3.2. The First Stokes Equation with Dirichlet Boundary Conditions

The solution is given by (1.16), where w(k) = ik — ik?, 9D is as depicted in Figure
1~.5, and g(k) is as defined in (1.54). Hence, replacing in the latter equation Go(w(k)) by
Go(w(k), t) we find that

G(I)(x,t,é), O<x<oo, O0<é&é&<o00, t>0,

and
G(B)(x,t,s), O<x<oo, t>0, O0<s <t,

are given by
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G — ZL / % ik =itk g
T

—0Q

I 1 )/ [(v] — kyel k=i L vz)ei(kvalé)fi(kfkﬂtil dk. (1.70a)
aT(V1 — Vy D+
1 . .
G® — By / (Bk% — 1)e 'K -h=—s)tike gy (1.70b)
1 —V2) Jap+

The above integrals cannot be computed explicitly. However, in the case that the term ¢, is
missing in the second Stokes equation, i.e., in the case of (1.22a), G'® can be expressed in
terms of the Airy function.

1.4 The Generalized Dirichlet to Neumann
Correspondence

The global relation (1.18) involves the ¢-integrals of the boundary values {8){ q(0, t)}g_l,
the coefficients {c; (k)}g_1 (which are uniquely determined in terms of w(k) by (1.15)), the
Fourier transform go (k) of the initial condition go(x), and the Fourier transform g (k, T') of
q(x, T). It turns out that using the global relation and the equations obtained from the global
relation through the transformations that leave w (k) invariant, it is possible to determine the
unknown boundary values directly without having to determine ¢ (x, ¢). In the following
we present some illustrative examples.

1.4.1. The Neumann to Dirichlet Map for the Heat Equation

For brevity of presentation we let go(x) = 0. Equation (1.35a) with go(k) = 0 becomes

T T R
—/ e, (0, s)ds -I—ik/ ¢ (0, 5)ds = esz/ e*q(x, T)dx, Imk > 0.
0 0

’ (1.71)
We multiply this equation by exp[—k?¢] and integrate the resulting equation along the
contour d D™ depicted in Figure 1.1. The term exp[k*>(T — t)] is bounded and analytic in
the domain D™ and the x-Fourier transform of g (x, T) is analytic in C* and of 0(1/k) as
k — oo, and thus the RHS of (1.71) yields a zero contribution. Furthermore, the change
of variables k?> = il and the classical Fourier transform formula imply that the second term
on the LHS of (1.71) yields —m (0, t). Hence, (1.71) implies

T
/ [ / 6040, s)ds:| dk +7q(0,1) = 0. (1.72)
oD+t 0

We split the integral fOT into f; and ftT. The second integral vanishes due to the fact that
the integrand is analytic in D, whereas the first integral can be simplified as follows:

4 t
—k?(1—s) _ _12qx(0, s)ds
e q. (0, s)ds] dk _/ |: eI 4]
/30* |:/(; ap+ LJo VE—s

" q.(0, s)ds
0 NJE— S ’

(1.73)
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with

c= / e ldl = JT,
aD+

where the first equality in (1.73) follows from the change of variables [ = k+/t — s and the
evaluation of ¢ follows from the fact that exp[—zz] is bounded in ET = C*/D™, and thus
the contour D can be deformed to the real line. Hence, (1.72) yields (23).

1.4.2. The Dirichlet to Neumann Map for the Heat Equation

Using the Abel transform, it is possible to solve (23) for ¢, (0, ) in terms of g (0, ). Al-
ternatively, we multiply (1.71) by ik exp[—k’¢] and integrate the resulting equation along
dD*. The RHS of (1.71) yields a zero contribution, whereas the first term on the LHS of
(1.71) yields ¢ (0, ). Before changing the order of integration in the second integral on
the LHS of (1.71) we must first integrate by parts:

T T
—K2 f X 6D4(0, 5)ds = q(0,0)e* —eF TDg(0, T)+ / K660, 5)ds, (1.74)
0 0

where the dot denotes differentiation. We recall that g(x, 0) = 0, thus ¢(0,0) = 0, and
furthermore the integral of exp[k?(T — t)] along d D™ vanishes. The integral along d D* of
the third term in the RHS of (1.74) was computed in (1.73), and hence (1.71) yields

(0;)——i 1400ds (1.75)
qx ’ - ﬁo /_t_s7 . N

1.4.3. A PDE with a Third Order Derivative

Let g(x, t) satisfy (1.22a). We assume that go(x) = 0 and we will express ¢ (0, #) and
qx (0, t) in terms of ¢,, (0, ¢). Solving the global relations (1.46) (where gy = 0) for gy and
g1 we find

—ikT
Ko+ = ——[aq. T) = 4. 1], (1.76a)
—ik’T
ik*g) — kg = —— ; [, T) —ag(m, T)]. (1.76b)

We multiply (1.76a) and (1.76b) by exp[i k3t] and integrate the resulting equations along the
curve d Dt which is depicted in red in Figure 1.3. The RHSs of equations (1.76) yield a zero
contribution, whereas the first terms on the LHSs of (1.76a) and (1.76b) yield —2m ¢ (0, ¢)/3
and —2imq,(0, t)/3, respectively. Hence, equations (1.76) imply

27 ! ik3(1—s)
——q(0,1) + e Vg0, 8)ds |dk =0, 0<t<T,
3 ap+ LJo

2im T ea—s)
—qu((), 1) — k e g (0,5)ds |dk=0, 0<t<T.
aD+ 0
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The integrals ftT yield a zero contribution, whereas the integrals fot can be simplified as

follows:
t t P
4 (0,
/ |:/ ezl&(z—s)q”(o7 s)ds:| dk = / / wds dl
ap+ LJo apt [ Jo  (t — )3

/’ @xx (0, 5)ds
= (] - 1
o (t—ys)3

t t il
. XX 07
[ k |:/ ezk3(r—s)qm(07 s)dsi| dk = / / Mds 1dl
aD+ 0 op+ | Jo  (t —5)3

/’ gxx (0, 5)ds
=c¢ | ————,
0o (t—s)3

where [ = k(t — s)% and the constants ¢; and ¢, are defined by

el =f eldl, c2=/ 1 dl. (1.77)
oD+ oD+
Thus
3 d P 07
q0,1) = ﬂ/ 4 0. 5) s,)ds, t >0,
2 Jo (t —s)3

3. ! XX 01
0 (0.1) = 2 [14a©.5) )

“ds, t>0. (1.78)
2 Jo (t —s)3

The constants ¢; and ¢; can be expressed in terms of the Gamma function.

1.5 Rigorous Considerations

Proposition 1.2 was derived under the assumption of existence. However, it is possible
to prove the relevant result without the a priori assumption of existence. This proof is
straightforward provided that the initial and boundary conditions have sufficient smoothness
and decay. Consider for example the Dirichlet problem for the heat equation. Given gy (x)
and go(r) we define go(k) and Gy(k) by (1.6) and (1.8) (with j = 0) and then define
q(x,t) by (1.36). We must now prove that this function satisfies the heat equation and that
q(x,0) = qo(x), g(0, 1) = go(t). The relevant integrands depend on x and ¢ only through
explikx — k?t], which immediately implies that g (x, t) satisfies the heat equation. In order
to prove that g (x, 0) = go(x) we evaluate (1.36) at r = O:

1

1 oo .
q(x,0) = — / e* go(k)dk — — / ™ [Go(—k) + 2ikGo(k*)] dk.
27‘[ —00 27'[ aD+

The second integral on the RHS of this equation vanishes due to analyticity considerations,
and the first integral equals go(x) due to the usual Fourier transform identity. In order to
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prove that g (0, 1) = go(¢) we evaluate (1.36) at x = 0:

1 oo
q0,1) = 5— / e gordk — 5= f e Go(—k)dk
27 J_ o D+
) (1.79)
L / X1 Go (k) kdk.
T Jap+
The contour d D™ of the second integral on the RHS of this equation can be deformed to the
real k-axis, and then the transformation k — —k yields an integral which cancels with the
first integral of (1.79). Using the transformation k> — il in the third integral in the RHS of
(1.79), and employing the usual Fourier transform identity, we find that this integral equals
8o(?).

Uniqueness can be established using the usual PDE techniques. These arguments
are sufficient to establish well-posedness provided that the functions go(x) and go(¢) have
“sufficient smoothness” and the function go(x) has “sufficient decay.” A precise charac-
terization of a suitable function space is given in [77] for the case that Re w(k) = O for k
real.

Theorem 1.1 (existence and uniqueness of a weak solution for Sobolev data [77]). Assume
that

* go belongs to the Sobolev space H i (0, 00), where n is the smallest integer > n/2;

20-1)

* g; belongs to the Sobolev space H2+(2" (0, T)forO0<I <N —1,
* g1(0) = 3lgo(0) for0 <l <N — 1.
Then there exists a unique function ¢ (x, ) with the following properties:
e t — ¢(-, t) is a continuous map from [0, T'] into H™(0, 00);
* g(x,t) satisfies the initial and boundary conditions (1.27) and (1.28).
Given any ¢ € C°(R) such that 8j¢>(0) =0forall0 < j < n—n — 1, the function

(q(-, 1), ®)1,00.00) 18 differentiable on (0, T).
—2j—1

The map x — qu(x -) is a continuous map from [0, co) into H IS (0, T) for
0<j<n-1.

The proof of the above result can be found in [77]. In what follows we use a simple
example to explain the reason for the appearance of H". Let ¢(x,t) solve the Dirichlet
problem for the Schrodinger equation with zero potential, i.e., (72) of the introduction.

In this case

1 [ ., ., 1 L .
gx.0) =5~ / ¢ Go (k) dk — > f MR Go(—k) 4+ kGo(—ik?)1dk,
—c0 aD+

where g (k) is the Fourier transform of the initial condition go(x), 3 D7 is the oriented
boundary of the first quadrant of the complex k-plane, and G (k) is the ¢-transform of the
Dirichlet boundary condition go(t). Let Go(—ik?) = Gr(k), i.e.,

T
GT(k)=/ e*sgo(s)ds, ke C.
0
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The terms involving gy (k) can be analyzed by the usual theory of Fourier transforms,
3

so we let go(x) = 0. In this case Gy must belong to HOZ 0, 7),1e.,
g0 € Hi(0,T) and g(0) = go(T) = 0.
Indeed, using
3
(141717) G1(/7) € La(=o0, ),

it follows that
(1 + |k (kGr(k)) € L,(dD™).
Hence, the map

t— filx,t) = / iR G (k) dk
0

defines a continuous map from [0, 7] to L, ([0, c0)). Similarly, the map

0
t— folx, 1) = / R iR e G (k)dk

100
also defines a continuous map from [0, 7] to L, ([0, c0)). This is a consequence of a classical
result in [78] which states that the map

u(x) — /OO e u(x)dx
0

defines a bounded linear map from L, (0, co) to L,(ioo, 0).






Chapter 2

Evolution Equations on the
Finite Interval

In this chapter we will consider (1.1) in the finite interval 0 < x < L, where L is a positive
finite constant.

We first introduce some useful notations:

An initial-boundary value problem for (1.1) on the positive finite interval is well posed
if N boundary conditions are presented at x = 0 and n — N boundary conditions are
presented at x = L, where the integer N is as defined in (1.5).

The function go(x) will still denote the Fourier transform of the initial condition,

L
4, 0) = qotx), 0<x <L do(k) =/ e gox)dx, keC. (2.1a)
0

It is assumed that go(x) has sufficient smoothness. Similarly g, (k) will denote the
Fourier transform of ¢ (x, T),

L
g, (k) =/ e ™ qx, T)dx, keC. (2.1b)
0

In analogy with (1.7), the 7-transform of the boundary values at x = L will be denoted
by hj,

T
ﬁj(k)zf diq(L,s)ds, keC, j=0,1,....,n—1. (2.2)
0

In analogy with (1.8), if the boundary value 3] q(L,t) is prescribed as a boundary
condition, then it will be denoted by /() and its ¢-transform by H (k),

T
dg(L,t)=h;(t), 0<t<T; Hj(k)zf hi(s)ds, keC. (2.3)
0

It is assumed that /1 ; (¢) has sufficient smoothness and that it is compatible with go(x)
atx =L, =0,i.e., h;(0) = (:L)/go(L).

63
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e If g and its first N — 1 derivatives are prescribed at x = 0 and g and its first N —n — 1
derivatives are prescribed at x = L, then we will refer to this problem as the canonical
problem.

* It will turn out that the integral representation which will be derived for ¢ is also valid
if T is replaced by ¢ in (1.8) and (2.2). In analogy with (1.9) the relevant integral will
be denoted by H;(k, 1), i.e.,

t
H;k, 1) =/ hi(s)ds, keC, 0<t<T. (2.4)
0
We next present the analogue of Proposition 1.1.

Proposition 2.1 (ageneral integral representation). Let g (x, t) satisfy the linear evolution
PDE (1.1) in the domain

Q ={0<x<L,0<t<T}, (2.5)

where w (k) satisfies the restrictions specified in (1.2) and L, T are finite positive constants.
Assume that g (x, t) is a sufficiently smooth (up to the boundary €2, ) solution of (1.1).
Then g (x, t) is given by

1 o 1 .
q(x’ t) - / elkx—w(k)tq"o(k)dk _ elkx—w(k)tg(k)dk
27 J o 27 Jyp+
. (2.6)
—5 e ML= w®h (ydk,  (x,1) € Q,
oD~

where 0 DT, 9 D™ are the oriented boundaries of the domains D™ and D~ defined in (1.11),
g(k) is defined in terms of the ¢-transforms of the boundary values {37 g (0, t)}g_1 by (1.17),
and (k) is defined in terms of the 7-transforms of the boundary values {3]q (L, t)}gf1 by
an equation similar to (1.17), namely,

n—1

hk)y = "c;(h;(w(k). keC. 2.7

j=0

Furthermore, the following global relation is valid:

L
Gok) — g(k) + e R (k) = e ®T / e ™™g (x, T)dx, keC. (2.8)
0

Equation (2.6) is also valid if T in the definitions of g(k) and ft(k) is replaced by t.
This hold similarly for the global relation, where T in the RHS of (2.8) is replaced by z.

The canonical initial-boundary value problem for (1.1) can be solved by supplement-
ing the global relation with the n — 1 equations obtained through the transformations that
leave w(k) invariant and then solving these n equations for the following unknown func-
tions:

&0y, thiky-y.
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Proof. Equation (43) and the application of Green’s theorem either in the domain Q; or
in the domain {0 < x < L, 0 < s < t} yield either (2.8) or the equation obtained from
(2.8) by replacing T with ¢. Solving the latter equation for the Fourier transform of g (x, t)
and then using the inverse Fourier transform we find an equation similar to (2.6), where the
second and third integrals in the RHS of (2.6) involve integrals along the real line instead
of integrals along 9 D" and 3 D~. The deformation of the real line to d D+ was discussed
in the proof of Proposition 1.1. The justification for the deformation of the real line to d D~
is similar, where we note that the term exp[—(L — x)] is bounded in C~ and the change in
the sign is due to the change of the orientation in D~

The justification for replacing 7 with ¢ is similar to that presented in the proof of
Proposition 1.1. a

Remark 2.1. For T finite, g(k) and fz(k) are entire functions; thus d DT and 9 D~ can be
replaced by any other contours in C* and C~ which approach 9D and 9D~ as k — oo.

The Zeros of A(k)

In the case of the canonical problem, the global relation and the n — 1 equations
obtained through the transformations {v; (k)}gfl, which leave w (k) invariant, can be con-
sidered as a system of n equations for the n unknown ¢-transforms of the boundary values.
The solution of this linear system involves the solution of the system obtained by neglect-
ing the RHS of (2.8) plus an expression corresponding to the functions exp[w (k) T1gr (v;),
1 =0,...,n—1, vy = k. The latter part involves 1/A(k), where A (k) is the determinant
of the above system. Since the function A(k), in addition to involving polynomials in k of
degree up to n — 1, also involves the exponential functions exp[—iv; L],/ =0,...,n — 1,
it is not a priori clear that the relevant exponentials are bounded as k — oo. It can be
shown that for the canonical problem these exponentials are indeed bounded (see [9], [10],
[11]). Actually, in the general case the relevant exponentials are bounded, provided that N
boundary conditions are given at x = 0 and n — N are given at x = L (assuming of course
that these boundary conditions are “independent,” i.e., A (k) is not identically zero). Hence,
if A(k) has no zeros in D, then the RHS of the global relation can be neglected (just as it
happens with the canonical problem of the half-line). However, if A(k) has zeros in D,
then the contours d D and 8 D~ must be deformed to avoid these zeros, or alternatively the
contribution of these zeros can be computed via a residue calculation (like the one performed
for the Robin problem of the heat equation on the half-line).

The above discussion indicates that it is crucial to determine the zeros of A (k). Actu-
ally, because of Remark 2.1, it is sufficient to determine these zeros for large k. As k — oo,
A (k) is asymptotically equal to a finite sum of exponential terms. A(k) is an entire function
of finite order (the order of an entire function is a measure of its growth rate at infinity).
For such functions there exists an extensive theory (see, for example, [79]) which implies
that A (k) has infinitely many zeros accumulating at infinity which lie on specific rays in the
complex k-plane. These rays can be determined as follows: Define the function G(z) by

G(@) = +a e+ - +a,e, 2.9)

where {a;, A;}" are complex constants, such that the n-polygon with vertices at the points
{1, A1, ..., A,} is not degenerate. The zeros of G(z) are clustered along the rays emanating
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from the origin with direction orthogonal to the sides of the polygon. Furthermore, these
zeros can only accumulate at infinity on these rays regardless of the values of the complex
constants {a;}].

Example 2.1 (the heat equation). Let g(x,?) satisfy the heat equation (1.20a) in the
finite interval. In this case w(k) = k2, dDT and 9D~ are depicted in red and in green,
respectively, in Figure 1.1, and g(k) is defined by (1.20d). Thus the global relation (2.8)
yields for all k € C

Gok) = [1kgo(kD) + &1 ()] + e [ikho () + (k)] = ¢ Tgrk). 2.10)

(i) The Dirichlet Problem. The solution is given by (2.6) with w(k) = k% and 9D,
dD~ as depicted in Figure 1.1, where

gk) = ﬁ [—2ike ™  Go(k?) + 2ik Ho(k) + €™ Go(k) — e Go(—k)].  (2.11a)

h(k) = ﬁ [—2ikGo (k) + 2ike’™™ Ho(k*) + Go(k) — Go(—k)] .k € D, (2.11b)

Alk) = e* — e L ke C, (2.11c)
and G(k), Hy(k) are the ¢-transforms of the Dirichlet boundary conditions; see (1.8), (2.3).
Indeed, the global relation (2.8) becomes
—81 4+ ey = TG (k) + N(k), (2.12a)
where
N(k) = ikGo(k*) — ike™™ Hy(k*) — Go(k).
Letting k — —k in (2.12a) we find

&1+ e*Ehy = T Gr(—k) + N(—Fk). (2.12b)

Equations (2.12) are two equations for the two unknown functions g, and h;. The relevant
determinant is given by (2.11c). The zeros of A (k) are on the real line, thus outside D, and
hence we neglect the terms g7 (k) and g7 (—k) in (2.12). Solving the resulting equations for
g1 and hy, we find

. 1 . 1 _i i
hy = A(k)[N( k—N®] &= A(k)[m ket — N(k)e'*].

Substituting these expressions in the definitions of g (k) and h (k),wefind (2.11a) and (2.11b).
We note that the numerators of both g(k) and h(k) vanish at k = 0, and thus k = 0 is
a removable singularity.
(i1) The Robin Problem. Let

9:(0,1) = y19(0,1) = gr(1), qx(L,1) +y2q(L,1) =hg@®), 0 <t <T, (2.13)
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where y; and y, are positive constants, y; # y», and gg, h g are smooth functions compatible
with ¢o(x) at x = 0 and x = L. The solution is given by (2.6) with w(k) = k*> and 9D+,
dD~ as depicted in Figure 1.1, where

gk) = — NG [k + y) ik + y2)e*Ego(k) + (ik + y1) ik — y2)e *Go(—k)
—2ik(ik — y2)e "G r(k?) + 2ik(ik 4+ y1) Hr (k)]
(2.14a)
= L. . . . . .
h(k) = — NG [k — y1)(ik — y2)do(k) + (ik + y1) ik — y2)Go(—k)
(k) (2.14b)
—2ik(ik — y2)G r(k?) + 2ik(ik + y)e'*" Hr(k%)],
Ak) = (ik = y)) ik — y)e ™ — (ik + y) ik + yo)e'™, (2.14c)
and Gg(k), Hg(k) are the z-transforms of the Robin data,
T T
Gr(k) = / X gr(s)ds, Hg(k) = / & hg(s)ds, ke C. (2.15)
0 0
Indeed, the ¢-transforms of the boundary conditions yield
g1 =wgo+Gr, hi=—yho+ Hg. (2.16)
Hence the global relation (2.8) becomes
—(ik + y1)go + (ik — y)e " hy = T gr (k) + N (k) (2.17a)
with the known function N (k) given by
N(k) = Gr(k*) — e Hr(k*) = Go (k).
Replacing k by —k in (2.17a), we find
. = . ikL7, KT ~
(ik —yD8 — (ik +y2)e""hy = e" " gr(—k) + N(—k). (2.17b)

The relevant determinant associated with (2.17) is given by (2.14c). The zeros of A(k)
are on the real axis; thus again we neglect the terms qr (k), gr (—k) and solve the resulting
equations for g and Ay,

g0 (ik + )" N (&) + (ik — y2)e N (=k)],

= 3w

ho = —— [(ik — y1)N (k) + (ik N(=K)].
N [k — y1)N (k) + (ik + y1)N(=k)]
Substituting these expressions in the definition of g(k), h(k) and using (2.16), we find

(2.14a) and (2.14b).
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Example 2.2 (the first Stokes equation). Let g (x, ¢) satisfy the canonical problem of the
first Stokes equation (1.24a), i.e.,

q(0,1) = go(®), q(L,1) =ho(®), q«(L,1) =hi(t), 0 <t <T. (2.18)

The solution is given by (2.6) with w(k) = ik — ik® and with D*, 3D~ depicted in red
and in green, respectively, in Figure 1.5, where g(k), ﬁ(k) are defined in terms of vy, vy,
and in terms of G, Hy, H, (the t-transform of the boundary conditions) by the following
expressions (vy, v, are defined in (1.52)):

1

g(k) = m{(‘)le_iv'L — vae™ ") Go (k) 4 e*E (G0 (v2) — vido(v1))
+ (K> — D (2 — v)e *Go(w(k)) (2.19)
e [uy (k2 — v3)e~ ML — vy (k2 — v2)e~ L] Hy(w (k)
Hie T [ur (v — ket — vy (v — ke | Hi(w(k)) }

h(k) = m{(”l —m)go(k) — vido(v1) + v2go(v2) + (K2 — 1)(v2 — v1)Go(w(k))

+ [ (k> = vD)e ™ — vy (k* — v3)e ] Ho(w(k))

+i [vi (v — ke ™ — vy (vy — ke ™2E | Hy(w(k))},
(2.19b)

A(k) = (vy — v)e o pemE — yyemivl (2.19¢)

Indeed, we supplement the global relation (2.8) with the two equations obtained from (2.8)
by replacing k£ with v; and v, which are defined in (1.52). It will turn out (see below) that
the relevant determinant A (k) is given by (2.19¢). This function does not have zeros in D
for large k: As k — 0o, A(k) is proportional to A, (k),

2

. . 2 2ix
Aoo(k)z(otz—ol)e lkL+(X€ lOékL_aze lO(kL’ a=e3 .

Letting z = —ik in this equation and comparing the resulting equation with the expression
G(z) defined in (2.9), it follows that A; = « and A, = . Hence the relevant rays in
the complex k-plane are shown in Figure 2.1(a). Using the transformation z = —ik, we
conclude that as k — oo the zeros of A(k) are on the rays shown in Figure 2.1(b).

Thus, we neglect the term g7 (k) and we obtain the following three equations for the
three unknown functions g;, g, ﬁzz

ikg + g — e *thy = N(k),
ivg + & —e My = N(v),
Vg1 + & —e ™ hy = N(vy)

with . .
N(k) = (K* — 1) (Go — e ™" Hy) + ike ™" Hy — Go (k).
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(a) (b)

Figure 2.1. (a) The zeros in the complex z-plane. (b) The zeros in the complex k-plane.

Solving this linear system we find the following expressions for i, &, h:

ig = W{W(W) — N(v)]e ' 4 [N (k) — N(vy)]e "L
+[N(v1) — N(k)le "},
8= 5o (2N 0D =N eI + kN () — 2N ()l
+[vi N (k) — kN (v)]e ™1},
hy [(vi = )N (k) — viN (1) + 12N ()],

T AK)

Substituting these expressions in the definitions of g(k) and h(k), we find (2.19a) and
(2.19b). To simplify these expressions we have used the following identities:

vitvm =k vim=kK -1 v®i-1)=n0; -0,

Vi —k) = —viva, v —k) = —vvy,  vi(kE —vi) = vk + ),

vz(k2 — vzz) = vk + 1y).

2.1 The Classical Representations: Return to the Real Line

This situation is similar with that discussed in section 1.1. Consider for example the heat
equation. Replacing T by ¢ in the global relation (2.10), and also replacing k by —k, we
find the following equations, which are valid for all k € C:

Goth) — / 5 Tikq (0, 5) + 2 (0, 5)Ids
0 ; (2.20a)

" eiikL/ ¢ likq(L. ) + qo (L. $))ds = &G (k. 1),
0

Go(—k) — / I [—ikq(0, 5) + 4 (0, 5)Ids
0 (2.20b)

1
+ ot / M [—ikq(L,s) + g (L, $)lds = €14 (~k, 1),
0

where §o(k) and g (k, t) denote the Fourier transform of go(x) and ¢ (x, ).
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(1) The Dirichlet Problem. In this case we must eliminate ¢, (0, s) and g, (L, s) from
(2.20). In order to eliminate ¢, (0, s) we subtract them:

Go(—k) = Go(k) + 2ikGo(K?, 1) — ik (™" + e7™*F) Ho(k?, 1)
t
+A(k)f (L, s)ds = é'[G(—k, 1) — Gk, 1)], k € C, (2.21)
0
where A(k) is as defined in (2.11c). In order to eliminate g, (L, s) we evaluate (2.21) at

those values of k at which A(k) = 0, i.e., k = na/L, n € Z. Then (2.21) yields the
following expression for the finite sine transform of g (x, 7):

/L sin (%) q(x,t)dx
0

n2z2 l’l27T2 . n27'[2
—=e 12 4 {ér(f) +k |:GO <7, t) — @””TH() <7, t)]} , (2223)

where §*) denotes the sine transform of go(x) evaluated at k = nw/L,

L
i = [ sin(Z2) gov)dx, n ez (2.22b)
e[ e

Inverting the finite sine transform of g (x, ¢) appearing in the LHS of (2.22a), we find the
classical sine-series representation,

) == 2 'gin (—=
atx L& ¢ L

22 22
T ; T
i ko (") = e ()] |

(ii) The Robin Problem. Let g (x, t) satisfy the boundary conditions (2.13). In this
case, replacing in (2.20) g, (0, s) and g, (L, s) by g(0, s) + y18,(s) and g(L, s) — y2h,(s),
respectively, we find

(2.22¢)

t t
Go(k) — (ik + y1) / e5¢(0, 5)ds + (ik — yr)e L / &iq(L, s)ds
0 0
—Gr(: 1) + e Hr(K2, 1) = 14k, 1), (2.23a)
t t
Go(—k) — (—ik + 1) / e1q(0, s)ds — (ik + yr)e’*t / &q(L, s)ds
0 0

—Gr(2 1) + e Hr (K2, 1) = F1G(—k, 1), (2.23b)

where Gg(k,t) and Hg(k, t) denote the 7-transforms from O to 7 of the given boundary
conditions,

t t
Gr(k, r):/ ek gr(s)ds, HR(k,t)=/ & hr(s)ds, k eC. (2.24)
0 0
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In order to eliminate the term involving ¢ (0, s) from (2.23) we multiply (2.23a) and (2.23b)
by (ik — y1) and (ik + y1), respectively, and add the resulting expressions. This yields

(M—mmﬂnww+m%em+A®/QMMan
0
—2ikGR(k2, 1) + [(lk _ 7/l)efikL + Gk + yl)eikL] HR(k2, 1) (2.25)

= ¥t [(ik — y)§k, 1) + Gk + )i (—k, )],

where A(k) is defined by (2.14c). In order to eliminate the term involving g (L, s) we
choose those values of k denoted by k&, for which A(k) =0, i.e.,

(ikn — y1)(iky — y2)e * b = (ik, + 1) (iky + y2)e™t. (2.26a)
Simplifying this equation we find

tan(k,L)  yi+n

= dky=0. 2.26b
ky k2 —yiya e o ( )
Evaluating (2.25) at k = &, we find
L ) kn . )
/ [ezk,,x + : + l.)/l e—lk,,x] q(x, t)dx
n— 1
0 " (2.272)

2k, o ktin
=M G0 - Z G+ (et 4 i) 2, |
kn —iy1 kn —iy1

where §'®) is defined by

L .

iR = / [e“c"* + M@‘“‘"*} qo(x)dx (2.27b)
0 kn — i1

with k,, defined by (2.26b).

As it was noted in section 1.1, the above approach of deriving classical representations
has the advantage of avoiding the determination of the “proper” transform (as well as
avoiding integration by parts). On the other hand, it requires the knowledge of how to
invert the integral transforms of g (x, ). It is possible to obtain the classical representations
without using the Sturm-Liouville theory to construct these transforms by starting with
the novel integral representations and then using contour deformation. As an example we
consider the heat equation.

(i) The Dirichlet Problem. The novel integral representation is given by (2.6) with
w = k2, with the contours DT, 3D~ as depicted in Figure 1.1, and with the functions g (k)
and fz(k) defined by (2.11). We will use Cauchy’s theorem in the domains E* = C\ D% and
E~ = C\D~ (which are the domains between the real axis and d D, 3 D, respectively)
to compute the last two integrals in the RHS of (2.6). In this respect we note the following:

(a) We can replace T with ¢ in the expressions for (k) and / (k) and we will refer to
the resulting expressions as g(k, ¢) and fz(k, t), respectively.
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(b) Cauchy’s theorem in E* and E~ implies

[oof 2 [, = f e

where { denotes the principal value integral and " denotes the sum of the residues. The
functions g and exp[—i kL1h which appear in the integrands of the respective integrals differ
only in the terms involving gy (k), and thus the contribution of the principal value integrals
is given by
1 > 1
21 J_oo A(k)

which cancels the first term on the RHS of (2.8).

(c) The functions g and exp[—i kL]fl differ only by the coefficient exp[2ik L] of gy (k),
and thus these two functions yield the same residues at the poles k = nm/L. Hence,

eikxszt[eikl‘éo(k) _ e*ikLéO(k)]dk

27— AR g (K, 1)]

qx, 1) = —— T
2 iL(etkt 4 emtrl)

neZ k=nm/L

Splitting this sum into a sum over n € Z~ and a sum over n € Z" and letting n — —n in
the former sum, we find (2.22c¢). _

(ii) The Robin Problem. In this case the functions g(k) and & (l~<) are defined by (2.19a)
and (2.19b). Again we observe that the functions g and exp[—ik L]h differ only in the terms
involving go(k), and thus the contribution of the principal value integral is given by

1 * 1 1 2 . . —ikL A . . ikL ~
ot @ T Mk =y ik = y2)e T qok) — (ik + y1) ik + y2)e™ Go())dk
21 ) oo A(k)
which cancels the first term on the RHS~0f (2.6). Furthermore, the coefficients of the terms
involving go(k) in g and in exp[—ikL]h are equal at k = k,. Thus

. 1 ikx—k2t ~
qlx, 1) =i Zme NG .
ky
k=k,
where k,, solves (2.26) and A’ denotes the derivative of A (k) with respect to k, whereas g
and A are defined by (2.14a) and (2.14c). The transformation k, — —k, leaves (2.26b)

invariant, and therefore by splitting the above sum into a sum over k, positive and over k,
negative and letting k,, — —k,, in the former sum we find that

00 —k2t

e i . ~
q(x’ t) =—i Z A/(k ) (2(lkn + VZ)elknL[ikn COS(kn.X) + lyl Sln(kn-x)]q()(kn)
n=1 n

+2(iky — y2)e~ L [ik, cos(kyx) + iy sin(k,x)1Go(—kn)

4k {Tky cO8(ky L) + 5 sin(k, L)] cos(kyx)} G (k2) (2.28)
+4k, {[k, sin(k, L) — y, cos(k,L)]sin(k,x)} G (kﬁ)

— 4k, [k, cos(k,x) + i sin(k,x)]Hg (k,%)) y1 >0,y > 0.

In the case that y; = y, = 0, the RHS of (2.28) contains the additional term g (0)/2L.
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2.2 Forced Problems

Let g(x, t) satisfy the inhomogeneous equation (1.65) in the domain 2; where f(x,t)
has sufficient smoothness. Let g(x, t) satisfy the initial condition gy(x) and appropriate
boundary conditions at x = 0 and x = L.

Proceeding as with the case of the forced problem on the half-line we find that go (k)
must now be replaced by go(k) + Fy (k, t), where F is defined by the equation

t L
Fi(k, 1) = / ( / e KETwbT f(é,t)dé)dr. (2.29)
0

0

2.3 Green’s Function Type Representations

Following steps similar to those used in section 1.3, it is always possible to rewrite the
solution in the form

L N-1 .
q(x, 1) = / G (x,1,8)q0E)dE + ) f G\ (x,1,5)g,(s)ds
0 =0 Y0

n—N-—1

+ Y HP(x.1,9)h(s)ds.
j=0

For brevity of presentation we consider only the case of homogeneous boundary conditions.

2.3.1. The Heat Equation

Let g (x, t) satisfy the heat equation with homogeneous Dirichlet boundary conditions. Then
(2.11a) and (2.11b) with gg = hoy = 0 yield
1

20 [e* G0 (k) — e g0 (—K)],

o
I

- 1 . .
h = 20 [Go(k) — Go(—K)], k €C,

where A(k) is defined by (2.11c) and §o(k) denotes the Fourier transform of the initial
condition go(x). Thus, (2.6) yields

1o 1 U ir n s i
g0 = o / ok — 5 [ MGyl — e (k)
oo aD

1 1

ikx—k2t [ —ikL A —ikL A
e k) —e k)|, (x,t) e L,
27 Jop- AR [6 qo(k) qo( )] (x, 7) L

(2.30)
where D" and d D~ are the red and green curves, respectively, depicted in Figure 1.1.
Furthermore, for the case of homogeneous Dirichlet boundary conditions, the classical
sine-series representation (2.22c) becomes

2 X _22, | (ATX\ .
q(x,t):ZZe 3 sm<T)q,§S>. (2.31)
n=1
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Equation (2.30) can be rewritten in the form

L
q(x, 1) = / GV (x,& DgoE)dE, (x,1) € Qp, (2.32)
0
where G is given by

GO (x,&,1) = < / T ete-o-Rr gy
27 J_so

1 e k1 " . ) )
b iK(x—§) kL _ ik(c+§)=ikL g1
37 iy 2@ ¢ ‘ ] @33
1 e—kzt—ikL ) )
_ [ezk(x—g) _ ezk(x-‘ré)] dk
2m Jop;  AK)

and E)D(J)r , 3D, denote the curves obtained by deforming d D" and d D™ to pass above and
below k = 0, respectively. The reason for replacing d D* by 8D0i (which is allowed due to
analyticity considerations) is that in what follows we will split the integrants of the second
and third integrals in the RHS of (2.33) and we want to avoid the pole at k = 0. The first
term in the RHS of (2.33) equals the first term in the RHS of (1.68a) which equals 1/2+/7t;
however, the second and third terms in the RHS of (2.33) cannot be computed in a closed
form. Hence GD for the finite interval, in contrast to the case of the half-line, cannot be
found explicitly.

Using the representation (2.32), it is straightforward to compute the trace of G,
which is defined by the equation

L
K(t):/ GD(x,x,t)dx, t>0. (2.34)
0

Indeed, letting £ = x in (2.33) we find

1 1 1 1

Gx,x,1)= L /OO e Fldk — — Rkl gy —KA—ikL g
27 oo 27 Japy AK) 21 Jyp; AK)
1 e—k21+2ikxdk 1 e_kzl+2ikxdk
27 D} e2ikL _ 1 . /‘;Dg e2kL _ |
(2.35)

The first integral on the RHS of (2.35) can be computed explicitly, the second and the third
integrals are equal, and after integrating with respect to x, the fourth and fifth integrals yield
equal contributions which can be computed explicitly. Hence,

L 1 L ekt
Kit)= —— — -~ - = —_dk, 2.36
) =77=-3 n/wﬂ_e_z,u (2.36)

where we have used

L edl
e dl =, e — =—im.
—00 aDy l
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Equation (2.31) can also be rewritten in the form (2.32), where
2 a2
GO g0 =2 Xlzsin (?) sin (?) B () e Q.

Hence, K (¢) also satisfies

/12712

K(t) = Ze_ il (2.37)
n=1

2.3.2. The First Stokes Equation

Let g(x, t) satisty the canonical problem of the first Stokes equation with homogeneous
boundary conditions; see (2.18) with gg = ho = h; = 0. Then (2.19a) and (2.19b) become

1 . . )
gy = —— [(vie™™"F = v2e™™5) Go (k) + e (12Go(12) — v1do(v1))].

hk) = NG [(v1 — v2)Go(k) — vigo(1) + 12G0(12)] .

where vy, v, are defined by (1.52) and A(k) is defined by (2.19c¢).
Substituting the above expression in (2.6) we find that ¢ (x, 7) can be expressed in the
form (2.32), where G is given by

1 o0 1 1
G(”(x, £,1) = k=) —wlt gp _/ _ ptkxmwibyr
3

2 ) o 21 Jop+ A(k)
% [(vle—ivlL N v2e—isz) o iKE + e—ikL (vze—ivzg N vle—iu,g)] dk

1 l 'k( —l)— (k)l _'kg: _'Ulg —iv é:
[ — plrx w — ks _ ! + el dk,
. ( )6 [(\}1 \}2)6 Ve Ve (] )

where w(k) = i(k — k*) and the contour DT, d D~ are as depicted in Figure 1.5.
Letting x = £ in the above equation and then integrating the resulting expression with
respect to x from O to L, we find that the trace K is given by

K= = / T evbrgy / L g ity g
27'[ —00 oD+ A(k)
1 .
_ e—w(k)t—lkL(v —v )dk]
AWAM e

i 1 vy, o vy o,
v —wlyr=kL [ FL(itk—v)L _ 1) _ Y2 0 itk—v)L D | ak
+h(ﬂm+£D)A®€ [w@ )= e )}'
(2.39)






Chapter 3

Asymptotics and a Novel
Numerical Technique

The integral representations obtained by the new method are formulated in the complex
k-plane. Hence, it is possible to study the asymptotic properties of the solution by em-
ploying the well-developed techniques of complex analysis for the asymptotic evaluation
of integrals.

Consider for example the limit of the trace K () of the Green’s function associated
with the Dirichlet problem of the heat equation on the finite interval. This function is given
by (2.36), which immediately yields the well-known formula

K@) = L ! + 0(t™) (3.1)
NI ' '
Similarly, it is straightforward to compute the limit of the analogous function for the first
Stokes equation; see (2.39).

By employing either the stationary phase or the steepest descent method, it is also
straightforward to compute the long-time asymptotics of the solutions. For example, the
following result is derived in [13].

Let g(x, t) satisfy

qr = Grxx + B4x, 0<x<oo, 0<t<oo, (3.2)

B > 0 constant, with the following initial and boundary conditions:

g(x,0) = go(x) € H*R"), q(0,1) = go(t) € H'(R"), ¢,(0.1) = g,(t) € H3 (R™).

3.3)

Then g (x, t), x = vt, v positive and of O(1), satisfies

1 . )
- - _ i$ _v) — _ —i¢
q(vt, 1) = \/W[(P(y) Pwy)e” + (P(—y) — P(v(=y)))e "] o
+0 (t_%> , I — 00,
where

y = ”:ﬂ, (3.52)
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P(t) =2yt — %, (3.5b)
(k) = —% (k+i 3k2—4ﬂ), (3.5¢)
P(k) = go(k) + (K* — B)G (k) — ikG° (k), (3.5d)
qo(k) is defined by (1.6), and
G (k) = /Oo K PRsg (s)ds, j=0,1, Im(Kk>—Bk) > 0. (3.5¢)
0

Similar results can be obtained for other initial-boundary value problems; see [13],
[31].

Flyer and the author [3], starting with the integral representations presented in Chapters
1 and 2, have introduced a new method for the numerical evaluation of the solution. This
is based on the fact that it is possible, using simple contour deformations in the complex
k-plane, to obtain integrals involving integrands with a strong decay for large k.

In order to present this new numerical approach in its simplest form, we will only
consider initial and boundary conditions for which the associated Fourier and ¢-transforms
can be computed analytically. In this case, the numerical implementation consists of the
following.

1. Perform simple contour deformations in the complex-k plane such that the deformed
integration paths are in regions where the integrands decay exponentially for large k. This
yields rapid convergence of the numerical scheme.

2. For algorithmic convenience and simplicity, make a change of variables which
maps the contours from the complex plane to the real line.

3.1 The Heat Equation on the Half-Line

Recall that the solution of the Dirichlet problem of the heat equation on the half-line is given
by (16).

Let us first consider the integral whose contour runs along d D*. Recalling the defi-
nition of G, we find

t
RGO (K2, 1) = / e R =9 g0 (5)ds. (3.6)
0

Since exp[ikx] is bounded and analytic for Im £ > 0, and e K 1=9) with ¢ > s is bounded
and analytic for Re (kz) > 0, it follows that for this term, the contour d D™ can be deformed
to any contour £ in the unshaded domain of the upper half complex k-plane; see Figure 3
of the introduction. The term e'**—%"/g,(—k) involves the factors ¢/** and go(—k), which
are bounded and analytic for Im k > 0, and the factor ek , which is bounded and analytic
for Re k% > 0. Hence, the contour d D for this term can also be deformed to L.

Splitting go(k) into two terms and then substituting them into the integral along the

real axis results in the following integrand:

e—k2z I;/(j eik(x—é)qo(s)dg 4 /oo eik(x—é)qo(%-)di:jl . 3.7)

X
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In the first term, x — & > 0, thus this term can be deformed to £. However, for the
second term in (3.7), x — & < 0, thus for this term the contour along the real axis can be
deformed to a contour £~ in the unshaded domain of the lower half complex k-plane.

For the integral along the real line, the term go(k) is in general analytic only for
Im k < 0. However, depending on the properties of go(x) it is sometimes possible to extend
the domain of analyticity to the upper half of the complex k-plane. For example, this is
possible if go(x) is such that go(x)e®**, @ > 0, is square integrable on [0, co). If go(x)
belongs to this restricted class, then the contour along the real axis can also be deformed to
the contour L.

Example 3.1 Let
(12)(

go(x) =xe ", O0<x<oo, go)=sinbt, >0, (3.8)

where a and b are real numbers. Then

1 e(kJrib)t -1 e(kfib)z -1
o) = ——— . Golk,1) = — - 3.9
W0 = Gy GokD 2i[ k+ib k—ib } 3-9)
Hence, (16) yields
1 ikx—k%t 1 1
1) = — -

q(x. 1) 2n/£{e [(ik+a2)2 (—ik+a2)2:|

(3.10)

o et _ eszt e—ibt _ eszt
ke R1ib K —ib dk.

In order to have rapid convergence for large k, we choose a path which for large k aligns with
the directions of the steepest descent which for the current problem are argk = +%. For
convenience we choose for £ to be ahyperbola. Furthermore, we use a simple transformation
to map this hyperbola to the real axis.

In general suppose that £ is a hyperbola which asymptotes to arg k — « and arg k —
7 — o as |k| — oo. Then the following transformation maps L to the real line:

k() = i sin(a — i6). (3.11)
Indeed,
1 . .
k(@) — E[elaEQ _ efzot679]’

thus argk — o as — oo and argk — m — o as @ — —o0, and the real 9-axis is mapped
to L.
Using the transformation (3.11), with o = %, (3.10) becomes

_ L% kex—on 1 3 1

. _ 2 o _ 2
bt _ ,—k@?t  =ibt _ ,—k(O)

, (.12)
—k(0)ekO [e — } cos(ar — i6)do.

k()2 +ib k(6)2 —ib
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Figure 3.1. The solution of the heat equation displayed on x € [0, 1] and t € [0, 2].

Equation (3.12) defines an ordinary integral with an exponentially decaying integrand
as 0 — Zoo. Any language with a built-in numerical integrator, such as Mathematica,
Maple, or MATLAB, can provide a simple approach to evaluating the integral. For example,
using Mathematica and its NIntegrate command, only four lines of code is needed to evaluate

and plot (3.12) for any x and ¢; see Figure 3.1.

3.2 The Equation g, + g,,, = 0 on the Half-Line
Consider the Dirichlet problem of (1.22a) on the half-line. Then using (1.16) with g defined

by (1.47) we find

1 « ikx+ik3t A
q(x,t) = E/ e Go(k)dk
o (3.13)

1 o
_ MR 3K2Go(—ik?, 1) — ago(ak) — o*Go(e’k)] dk,
2 aD+
a:e%ﬂ, 0<x<oo, t>0,

where the contour d D is depicted in Figure 1.3. The term involving G can be treated as
the corresponding term of the heat equation. However, since the real axis is not surrounded
by the domain satisfying Re(—ik®) > 0, it is not possible, by splitting go(k), to deform the
real axis to a contour in the lower half of the complex k-plane. On the other hand, if go(x)
belongs to a restricted class, then the real axis can be deformed to the same contour that
D™ will be deformed to in the upper half plane; similar considerations apply to the terms

involving go(ak) and go(a’k).

Example 3.2 Let go(x) and go(¢) be defined by (3.8). Then (3.13) becomes

( t) 1 / ikx+ik3t 1 + o + az

X, = — 4 X X .

q 27 J, (ik+a??  (iak+a>?  (ia%k + a?)?
2 ibt ik3t —ibt ik3t (3.14)

3k . e’ — ¢! e — ¢! 20

Tkx dk, oa=e>5 .

2 ¢ b—k  b+k

+
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Figure 3.2. The solution of (1.22a) displayed on x € [0, 1] and t € [0, 1].

After using the substitution k(6) = i sin(;r/6 — i0), the built-in numerical integrator
in Mathematica can be used to evaluate the RHS of (3.14); see Figure 3.2.

3.3 The Equation g, — q,,, = 0 on the Half-Line

The solution of the canonical problem of (1.23a) on the half-line is given by (1.16) with g
defined by (1.51), where the contours 9D} and 9D are depicted in Figure 1.4. The rays
argk = m/3 and 27 /3 can be deformed to the unshaded domain of the upper half complex
k-plane of Figure 1.4, but if exp[ikx] and exp[—ik’t] are treated separately, the real axis
cannot be deformed to the unshaded domain of the lower half of the complex k-plane, since
explikx] is unbounded for Im &k < 0. However, this problem can be bypassed if the term
explikx — ikt] is treated as a single term as is done in the following example.

Example 3.3 Let
qo(x) = x*e ", go(1) = ho(t) =0, (3.15)

where a is a positive real number. Then

2
Jo(k) = ————. 3.16
B = (3.16)
Hence,
00 eikx—ik3t 1 eikx—ik3t 1 eikx—ik3t
q(x,t):—/ ,—dk——/ .—dk——/ —dk.
7w J_o (ik + a?)? 7 Jopr (iak + a?)? 7 Jopy (ia*k +a?)3
(3.17)

The exponential exp[ikx — i k3t] is bounded, provided that Re [ikx — i K11 <0,ie.,
X 2 2
—th; [? — 32+ k,] <o.

This domain is depicted in the shaded region of Figure 3.3, where the solid curves are
defined by x/t — 3k% + k? = 0.
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.—“_/“l 7\/§ \/%‘\\\\‘~_

Figure 3.3. The contours of integration of (1.23a).

Thus, the real axis, as well as the contours d D;” and 9 D5 can be deformed to contours in
the shaded region. The broken curve in Figure 3.3 depicts such a deformation of the real
axis. These deformed contours can be mapped to the real 6-axis by using the following

change of variables.
k = —isin (£+i9)+i [9+4%. (3.18)
6 6 t

For the real axis,

For BDT,
i T X e%
k= si (——'9) 2 3.19
e sin 6 i0) + 3 5 ( )
For BD;“,
k= —e=%si (” '9) XLt (3.20)
=—e 6sinl——i0)—,/— .
6 3t 2
Indeed, for the deformation of the real axis, we let
.. s . .
k = —isin (g n 10) tic, —oo <0 < oo, (3.21)

where ¢ is to be determined. As 6 — —oo, k — —|k|expl[inr/6] and as 8 — o0,
k — |k|exp[—im /6], and thus (3.21) has the correct asymptotic behavior. We must choose
¢ such that for a specific real value of 6 which will be denoted by ¢, the deformed curve
goes through +./x/3¢. This implies

X \/§ 1
— ¢ —¢ — ¢ -9
:l:/3t— 2 (e e ), c—4(e +e )

Taking the square of these equations we find

1 /x et _2 5 r .,
(-~ = — __(p2® ~2¢ 4 9y,
9(;) 16 R TAC R

Adding these equations we find
1
= —+§)—‘. (3.22)
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SoOS
& ar

Figure 3.4. The solution of (1.23a) displayed on x € [0, 12] and t € [0, 1].

For the deformation of 3D, we let
1514 jT
k:e?sin(g —i9> +c,

where ¢ is to be determined. As § — —oo0, k — |k|i, and as § — +o0, k —
|k|exp(—im/6), and thus (3.19) has the correct asymptotic behavior. We must choose ¢
such that when 8 = 0, k = /x/3t. This implies

x et

=2 +ec,
which fixes c.

For the deformation of d DS, proceeding as with d D" we find (3.20).

In this case there is an additional numerical difficulty due to the pole at k = ia®: If
we fix x and let r become small, the contour is shifted upwards, interacting with the pole
and giving rise to a spurious contribution.

This difficulty can be overcome by subtracting the pole to obtain a singularity-free

—ik3 . .
integrand. This is done by subtracting from the function, = ; . a function that decays in

ikx
(ik+a2)?
the lower half-plane, and which has the same pole charact(é:krfra"l“)his function can be derived
by requiring that the coefficients (a_;, a_,, a_3) for the three components of the pole in
the Laurent expansion of the integrand vanish; such a function is given in [3]. After this
difficulty is bypassed then the solution can be evaluated numerically using Mathematica;

see Figure 3.4.

Remark 3.1. One of the striking features of the solution depicted in Figure 3.4 is the
wave pattern that emanates from the corner of the domain, x = 0, ¢ = 0. This phenomenon
results from the fact that unless the initial and boundary data are compatible for all orders
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(i.e., unless they satisfy an infinite set of compatibility conditions), the solution will feature
irregularities that emanate from the corner and behave according to the nature of the given
PDE (i.e., diffuse for the heat equation and propagate for the current problem) [80]. It is
assumed in our analysis that the initial condition (IC) and the boundary condition (BC)
match at the corner. The next order compatibility is g(BC), = g (I C)s,, which is violated
in this example since g(BC); = 0 and g(I C)3, = —27/2. All higher order conditions are
derived by taking derivatives with respect to the time of the PDE and substituting in the
IC and the BC. An extensive study on the nature of such singularities and their numerical
implications for dissipative, dispersive, and convective PDEs is given in [81], [82], [83].
The new method can handle these singularities in an efficient way.

Remark 3.2. For evolution PDEs, the main advantage of the new numerical method is
that it can be used to compute solutions at arbitrary points in the (x, t)-plane. Neither
time stepping nor spatial discretization is required. In this respect, the new method has
some similarities with the Laplace transform technique [84]. However, in addition to the
difficulties with the Laplace transform discussed in the introduction, we also note that
the explicit and analytic dependence on k of the novel formulae used here allows us to
deform contours which in turn yields exponentially decaying integrals. This yields efficient
numerical computations, which should be contrasted with the numerical computation of the
inverse Laplace transform [84].

Remark 3.3. It appears that the semi-analytical nature of the new method also has a
pedagogical advantage: The usual numerical techniques of finite differences, finite element,
and spatial discretizations [85] are constructed independently of the analytical treatment
of the given PDE. This often raises questions about the reason for teaching the students
analytical techniques. This should be contrasted with the new method, where the numerical
integration is the last step of an approach which is based on the analytical treatment of the
given PDE.
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Chapter 4

From PDEs to Classical
Transforms

The implementation of the new transform method to evolution PDEs was presented in Part
I. The implementation of this method to several elliptic PDEs will be discussed in Part I'V.
The new method is not based on the derivation or even the existence of classical transforms
and actually is applicable even to cases where classical transforms do not exist.

If a given boundary value problem can be solved by a classical transform, the new
method provides an alternative approach to deriving this transform. Indeed, recall that the
new transform method yields the solution ¢ as an integral in the complex k-plane. If there
exists a classical transform representation, then it is possible, using contour deformation
and Cauchy’s theorem, to rewrite g in terms of a series involving the relevant residues plus
an integral along the real axis. This representation defines the inverse of the associated
classical transform. The advantage of this approach is that it bypasses the difficult problem
of completeness. The general approach will be illustrated with the aid of the following
examples.

Example 4.1 (a generalization of the cosine and sine transformations). Define the fol-
lowing generalization of the sine and cosine transforms:

fk) = /OO <e"’“ + k_—l:”e””) f(x)dx, keR, 4.1
0 k+iy

where y is a finite real constant and the smooth function f(x) has sufficient decay as
x — oo. Then

F) = % / " M Fodk — 2y e H—y) / Tt s, x>0, 42
0

—00

where H (-) denotes the Heaviside function.

87
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Indeed, the solution of the Robin problem of the heat equation on the half-line is given
by (1.38b). For y > 0, by deforming the contour d D™ to the real axis we find

1 . 2 o . k — i)/ .
qx,t) = — / etk [ / (e""g - —.e’“) 6]0(f§)d§:| dk
27 J_ o 0 k+iy

1 . 2k !
- gk —/ ekzng(s)ds dk.
21 J_ o k+iy Jy

4.3)

Evaluating this equation at# = 0 and renaming g (x) by f(x) we find (4.2) for y > 0.
If y < 0, then we also have the second term in the RHS of (4.2).

Equations (4.1) and (4.2) contain the cosine and sine transforms as particular cases.
Indeed, if y = 0, (4.1) and (4.2) become

floy=2 / " cos(kx) f(x)dx, keR, (4.4)
0
F) = /w e fdk, x> 0. (4.5)
27 J_ oo

Using the fact that f (k) is an even functiAon, (4.4) and (4.5) can be rewritten in the form of
the classical cosine transform (f/2 — f),

fk) = / oocos(kx) fdx, k>0, (4.6)
0
fx) = ;foo cos(kx) f(k)dk, x > 0. 4.7
0
Similarly, letting y — oo, (4.1) and (4.2) become
fk) =—2i /oo sin(kx) f (x)dx, k>0, (4.8)
0
f0) = — / " fydk, x> 0. 4.9)
21 J_ o

Using the fact that f (k) is an odd function, (4.8) and (4.9) can be rewritten in the form of

the classical sine transform (}21. — f ),

f(k) = /Oo sin(kx) f(x)dx, k>0,
0

fx) = ;/m sin(kx) f (k)dk, x> 0. (4.10)
0
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Example 4.2 (a generalization of the cosine and sine series). Define the following gen-
eralization of the sine and cosine transform:

. Lo k, +i A

fo = / (e‘k”x + L,yle_’k"x> f(x)dx, L >0, (4.11a)
0 kn — Y1

where f(x) is a smooth function and k,, satisfies

tan(k,L) 1+ »
kn k;% — N

and ko =0,y >0,y > 0. (4.11b)

Then, for0 < x < L,
[o¢]
f(x)=—=2i Z L(ik — e *il ik, cos(kyx) + iy sin(kyx)1/, (4.12)
— A,(kn) n n n n ns .

for y; > 0, y, > 0, where A(k) is defined by (2.14c). If y; = y, = 0, then the RHS of
(4.12) contains the term ﬁ fO(O).

Indeed, the solution of the Robin problem for the heat equation on the finite interval
is given by (2.28). Evaluating this equation at t = 0, renaming go(x) as f(x), taking as
common factor the term

2i

e e - y2)e ot [iky cos(kyx) + iy sin(k,x)],

and using that (see (2.26a))
kn - l')/zez,-k”L _ kn + iVl
kn+iy2 kn_iyl’
(2.28) yield (4.12).

Equations (4.11) and (4.12) contain the cosine and sine series as particular cases.
Indeed, if y; = y» =0, (4.11) yield

R L nmw
fu=2 cos(k,x) f(x)dx, k, = - (4.13)
0
Furthermore, (4.12) yields
f) 1f+1§j (kn) f, (4.14)
X)) = — — > cos(knx) fu. .
207" T L =
Similarly, letting y; — 00, y» — 00, equations (4.11) yield
Y nm
fo=2i sin(k,x) f(x)dx, k,= I 4.15)
0

and (4.12) yields
fx) = —’Z ; sin(kyx) f. (4.16)
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Remark 4.1. A variety of boundary value problems for the biharmonic equation in a semi-
infinite strip are solved in [33]. A subclass of these problems can be solved by the classical
Papkovich—Fadle eigenfunction series expansion. The relevant solutions can be rederived
from the integral representations derived in [33] by employing Cauchy’s theorem. In this
way, it is possible to derive the general representation result involving the Papkovich—Fadle
eigenfunctions, avoiding the difficult problem of completeness.



Chapter 5

Riemann-Hilbert and d-Bar
Problems

Consider the integral
1 T
D) = ¢(7)
2mi £ T—2

dr, 5.1

where L is a smooth finite curve (£ may be an arc or a closed contour) and ¢(7) is a function
satisfying the Holder condition on L; that is, for any two points T and t; on L,

lp(@) =@ <At —ul", A>0, 0<is<l (5.2)

If A = 1, the Holder condition becomes the so-called Lipschitz condition. For example,
a differentiable function ¢(7) satisfies the Holder (Lipschitz) condition with A = 1. The
integral (5.1) is well defined and ®(z) is analytic, provided that z is not on £. We also note
that if z is not on £, then

1 1 1
d(z) = (——/ (p(‘L’)d‘L’) -+ 0 (—2) , Jzl = 00, z¢L.
2imw L Z Z

However, if z is on L, this integral becomes ambiguous; to give it a unique meaning
we must know how z approaches £. We denote by + the region that is on the left of the
positive direction of £ and by — the region on the right; see Figure 5.1. It turns out that
®(z) has alimit ®*(¢), t on £, when z approaches £ along a curve entirely in the + region.
Similarly, ®(z) has a limit ®~(¢), when z approaches £ along a curve entirely in the —
region. These limits, which play a fundamental role in the theory of Riemann—Hilbert (RH)
problems, are given by the so-called Plemelj formulae.

5.1 Plemelj Formula

Let £ be a smooth finite contour (closed or open) and let ¢ (7) satisfy a Holder condition on
L. Then the Cauchy-type integral ®(z), defined in (5.1), has the limiting values ®*(¢) and
®7 (1) as z approaches £ from the left and the right, respectively, and ¢ is not an endpoint
of L. These limits are given by

1 ¢(0)

1
() = +—p(t) + —
O =+500+ 501, 7=+

dr. (5.3)%

91
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_|_

Figure5.1. Regions “+” and “—" on either side of L.

Figure5.2. The curve L..

In these equations, { denotes the principal value integral defined by

][ p(dr _ lim/ p()dt. (5.4)
L L—-L,

T—t e—0 T—t

where L, is the part of £ that has length 2¢ and is centered around ¢, as depicted in Figure 5.2.

The derivation of the Plemelj formula is straightforward if ¢(7) is analytic in the
neighborhood of £; see [17]. The derivation in the case that ¢(t) is Holder is rather
complicated; see [86].

In the above formulation we have assumed that £ is a finite contour; otherwise ¢(7)
must satisfy an additional condition. Suppose, for example, that £ is the real axis; then we
assume that ¢(7) satisfies a Holder condition for all finite t, and that as t — <00, we have
¢(t) = @(0c0), where

lp(t) — p(00)| < M >0 u>0. (5.5

M
|z|m”

Equations (5.3) are equivalent to

(p(_r)tdr. (5.6)

OHO) — () = (1), DT() + D (1) = i,][
g T

Equations (5.6) are the main formulae needed for the solution of a scalar RH problem.
In this respect we first introduce the following definitions.
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Figure5.3. Simple closed contour L and the “+” and “—" regions.

(1) Let £ be a simple, smooth, closed contour dividing the complex z-plane into two
regions Dt and D™, where the positive direction of £ will be taken as that for which D*
is on the left; see Figure 5.3. A scalar function ®(z) defined in the entire plane, except for
points on £, will be called sectionally analytic if (a) the function ®(z) is analytic in each of
the regions Dt and D~ except, perhaps, at z = 00, and (b) the function ®(z) is sectionally
continuous with respect to £; i.e., as z approaches any point 7 on £ along any path which lies
wholly in either Dt or D™, the function ®(z) approaches a definite limiting value &+ (r)
or &~ (¢), respectively.

It then follows from a result due to Painlevé that ®(z) is continuous in the closed
region Dt + L if it is assigned the value ®*(¢) on L. A similar statement applies for the
region D~ + L.

(2) The sectionally analytic function ®(z) is said to have degree m at infinity, where
m is a positive integer, if

D(z) ~ cpz" + 0" ") as z — 00, ¢, a nonzero constant, z & L. 5.7

The scalar homogeneous RH problem for closed contours is formulated as follows:
Given a closed contour £ and a function g(¢) which is Holder on £ with g(¢) # O on L,
find a sectionally analytic function ®(z), with finite degree m at infinity, such that

Ot (t) = g(t)® (1) on L, (5.8)

where ®*(¢) are the boundary values of ®(z) on L.
The scalar inhomogeneous RH problem is

O () =g)® (1) + f(t), t on L, (5.9)

where f(¢) is also Holder on L.
The solutions of the RH problems (5.8) and (5.9) is presented in [17]. In this book
we will need only the solution of the following simple RH problem (corresponding to (5.9)
with g = 1):
dT@E)—d (t) = f(t), tonk,

®() = 0 (%) 1o gL (5.10)
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The first of equations (5.6), together with Liouville’s theorem, immediately implies that the
unique solution of this RH problem is given by

o) = [ LDy (5.11)
2im £ T—2

In many applications L is the real axis, and then the Plemelj formulae (5.3) become
1 1
>*(x) = 500+ Z—l.(HsD)(x), (5.12)

where H denotes the Hilbert transform

f(%')
é—x

We recall (see [87]) that the map f — Hf is bounded in L? forall 1 < p < oo (this map
is not bounded in L'). Actually, a convenient space for the study of an RH problem is H!:
It can be shown that if f € H'(L), then (see [16])

L/ QS
2im £LT—2

1 Gy = /L (IF@OP+1fF)de. (5.15)

(Hf)(x) = —

(5.13)

su <1/l (5.14)
zeC\L

where

5.2 The d-Bar Problem

Equation (5.11) indicates that the sectionally analytic function ®(z) defined by

+
O2) {CD_(Z), z € DJ:,
® (z), ze D™,

is analytic in the entire complex z-plane (including 0o), except for z on L. The “departure
from analyticity” is measured by the d-bar derivative d/9z. Hence, d®/d7 has support only
for z € L. A natural generalization of the RH problem defined by (5.10) is the problem of
determining a function whose d-bar derivative has support in a two-dimensional domain:

D i ,
a—z(z,z)=f(z,z), ze D CR-. (5.16)

The problem of determining @ in terms of f and of the value of ® on the boundary of D
(denoted by 9 D) is called a d-bar problem.

In the same way that the Plemelj formulae play a crucial role in solving an RH problem,
the following formula provides the basis of the solution of a d-bar problem:

- d;/\dg
®(z.7) = —f (. r:)— M/fD S = (5.17)
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This equation, which is known as the d-bar, the Cauchy—Green, or the Pompeiu formula, is
a direct consequence of the following identity for the smooth function F':

oF
f F(Z,Z)dz:// —dz ndz. (5.18)
aD p 02

The derivation of (5.17) starting with (5.18) can be found in [17]. Equation (5.18) follows
immediately from the Poincaré lemma,

/ W://dW, (5.19)
aD D

oF _
dW = —_dZ /\dZ.
0z

with W = Fdz, which implies

Alternatively, (5.18) follows from the usual Green’s theorem,

/ (udx 4+ vdy) = / / (vy — uy)dxdy,
aD D

with F = u +iv and z = x + iy, which imply

dz =dx +idy, i_ = l(ax +1idy).
0z 2 ’
Equations (5.16) and (5.17) imply that the solution of the d-bar problem (5.16) is
given by (5.17) with ®; replaced by f.
For a finite domain D, one requires only that f has sufficient smoothness. However,
in many applications D is the entire complex plane and also & ~ 1 as z — o0; i.e.,
satisfies

P
__zf(Z9Z)9 ZGC,
0z
1
<D=1+O(—), 7 — 00. (5.20)
Z

Then, replacing ® by ® — 1 in (5.17) and noting that the integral over d D of ® — 1 vanishes,
we find that the unique solution of (5.20) is given by

q>=1+// f({’g)d; Ade, (5.21)
c §—z2

where C denotes integration over the entire complex plane. The possible values of ¢ for
which this integral may have singularities are { = zand ¢ = oo. Itturnsoutthatif f € Lo,
where ¢ is arbitrarily small, the integral is well behaved as ¢ — z, and if f € L,_,, then
the integral is well behaved as ¢ — oo. Thus a convenient class of functionsis f € LNL.
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In this case ® — 1 as z — oo and @ is continuous. Also @ satlsﬁes = f,butin a weak
sense. In order for 22 i ® to exist in a strong sense one needs some smoothness conditions on
f (for example, f; and f; € L1 N Lo).

Remark 5.1. Let¢ =& +in. Then
dc Ad¢ = (dE +idn) A (dE — idn) = —2idEd.

Thus, the term d¢ A d;: in (5.17) and (5.21) can be replaced by —2id&dn.



Chapter 6

The Fourier Transform and
Its Variations

In this chapter, starting from a given eigenvalue equation we introduce the main ideas and
techniques needed for the construction of the associated transform pair { f, f }. The relevant
analysis, which will be referred to as the spectral analysis, involves two main steps:

(i) Solve the given eigenvalue equation in terms of f. If k denotes the eigenvalue
parameter, this involves constructing a solution p (of the given eigenvalue equation) which
is bounded for all complex values of k. This problem will be referred to as the direct
problem.

(ii) Using the fact that u is bounded for all complex k&, construct an alternative repre-
sentation of p which (instead of depending on f) depends on some “spectral function” of
f denoted by f . This problem will be referred to as the inverse problem.

It turns out that the inverse problem gives rise to either a Riemann—Hilbert (RH) or a
d problem. Indeed, for certain eigenvalue problems the function u is sectionally analytic
in k; i.e., it has different representations in different domains of the complex k-plane and
each of these representations is analytic. In this case, if the “jumps” of these representations
across the different domains can be expressed in terms of f , then it is possible to reconstruct
W as the solution of an RH problem which is uniquely defined in terms of f However, for
a large class of eigenvalue problems, there exists a domain in the complex k-plane where
W is not analytic. In this case, if dpu/ 9k can be expressed in terms of f then u can be
reconstructed through the solution of a 8 problem which is uniquely defined in terms of f

As it was mentioned in the introduction, the derivation of classical transform pairs
through the integration in the complex A-plane of an appropriate Green’s function is based
on the assumption that the Green’s function is an analytic function of A. This corresponds to
the case that u is sectionally analytic. Therefore, the approach presented in this chapter has
the advantages that it not only provides a simpler approach to deriving classical transforms
(avoiding the problem of completeness), but it also can be applied to problems where the
associated Green’s function is not an analytic function of A.

97



98 Chapter 6. The Fourier Transform and Its Variations

Example 6.1 (the Fourier transform). The classical Fourier transform can be derived
through the spectral analysis of the following eigenvalue equation for the function u(x, k):

ux —tku = f(x), xeR, keC, 6.1)

where f(x) is an arbitrary function with appropriate smoothness and decay.
The solution of the direct problem involves solving (6.1) for u in terms of f for all
k € C. The solution of this problem is elementary, since (6.1) is a first order ODE,

d . .
- (e ™) = e ™" f(x). (6.2)

In order to solve this equation, we can integrate with respect to x either from —oo or from
+00. Actually, we will need both these solutions, which we will denote by ™ and p™,
respectively,

w(x, k) =/ e*=9 r(e)de, x € R, Imk > 0, (6.3a)
w(x, k) = —/ e*8 r(E)de, x e R, Imk <0. (6.3b)

The real part of ik(x — &) equals —k;(x — &), and since x — & > 0 for ut, it follows that
w* is bounded for Im k > 0. Similarly, .~ is bounded for Im k < 0. Furthermore, both "
and u~ depend analytically on k. Therefore the following sectionally analytic function of
k solves (6.1) for all x € R:

6.4)

pt, Imk >0,
uw-, Imk <O.

The solution of the inverse problem is also elementary due to the following facts:

(a) Equations (6.3) are both valid for Imk = 0, i.e., for k € R. Hence, for k real
by subtracting (6.3) we find the following “jump condition” for the sectionally analytic
function w, which is valid for all x € R:

pt—u = fl), keR, (6.5)

where f (k) is defined by

o0
fk) = / e ™M f(&)dE, keR. (6.6)
—o0
(b) Using integration by parts, (6.3) imply the following estimate for the behavior of
uatk = oo:

M=0(%>, k — oo. 6.7)

Equations (6.4), (6.5), (6.7) define a scalar RH problem in the variable k for the
sectionally analytic function u(x, k) (for this problem the variable x is a fixed parameter).
The unique solution of this problem for all x € R is

1 00 ilx R
w(x, k) = —/ ¢ F(ydk, keC, Tmk #£0. (6.8)
2z |1k
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Equations (6.3) and (6.4) express w in terms of f (this is the solution of the direct
problem), whereas (6.8) expresses u in terms of f (this is the solution of the inverse
problem). Using these two different representations for u it is elementary to express f in
terms of f : Replacing p in (6.1) by the RHS of (6.8) we find

fx) = 1 /OO ¢ f(hdl, x eR. (6.9)

2 J_

Equations (6.6) and (6.9) define the Fourier transform pair.

Example 6.2 (a variation of the Fourier transform). Let w(z, k) satisfy
w—ik’u=kf(t), 0<t<T, keC, (6.10)

where f () is an arbitrary smooth function and 7 is a finite positive constant.
In analogy with (6.3) we now have

wh(t, k) = kfot R £(s)ds, 0<t<T, ke D, (6.11a)
wo(t k) = —k/T R f()ds, 0<t <T, ke D™, (6.11b)
where l
D* = {k €C, argke [o, %] U [n, 37”]}
D= {ke(C, argk € [%n]u[%{%{” (6.12)

Equations (6.11) imply that the sectionally analytic function u, defined for all 0 <
t <Tby

+ k D+
S (6.13)
u-, keD,
satisfies the following jump condition:
pt—pu ="k fk), 0<t<T, ke{RUIR), (6.14)
where f (k) is defined by
A~ T 2
fk) = / e %5 f(s)ds, ke {RUIR}. (6.15)
0
Equations (6.13) and (6.14), together with the estimate (6.7), imply that
1 / il’t Al
wiky = —— [ D e k¢ RUIR)Y 0<1<T. (6.16)

2in |, 11—k

where £ denotes the union of the real and imaginary axes with the orientation shown in
Figure 6.1.
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Figure 6.1. The contour L for (6.10).

Replacing w in (6.10) by the RHS of (6.16) we find
1 oA
f@) = —/ e”z’lf(l)dl, 0<t<T, 6.17)
2 C
as well as the equation

/ P fdl =0, 0<t<T. (6.18)
L

The identity (6.18) is a direct consequence of the fact that f (1) is an even function.
Equation (6.17) can be rewritten in the form

f(t) = l/ I Fal, 0<t<T, (6.19)
T Jar

where 9/ denotes the boundary of the domain / with the orientation that [ is to the left of
the increasing direction, where
I ={keC,argk € [0, %]}.
The transform pair defined by (6.15) and (6.19) can be obtained by the usual Fourier

transform pair using the change of variables k> — k.

Example 6.3 (the Mellin transform). Let (p, k) satisfy
oy +ku = f(p), peR", keC, (6.20)

where the smooth function f(p) has appropriate decay as p — oo.
In analogy with (6.3) we now have

p k
M+=/ <3) IO 4e. pe R, Rek >0,
0 \P T

0 k
u = _/ (E) &d‘[, p R Rek<O.
p \P t
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Hence, .
k
u+—/f=f(—k), peRY, keiR,
P
where
~ o0
fk) = / 1l f(ydr, keiR. (6.21)
0
The solution of the inverse problem yields
1 ico -1 Al
pe el [TPID R ke, Imk 20, (6.22)
2im J_ oo [ —k
Replacing u in (6.20) by the RHS of (6.22) we find
1 ioco R
fy=5—[ »'fdl, peR". (6.23)
I J—ico

Equations (6.21) and (6.23) define the Mellin transform.

Remark 6.1. Let Hk(z) (p) and Ji(p) denote the second Hankel function and the Bessel
function, respectively. It is straightforward to show that the spectral analysis of the ODE

- (M(%k)) = kfk(ﬁ)m, peR”, keC,
dp \ H? (p) p

yields the Kontorovich-Lebedev transform pair

T

Fo) = /oo D e ydr, keiR,
0

1 [i® ~
flp) = —5/ IH® (p)f(hdl, p € R

ioco






Chapter 7

The Inversion of the
Attenuated Radon
Transform and Medical
Imaging

The celebrated Radon transform provides the mathematical basis of computerized tomog-
raphy (CT). Similarly, the attenuated Radon transform provides the mathematical basis of a
new imaging technique of great significance, namely single photon emission computerized
tomography (SPECT). Before discussing the mathematics of CT and SPECT we first present
a brief introduction of these remarkable imaging techniques.

7.1 Computerized Tomography

In brain imaging, CT is the computer aided reconstruction of a mathematical function that
represents the X-ray attenuation coefficient of the brain tissue (and is therefore related to its
density). Let f(x;, x») denote the X-ray attenuation coefficient at the point (x;, x,). This
means that X-rays transversing a small distance At at (x;, xp) suffer a relative intensity
loss AI/I = —fAr. Taking the limit and solving the resulting ODE we find I,/I =
exp[— f ;. fdt], where L denotes the part of the line that transverses the tissue. Since 11/
is known from the measurements, the basic mathematical problem of CT is to reconstruct
a function from the knowledge of its line integrals. The line integral of a function is called
its Radon transform. In order to define this transform we introduce local coordinates: Let
the line L make an angle 6 with the positive x;-axis. A point (xj, x») on this line can be
specified by the variables (p, T), where p is the distance from the origin and t is a parameter
along the line; see Figure 7.1.
A unit vector k along L is given by (cos 8, sin 6), and thus

(x1, x2) = t(cos,sinf) + p(—sinf, cos ).
Hence, the variables (x;, x;) and (z, p), for fixed 6, are related by the equations
Xy =7tcosf —psinh, x, =71sinf + pcosh. 7.1
Thus the Radon transform of the function f(x;, x2), which we will denote by f (p,0),is
defined by

f(,o,@):/ f(tcosh —psinf, tsinf + pcosf)dr, peR, 0 e (0,2x). (7.2)
—00
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A2
L
-5/ (x1, x2)
-
[} P
X1

Figure 7.1. Local coordinates for the mathematical formulation of PET and SPECT.

In summary, the basic mathematical problem in CT is to reconstruct a function
f(x1, x2) from the knowledge of its Radon transform f (p,0).

The advent of CT made possible for the first time direct images of brain tissue.
Furthermore, the subsequent development of magnetic resonance imaging (MRI) allowed
striking discrimination between grey and white matter. This has had a tremendous impact on
the entire field of medical imaging. Although the first applications of CT and MRI were in
brain imaging, later these techniques were applied to many other areas of medicine. Indeed,
it is impossible to think of medicine today without CT and MRI. However, in spite of their
enormous impact these techniques are capable of imaging only structural as opposed to
functional characteristics.

7.2 PET and SPECT

The study of functional characteristics became possible only in the late 1980s with the
development of functional MRI, of positron emission tomography (PET), and of SPECT.
Regarding the functional properties of the brain, using these new techniques it is now
possible to observe with ever-increasing precision neural activity in living humans. For
example, Figure 7.2 shows which parts of the brain are activated during a certain memory
task. There exist, a vast number of clinical applications, including epilepsy, migraines, and
differential diagnosis of schizophrenia and of Alzheimer’s disease. Furthermore, just like
with CT and MRI, the above new techniques are now used beyond neuroscience in a wide
range of medical areas. These include pharmacology, oncology, and cardiology.

In PET, the patient is injected with a dose of flurodeoxyglucose (FGD) which is
a normal molecule of glucose attached to an atom of radioactive fluorine. The fluorine
atom in FDG suffers a radioactive decay emitting a positron, which when colliding with an
electron liberates energy in the form of two beams of gamma rays which are picked up by
the PET scanner simultaneously. In SPECT the situation is similar but instead of FDG one
uses Xenon-133 which emits a single photon [88]. The more active cells consume more
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Figure 7.2. Pet images during a memory task.

glucose, and thus the measurement of the radioactive material provides an indirect measure
of activation.

Let f, g, L(x), denote the X-ray attenuation coefficient, the distribution of the ra-
dioactive material, and the part of the ray from the tissue to the detector. Then in SPECT
the following integral / is known from the measurements:

I:/e_fuwfd‘vgd‘r.
L

This integral is called the attenuated (with respect to f) Radon transform of g and will be
denoted by g :

o0
gf (p 9) — / e~ froc f(scos@—psinb,s sinO+p cosH)ds
—00

xg(tcosd — psinf, tsinfh + pcosf)dr, peR, 0 €(0,2n).
(7.3)
Thus the basic mathematical problem of SPECT is to reconstruct the function g(x;, x,) from
the knowledge of its attenuated Radon transform g s and of the associated X-ray attenuation
coefficient f(x, x2).

7.3 The Mathematics of PET and SPECT

The author and Novikov derived in [19] the Radon transform by performing the spectral
analysis of the following eigenvalue equation:

1 1\ o 1 1\ au
2T o T Tk ) gy, T/ oS . keC. (74
2 ( + k) 8x1 +2l ( k) 8)(2 f(xl XZ) o0 < Xp,X2 < OO c ( )

Although the Radon transform can be derived in a much simpler way by using the two-
dimensional Fourier transform, the advantage of the derivation of [19] was demonstrated
later by Novikov [18], who showed that the inverse of the attenuated Radon transform can be
derived by applying a similar analysis to the following slight generalization of equation (7.4):

! 1\ o 1 1\ ou

A ) T k% B ’ = ’ ) - B k C.

2( +k> 3x1+2i ( k) 3xs SO, x)pu = gxy, x2) 0 <X <0 €
(7.5)



106 Chapter 7. Inversion of Attenuated Radon Transform and Medical Imaging

It has been recently shown [89] that by scrutinizing the analysis of [18], it is possible to
derive the attenuated Radon transform almost immediately. In this respect, we first review
the main steps in the spectral analysis of (7.4). The derivation of the attenuated Radon
transform will be a simple corollary of this analysis.

Proposition 7.1. Define the Radon transform f (p, 0) of the function f(x1, x2) € S(R?)
by (7.2). Then for all (x;, x;) € R?,

1 T
Fw) = o (0, — id) / %1 (xy. 2. 0)d6. (7.6)
0

where J is defined in terms of f by

1 [ F(p, 0)d
J(x1,%2,0) = — f{p.6)dp

; - , 0€(0,2m), (7.7)
im)_o p— (xpcos6 — x1sinH)

and f denotes principal value integral.

Proof. We will derive the Radon transform pair by performing the spectral analysis of the
eigenvalue equation (7.4). In order to solve the direct problem we first simplify equation
(7.4) by introducing a change of variables from (xi, x») to (z, z), where

1 1 1 1
Z 2 ( k>X1 ) ( + k)xz,

1 /- 1 1 /- 1
22—2—1 <k—z>X1—§<k+z>X2, (xl,xz)ERz, k e C. (78)
Using
B _ k ! B ! k ! 3
Y k) 20 k)
8—1k+18 112+la
" 2 k)= 2 k)
(7.4) becomes
ou _ )
V(|k|)3—z(xl,xz,k) = f(x1,x2), (x1,x) eR, keC, (7.9
where
1 1
k)=—(— — k). 7.10
v(|kl]) 2i<|k|2 II) (7.10)

We supplement (7.9) with the boundary condition

u=0(1>, 7 — 00. (7.11)

Z
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Using the Pompieu (or 9, or Cauchy—Green) formula, (7.9) and (7.11) imply that for all
(x1,x2) € R?,

/7 /7 d / d_/
/ JaL ) d2 MdZ oy,
= 2mi r2 V(k]) -z

Hence, using

_ 1 2 1
dzANdz = % k| — —= | dx1dx,
i

|k
it follows that for all (x|, x,) € R?> and k € C, |k| # 1, u satisfies

1 dx;d
p(xy, x2, k) = —Sgn<|k|2 Ikl)// fx 2) gl xz. (7.12)

If k is either inside or outside the unit circle, the only dependence of  on k is through 7z’
and z, and thus w is a sectionally analytic function with a “jump” across the unit circle of
the complex k-plane. Equation (7.12) provides the solution of the direct problem.

In order to solve the inverse problem, we will formulate an RH problem in the complex
k-plane. In this respect we note that (7.12) implies

1
MZO(E)’ k — oo. (7.13a)

Furthermore, we will show that for all (x;, x,) € R2, w satisfies the following “jump”
condition:

1 A
wr—u =——(Hf)p,0), peR, 6e(,2n), (7.13b)
LT

where H denotes the Hilbert transform in the variance p. This equation is a direct conse-
quence of the following equations: Let #* and p~ denote the limits of w as k approaches
the unit circle from inside and outside, i.e.,

* = lirr(l),u(xl,xz,(l Fe)e'?). (7.14)
E—>
Then for all (x1, x») € R,

= 2(PTf)(p,0) — /oo F(p,s,0)ds, (p,0) R 6 ¢€(0,2n), (7.15%)

where P* denote the usual projectors in the variable p, i.e.,

1 o0 I
(P*f)(p) = i@ + S (HP) HPP) =][ Jj(p;d (7.16)
and F denotes f in the coordinates (p, 7, 0), i.e.,
F(p,1,0) = f(tcosf — psinf, Tsin6 + pcosh). (7.17)

Indeed, in order to derive (7.15)* we note that the definition of z implies

1 1 1
(Z_Z)_Z(k_—)(Xl—xi)—z(k—F;)(xz—Xé).
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Let
kt=(1—e)e? k =1+e)é? 6¢e(0,2r), ¢>0. (7.18)

Thus

1 . )
<k+ ¥ k—+> =1 —-eé’ F1+e)e "+ 0(@?
and similarly for (k= = 1/k7). Hence, for u*, 7/ — z is given by

7 —z=(x} —x1)sinf — (x5 — x5) cos O

(7.19)
Fie [(x] — x1) cos 6 + (x) — x2) sin 6] + O(e?).
Solving (7.1) for (p, ) in terms of (x;, x,) we find
T =xp8in0 +x;cosf, p=x,cos6 — x;sinf. (7.20)

The Jacobian of this transformation equals 1, hence dx;dx, = dpdt. Thus, replacing z — 7’
in (7.12) by the RHS of equation (7.19) we find

1 F(p',1/,0)dp'dt’
,ﬁ:q:,—nm// (0. T, O)dpde 7.21)
2 e—0 r2 o —[pxie(t' —1)]

In order to control this limit we must control the sign of 7/ — 7. This suggests splitting the
integral over dt’ as shown below,

n . ol I Fdt' *© Fdt' ,
u"=Fz—— lim ; + ; dp’.
2im =0 ) o | oo 0 —[pxie(c'—1)]  Jo p' —[pLie( —1)]
In the first and second integrals above, T — 7 is negative and positive, respectively, and
hence

1 ' . / / /
Mi::Fz_/ {:FlﬂF(p,t,9)+(HF)(p,T,9)}d1’
T J_~o

o0

1
T {£inF(p,7',0) + (HF)(p, 7', 0)}d7’.
T J;

Adding and subtracting in the RHS of this equation the expression
1 oo
o [ inFe.7 07
2ir J,

we find (7.15)*.
The sectionally analytic function u satisfies the estimate (7.13a) and has a jump across
the unit circle, and thus for all (x1, x,) € R?, it admits the following representation:

1 /2” (ut —p)(p, 0)ie? do’
0

= . , keC, |k 1, peR. 7.22
n=o - lkl #1, p (71.22)

Replacing u* — ™ in this equation by the RHS of (7.13b) we find the following expression
valid for all (x1, x») € R?:

1 /2" ¢ (H f)(p,0")do’
0

2in? el —k

W= , keC, k| #£1, peR. (7.23)
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This expression provides the solution of the inverse problem.

Using (7.4) and (7.23) it is straightforward to express f in terms of f . One way of
achieving this is to replace u in (7.4) by the RHS of (7.23). A simpler alternative way is to
compute the large k behavior of p: Equation (7.23) implies

| 1 1
~ CHf)p,0)do} -+ 0], k .
w {2in2/0 e"(Hf)(p,0) }k+ (k2> — 00

Substituting this expression in (7.4) we find that the O (1) term of (7.4) yields

1 1 o A
f= ) <3x, + Tax2>/ ¢’ (H f)(p,0)do,
1T 1 0

which is (7.6). O
Corollary 7.1.  Let k* denote the limiting values of k € C as it approaches the unit circle

in the complex k-plane from inside and outside the unit circle; see (7.18). Let z be defined
in terms of (x, x;) € RZand k € C by (7.8) and let v(]k|) be defined by (7.10). Then

kli‘?i{azl (ffﬁ—kﬁ”)} =:F(P:Ff)(,0,9)—/ F(p.s.0)ds,

(p,7) € R%, 6 €(0,2n), (7.24)

where f is the Radon transform of f (see (7.2)), P are the usual projectors in the variable
p (see (7.16)), (p, t) are defined in terms of (x, x) by (7.20), and F denotes f in the
variables (p, t, 0) (see (7.17)).

Proof. Equation (7.24) is a direct consequence of (7.9) and (7.15)*. O

It turns out that the derivation of the attenuated Radon transform pair is a direct
consequence of (7.5) and of the above corollary.

Proposition 7.2. Define the attenuated Radon transform g ¢ (p, 6) of the function g (x, x2) €
S(R?) by (7.3), where f(x;, x;) € S(R?). Then

1 2 )
g, 1) = — (9, —iaxZ)f e J(p, T, 0)do, (7.25)
47 0

where (p, 7) are given in terms of (x1, x2) by (7.20) and J is defined in terms of g, and f
by

J(p,7,0) = _ef:c f(scosO—psinf,s sin O+p cos 0)ds

X [eP’f'(pﬂ)p—e—P’f'(pﬂJr) + e—P+.f°(p,9)p+eP’f(p,0)] 27(p,0),

(p,7) €eR?, 6 €(0,2n). (7.26)
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Proof. Equation (7.5) can be rewritten in the form

b
w, f, 8
0z v
Hence
9 (ke 9] = S
0z v
or

pet O =t [(2) D], ix) e R keC, (7.27)
Vv

This equation provides the solution of the direct problem, i.e., it defines a sectionally analytic
function p with the estimate (7.13a), which has a jump across the unit circle of the complex
k-plane. Hence, u is given by (7.22). All that remains is to determine the jump u* — u™.
This involves computing the limits as k — k* of 0 Y(f/v), and thus it can be achieved
using (7.24). Equation (7.27) implies

/,Li€$P¥f67 [ F(p,s.0)ds — lim 82_1 {§€$P¥fe7frw F(p,s,e)ds} . (7.28)

k—k*

For the computation of the RHS of this equation we use again (7.24), where f is now
replaced by g times the two exponentials appearing in {} of (7.28). Hence the RHS of (7.28)
yields

2 00 A o
FPTT gy — / G(p, 7', 0)eT e 7 Flostds g/,
T

where G denotes g in the coordinates (p, t, 0). The term exp[FPT f ]is independent of 7,
and hence this term comes out of the integral f:o, and furthermore the same terms appear
in the LHS of (7.28). Hence,

ut—pum=-J,

where J is defined in (7.26). Then (7.22) yields

1 /Zﬂ e J(p,t,0)deo’
n= = —_—.
0

2 el —k

1/277 0( 0)do 1+0 ! k — oo
=1 e , T, - =, — 0.
=127 J, P k K2

Substituting this expression in (7.5) we find that the O (1) term of (7.5) yields (7.25). [

Hence,

7.4 Numerical Implementation

The numerical implementation of the inverse attenuated Radon transform, i.e., of (7.25),
using either cubic splines or Chebyshev approximations is presented in [89]. A typical
implementation using a technique based on the fast Fourier transform is shown in image
(c) of Figure 7.3. The images (b), (c), (d) depict the reconstructions of a realistic cardiac
phantom depicted in Figure 7.3(a), using three different techniques. The reconstruction
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(c) (d)

Figure 7.3. Different reconstructions of a cardiac phantom.

(b) uses the approximation of f = 0, which reduces the attenuated Radon transform to
the classical Radon transform; the reconstruction of the latter transform uses a technique
based on the fast Fourier transform, which is called filter back projection (this is actually
what is used now for SPECT in most hospitals). The reconstruction in (d) uses an improved
mathematical model for SPECT, which takes into account the fact that the collimator actually
receives “cones” instead of rays. This leads to a modified attenuated Radon transform which
can also be inverted analytically [90]. The incorporation of noise into these analytical
algorithms is a challenging problem which is under investigation.






Chapter 8

The Dirichlet to Neumann
Map for a Moving
Boundary

It was shown in section 1.4 that the characterization of the Dirichlet to Neumann map for
the heat equation on the half-line is based on the analysis of the global relation and on the
inversion of the following integral:

T
fo =/ &S f(s)ds, T >0, keC. (8.1)
0

It turns out that the characterization of the analogous map for the heat equation on the
moving boundary {/(t) < x < 00,0 < t < T} requires the inversion of the integral

A

T
fky = / MG £(yds, T >0, keC. (8.2)
0

The integral (8.1) can be inverted in an elementary manner using the Fourier transform.
Alternatively, it can be inverted using the spectral analysis of the following eigenvalue
equation for the function u(z, k) (compare with Example 6.2 of Chapter 6):

we +k*u=kf(t), 0<t<T, keC. (8.3)

The integral (8.2) apparently cannot be inverted using the Fourier transform. How-
ever, it can be inverted using the spectral analysis of the following eigenvalue equation for
the function w(z, k):

we + (K> —iki)w =kf@t), 0<t<T, keC. (8.4)

There exists an important difference between (8.3) and (8.4): Equation (8.3) admits
a sectionally analytic solution (¢, k) in k, but no such solution exists for (8.4). Hence,
the solution of the inverse problem associated with equation (8.4) requires the formulation
of a d-problem. A general procedure for deriving such d-problems was introduced in the
works of Pelloni and the author [49]. However, in these papers the inversion formula for
f(t) was left in terms of a two-dimensional integral, and thus it did not provide an effective
way of constructing f(¢). It was later shown in [20] that the relevant double integral can

113
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Figure 8.1. The curve I'(¢).

be expressed in terms of single integrals, which in turn yield a Volterra integral equation
for f(¢t). This equation involves a kernel with a strong decay which in particular yields
effective numerical computations [21]. Using the general methodology introduced in [20],
the following result is obtained in [21].

Proposition 8.1. Let f (k) be defined in terms of f(z) by (8.2) where /(¢) is a smooth
function satisfying

I(t) >0, 0<t<T,; 1(0) = 0. (8.5)

Then f(¢) can be expressed in terms of f (k) through the solution of the Volterra integral
equation

3 1 o '
)= —— ke K 1HK® £ydk +/ f)K(s,t)ds, 0<t<T, (8.6)
4 2mi ING) 0

where the curve I'(¢), depicted in Figure 8.1, is defined by the equation
I(t)={keC, kg —kj+kii(t) =0; —00 <kg <00, k; <0; 0 <t <T} (8.7a)

and K (s, t) is defined by the following equations:

o) / 2 _ 7
K(s.0) = —if -1 L St OLN N PR
2 Jo 2\ 2 —i(s)v v

_[H%( v V"z_l(”"ﬂ B_(v,s,1) }dv, (8.7b)

V2 —i(s)v v

Bi(v,s,t) = <i,/v2 —I(s)v+ iv)
X exp {—v [i(s) — 9 (t,5)] (s — 1) £iyJv2—I(s)v [2v — (2, )] (s — t)} ,

(8.7¢)

B(t,s) = M

— S



Chapter 8. The Dirichlet to Neumann Map for a Moving Boundary 115

(T
(I 'Z

Dy (1) ~ THO)

Ds(1)

Figure 8.2. The domains D\ (t) and D;(t).

Proof. 1In order to solve the direct problem, we first define the following ¢-dependent
domains in the complex k-plane:

Di(t) = {k; > 0, ky — ki +k;i(0) > 0} U {k; <0, kx — k7 + k;i(1) > 0}, (8.82)

Dy(t) = {k; > 0, ki — ki + k/I(T) <0} U {k; <0, ky — k7 +k;i(t) <0}. (8.8b)

These domains are depicted in Figure 8.2, where the curves Ff’z (0) and Ff’z (T) are the curves
obtained by letting # = 0 and t = T in the curve defined by

Th@) = {kx — ki + ki) = 0, k; > 0}. (8.9)
A solution u(t, k) of (8.4) bounded for all complex k is given by
w(t, k) =uw;t, k), keD;jt), 0<t<T, j=1,2,3 (8.10)

where Ds3(t) is the complement of {D;(¢) U D;,(¢)} in the entire complex k-plane and the
functions u;, j =1, 2, 3, are defined as follows:

t
it k) :k/ K N=MIO—O f()ds, 0 <t <T, keDj, j=1,2,3, (8.11)
t

n =0, =T, 13 = S(kg, k), (8.12)

where S(kg, k) is the unique solution for ¢ of the equation
k% — k2 +kil(t) =0,0<t<T, k; >0, —00 < kg < 00: t = S(kg, k;). (8.13)

Indeed the functions w; and ., are entire functions of k, which are bounded as k — o0 in
the domains D;(¢) and D,(¢), respectively. These domains are determined by the real part
of the exponential appearing in (8.11), namely by

(I(s) = 1(0)
(s—1)

where 7 is in the interval bounded by ¢ and s. For the function @, s < t, and thus pu; is
bounded if and only if

exp {(s —1) |:ka — k7 +k; “ =exp{(s — 1) [kx — ki + kil (0)]},

k3 —k? +kil(r) =0  Vre[0,1],
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which, taking into consideration that [is an increasing function, characterizes D (¢). For
W2, s > t, and thus u; is bounded if and only if

ki —k}+kii(x)y <0  Vrelt T,

which characterizes D, (t).
In order to prove that w3 is bounded in Ds(¢) we distinguish two cases.

e 0<Stkg, ky) <t.
In this case s < £; thus we need to prove that k% — k2 + k;I() > 0, which follows
from the facts that [(t) > [(s), k; > 0, and k;[(s) = k3 — k%.
ot < S(kg,k;) <T.
The situation is similar to the first case, but s — # > 0 and [ (1) < I(s).
Integration by parts of the equations defining the w;’s implies the following asymptotic
behavior: .
Mj:o(%), k—>OO, kEDj, ]=1,2,3 (814)

In order to solve the inverse problem, we note that the function (¢, k) defined by
(8.10)—(8.12) is bounded in the entire complex plane including infinity. Hence, it is possible
to find an alternative representation for u using the Pompieu, Cauchy—Green or d-bar
formula, i.e., (5.17),

pu(t, k, k) =

1 Jump /‘/ au(t A, A) dlpd); 8.15)
D(t) ’

27Tl F(t))" k A—k
O0<t<T, keC,

where I denotes the contour along which the function x has a “jump” discontinuity and D
is the domain in which du/dk # 0. If k = kg + ik, then

a 1 ad d

—=——+i—). 8.16

ok 2<8kR+l8k,> (8.16)
For the function p defined by (8.10)—(8.12), n1 and 5 are analytic in ; and thus ./ ok =
dus/dk and D = Ds(t). Furthermore, there are no jumps between w3 and /,Lz, and between
u3 and . Indeed, the intersection of D5(¢) and D, (¢) occurs on the curve F »(T), and on
this curve S(kg, k;) = T; thus us = p,. Similarly, the intersection of D3 w1th D, occurs

on the curve FE(O), and on this curve S(kg, k;) = 0; thus u3 = ;. Therefore, the only
jump occurs on the curve I'(¢) (which is the intersection of D and D,) and this jump equals

it k) — pa(t, k) = ke X RO £y, kel (@), 0<t<T.

In summary, if (¢, k) is defined by (8.10)—(8.12), then u also admits the following repre-
sentation for k € C\I'(#) and 0 <t < T

1 dus(t, A, A) drgdr
w(t, k, k) = re ™ ’*’”(”f(k)— - —// “3( A 4) dhrdhg , (8.17)
2ri Jr) D3 (1) A—k
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rH(T)

i)

)

D (1)

Figure 8.3. The domains D{" (1) and D’ (1).

where (3 is defined by (8.11) with j = 3.

The representation of the function u defined by (8.17) involves f (k) and dus/dk.
Thus, there exists a relation between f(¢) and { f k), o3/ 812}. In order to obtain this
relation, rather than replacing @ in (8.4) by the RHS of (8.17), we consider the large k
behavior of (¢, k, k). Equation (8.17) implies

() 1 o

Substituting the above expansion in the ODE (8.4), we find o = f(¢), and hence for all
O0<t<T,

1 G A 1 st k, k
f()=—— ke ¥R £y dk 4 — f / Mdk,;dk,. (8.18)
27i Jrq 7 JJ by dk

In order to obtain a Volterra integral equation for f(¢#) we must simplify the second
term in the RHS of (8.18). Actually, we will show that this term equals

O+ [ oK (819
0

where the kernel K (s, ) is defined by (8.7b).

Indeed, the curve FE(t) defined in (8.9) subdivides the domain Dj(¢) into the two
subdomains Dél) (t) and Déz) (t); see Figure 8.3. The integral over the domain D;z) (t) equals
%. Indeed, using the identity 2idkgrdk; = dk A dk, as well as the complex form of Green’s
theorem in the domain Dgz) (t), we find

d _ _
2i // V5 (¢, k. Bydkrdk; = / + / 131, k, K)dk. (8.20)
p®q) 0k rhe  JTHT)

On the curve I'}5(r), S(kg,k;) = t, and thus u3 = 0, whereas on the curve I'}5(T),
S(kg, k;) = T. Hence the RHS of (8.20) equals

/ k (/t ekz(st)ik[l(s)l(t)]f(s)ds> dk.
(T T
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The integrand of this integral is bounded and analytic in the domain above the curve '}, (T),
and its large k behavior is given by f ) Thus, the Cauchy theorem in the domain above
the curve 1"+2(T) implies that the above 1ntegral equals

7 e
f(t)/ idd = if (1)

Hence the contribution of the second term on the RHS of (8.18) associated with the domain
(2) ) equals 10
In order to compute the integral over Dél)(t), we note that using (8.11) with j = 3,
as well as equations (8.12) and (8.16), we find

s _ L (35 95 Bk s, nai(s). (8.21a)
LA 21a
ok kg | ok; &1
where

B(k, s, t) = kel G=D=ikll()=10)] (8.21b)

Then we obtain the following contribution to the double integral in (8.18) associated with

D" (1):
—// k—(t k. k)dkrdk;
D‘”(r)

aS
— — | Bk, S,1),t S)dkrdk;.
27-” /./;(1)(1) (3kk+l8k,> ( ) )gl( Ydkrdk;

We make the change of variables

(8.22)

k2
(kR,kI) e ()\,,1}), )\,_k]—k— V:kl,
I
which implies
D" (1) = {(n,v) 1 [(0) <A <i(r), 0<v <00}, S=SO).
Using v = k7, A = k; — k%/ky, it follows that

N k
Shn @S £—<1 )as
k2

okg  k; Or° 9k,

and
ke (v —vn)!'/?

k
dvdr = 2R dk,dkg, -
ky k; v

Thus the relevant integral in (8.22) becomes

— f / - (t k, k)dkgrdk;
D“)(r)
I'(t) 2 _
/ / % + AVaY) AV (8.23)
2711 1(0) )»l) %

xaB <\/U2 — v, SO, t) 21(S)drdv.
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Under the change of variable A — S(X) = 5,0 < s < ¢, the double integral in the RHS of
(8.23) can be written as

sl [ (G 55 e
2mi —l(s)v v

+{1+%<f”. A _’(S)”ﬂB_(v,s,t)}gl(s)dsdv,

V2 —I(s)v v

(8.24)

where B are defined in (8.7c¢). In the above integrals the order of integration can be inverted
and the resulting expressions are well defined; the expression in (8.24) is therefore equal to

/ gi1(s)K (s, t)ds
0

with the kernel K (s, ¢) given by (8.7b). O

Remark 8.1. Using the mean value theorem it follows that ¢ (¢, s) = i(r), s <T <t
This implies that the real part of the exponential in the RHS of (8.7¢) is negative; hence, the
kernel K (s, t) decays exponentially as v — oo.

Remark 8.2. Replacing j in (8.4) with the RHS of (8.17), we find the expression for f (¢)
given by the RHS of (8.18), as well as the equation

1

— ke ®HKO £y — — // k—(t k, k)dkgdk; = il(t) f(t). (8.25)
278 Jri,0 Da(0)

The LHS of this equation equals fi(¢), where fi(¢) is the coefficient of the 1712 term in the

large k expansion of the function (¢, k, k) defined by (8.17). Thus (8.25) can be rewritten
in the form

Aty = ilt) f (),

which can also be obtained by substituting the large k expansion of u(z, k, IE) in the ODE
(8.4).

Using the result of Proposition 8.1 and employing the global relation, it is straight-
forward to construct the Dirichlet to Neumann map for a moving boundary.

8.1 The Solution of the Global Relation

Proposition 8.2. Let g(x, ¢) satisfy the heat equation (15a) in the domain €2 defined by
Q={0<t<T, II)<x<o0}, (8.26)
where the function /(¢) satisfies the conditions (8.5). Let g satisfy

q(x,0) =¢qo(x), O0<x<o0; qU@),t)=go), O0<t<T, (8.27)



120 Chapter 8. The Dirichlet to Neumann Map for a Moving Boundary

where the functions go(t), go(x) have sufficient smoothness and go(x) has sufficient decay
forlarge x. Suppose that there exists a solution g (x, ¢) with sufficient smoothness and decay.
Then the function g, (I(z,t)) = g1(¢) satisfies the following Volterra integral equation for
O0<t<T:

P 1112
[Ln)—x1? e Ay

W goydx — | ———3
0 VI=s (8.28)

o=
R WA
+/ g1(8)K (s, t)ds,

0

where ¢, g0 denote the derivatives of gg, go and the function K (s,7),0 <s <t < T, is
defined by (8.7b).

Eroof. Suppose that there exists a solution g (x, ¢) with sufficient smoothness in the closure
2 of the domain 2. Then, the application of Green’s theorem in the domain 2 yields

/ e g (x, dx + [qe(x. 1) + ikq(x, 0)d1} =0, ke C, (8.29)
02
or
T . . 2 o0 i
/ HFITHO L (1) 1) + 1) + ikgo (1) } dt = Go(k) — € T/ e q(x, T)dx,
0 " (8.30)

where 92 denotes the boundary of Q and go (k) denotes the Fourier transform of the initial
condition go(x). Equation (8.30) is valid only for Imk < O; this restriction is imposed
in order for the function go(k) as well as the integral involving g (x, T) to make sense.
Equation (8.30) is the global relation. Equation (8.30) is of the form of the basic equation
(8.2), where f(s) is replaced by g (s) and f (k) is replaced by the expression

[e.¢]

T
Go(k) — / KO (5) + ik]go(s)ds — e T / e *q(x, T)dx. (8.31)
0 I(T)

Furthermore the global relation is valid for Im k£ < 0, and therefore it is valid for k on I"(¢).

Replacing f (k) in the first term on the RHS of (8.6) by the expression in (8.31), we
obtain three contributions. The contribution from the third term in the expression (8.31)
vanishes. Indeed, this latter term yields the integrand

o0
KT =D+ikIIO=I(TD)] / ek =IMIg (x Tdx. (8.32)
(T

The exponential multiplying the above integral is bounded in the domain below the curve
I"(¢), whereas the integral in (8.32) is bounded and analytic for Imk < O and is of 0(%) as
k — o00. Thus, an application of Jordan’s lemma in the variable /, where

b

[ =—k% k=lkle %, 0<lkl<oo, —oo<Il<O0,
k=lkle", 0<lkl<oo, 0<I<oo,

implies that the integral of the expression (8.32) over I'(¢) vanishes.
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We will now show that the contribution of the first two terms of the expression in
(8.31) yields the first two terms in the RHS of (8.28).

Multiplying these two terms by k, integrating by parts, and using go(0) = g¢(0) we
find

00 T
—i { f e Go(x)dx + X TTHD gy (T) — / ekzsik’@go(s)ds}. (8.33)
0 0

We split the integral fOT into the integrals f; and ftT. After multiplying the expression in
(8.33) by exp[—kzt + il(¢)] and integrating over I'(¢), it follows that the terms involving
go(T) and ftT vanish. Hence we find the expression

o0 t
i / K1t 0o (x)dx + i / Ka(t, 5)do(s)ds, (834)
0 0
where
Ki(t, x) = / e KHHKIWO=x] g1 t>0, 0<x < oo, (8.35)
I'@)
and
K»(t,s) = / e R =)HKIO~LE] gp O<t<s<T. (8.36)
I'(t)
Using

=P g O =T

—K*t 4+ ik[l(t) — x] = =A% — ,
+ik[l(t) — x] 1 7 a7

’

it follows that

_llw=x?

Ky(t,x) = " e M, (8.37)
’ «/; I(t,x) '

where I'(¢, x) is the curve obtained from I'(¢) under the transformation k — A; (k).
Similarly, using

2 . 2
=k —1()] = 2= O IO s - O ZIOF

4@t —s) 4(t — )
it follows that
_ -1
Ka(ts) = & e, (8.38)
2 b S y— 27 .
v t—s f‘(t,s)

where f(t, s) is the curve obtained from I"(¢) under the transformation k — A, (k).

Using the fact that exp(—2?) is bounded in arg A € {[—%, 7N [37”, %]}, it follows
that both I'(¢, x) and f‘(t, s) can be deformed to the real axis, and hence the two relevant
integrals equal /7. Then the expression in (8.34) yields the first two terms in (8.28).
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8.2 Examples

Numerical evaluations of the Neumann data g;(¢) are presented in [21] for the case of
I(t) = % and the following two different choices of initial and boundary conditions:

(@  qo(x) =0, go(1) = sin(t), (8.39)
(®)  go(x) =xe™, 8o(r) = 0. (8.40)
In this case the function B, (v, s, t) takes the explicit form
Bi(v,s,t) = («/v2 — sV + iv)
1
X exp {—g(s — )2+ iV —sv(s — 1) [21} - E(S + t)“

(8.41)

and therefore it is obvious that the kernel K (s, t) decays exponentially as v — oo.
For the first set of initial and boundary data, we observe that the first integral in the
RHS of (8.28) is identically zero, while the second integral is given by

t 2 2
L[ es® o [_m} ds. (842)

2T )y Ji—s 16

For the second set of initial and boundary data, we find that the second term in the
RHS of (8.28) is identically zero, while the first term equals

A/ / ( ) : ! 5 ( )
xX)e e o1 d.x . 8.43
2 Tt 0

The results of the numerical simulations are shown in Figures 8.4 and 8.5 for the two
cases (8.39) and (8.40), respectively. In both cases the Volterra integral equation (8.28)

g,

Figure 8.4. The Neumann data g, (t) for the case (8.39).
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0.004
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t

Figure 8.5. The Neumann data g,(t) for the case (8.40).

was solved on a grid of 100 points in the interval ¢+ € [0, 10]. In the first case, shown in
Figure 8.4, the behavior of g;(#) is characterized by the nature of the periodic boundary
function gy () (g1(¢) oscillates with amplitude that decreases in time). In the second case
shown in Figure 8.5, the behavior of g;(¢) is strongly determined by the exponential term
in go(x) (g1(¢) decays rapidly toward zero).
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Novel representations of the solution of initial-boundary value problems for evolution
PDEs on the half-line and the finite interval were presented in Part I. These solutions were
derived through the analysis of two basic equations formulated in the complex k-plane,
namely, (a) the global relation, and (b) the integral representation of the solution.

It turns out that it is straightforward to derive the global relation for a large class of
PDEs. Indeed, suppose that the function g (x, y) satisfies a linear PDE in an open piecewise
smooth domain Q € R, Let g satisfy the formal adjoint of this PDE and assume that there
exists a one-parameter family of solutions for g, i.e., § = g(x, y; k), k € C. Then, it is
always possible to rewrite the given PDE as a one-parameter family of divergence forms,
and this immediately yields a global relation.

The above one-parameter family of divergence forms also immediately yields a Lax
pair formulation for the given PDE. The simultaneous spectral analysis of this Lax pair
yields an integral representation of the solution. The level of difficulty of the spectral
analysis depends on the nature of the domain. For a polygonal domain the spectral analysis
is simple and it is actually conceptually similar to that of Examples 6.1 and 6.2 of Chapter
6. On the other hand, the spectral analysis for an arbitrary domain is rather complicated and
is similar to that performed in Chapter 8.

In what follows we will first derive the global relation and the Lax pair formulation
of several PDEs. Then, we will rederive the integral representations for evolution PDEs
on the half-line and the finite interval (i.e., (1.16) and (2.6), respectively) using the spectral
analysis of an appropriate Lax pair. Finally, we will derive integral representations for the
basic elliptic PDEs in a polygonal domain.






Chapter 9

Divergence Formulation,
the Global Relation, and
Lax Pairs

Example 9.1 (the heat equation). Let g(x, ¢) satisfy the heat equation

qr = qxx- 9.1)
The formal adjoint g (x, ) satisfies the equation
—Gr = Gxx- 9.2)

Multiplying (9.1) and (9.2) by ¢ and ¢, respectively, and then subtracting the resulting
equations we find

@) —(qq: —qqx)« = 0. 9.3)
Suppose that the heat equation is valid in an open, piecewise smooth domain £ € R? of the

(x, r)-plane and let €2 be a subdomain of Q. Then applying Green’s theorem to (9.3) in the
subdomain 2 we find

- [(g@)d& + (Ggs — qdz)ds] =0, (9.4)

where 92 denotes the boundary of € and ¢, § are functions of s and &.
A one-parameter family of solutions of (9.2) is given by

G, 13 k) = e R e C
Then (9.3) and (9.4) become, respectively,
(efikx#»kth) _ I:efikx+k21(qx + lkCI):I — O, k e (C’ (95)
t X

and
f~ o ikEHs [qd€ + (gz + ikg)ds] =0, keC. 9.6)
%

In the case that the heat equation is formulated on the half-line, taking
Q={0<&<00,0<s <1},

(9.6) becomes the global relation (12).

129
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Equation (9.5), in addition to implying the global relation, also immediately yields
a Lax pair formulation. Indeed, if the heat equation is valid in €2, then (9.5) implies the
existence of a function M such that

M, = e RtR1g M — e (0 4 ikg), (x,1) €Q, keC. 9.7)

Letting M (x,t, k) = pu(x, t, k) exp[—ikx + k’t], equations (9.7) yield the following Lax
pair for the heat equation:

wy — ik =q, pe+kp=qe+ikg, (x,1)eQ, keC. 9.8)

The above equations can be rewritten in the language of differential forms: Equation
(9.5) implies that the following differential form is closed:

W(x, 1, k) = e M gdx + (g, + ikq)dt]. 9.9)

This of course can be verified directly:

AW = dxW, +diW,
_ [e—ka+k2f(qx + ikq)x] dx Adt + (e‘ikx+k2’q) dt A dx
t

= e iketki (g — g)dx Adt,

where we have used the fact that the operator A is skew symmetric. Hence, the differential
form W is closed if and only if ¢ satisfies the heat equation.

The Poincaré lemma,
/ W://dW, 9.10)
aQ Q

immediately implies (9.6). Furthermore, if €2 is an open, piecewise smooth domain, the
closed differential form W is also exact, i.e., there exists a O-form u exp[—ikx + k2t] such
that

d [Me*”‘”’*’] =W. (x.0eQ. keC, ©.11)

which, using the definition of W (equation (9.9)), yields the Lax pair (9.8).

It turns out that for the derivation of the integral representation of the solution, the
formulation (9.11) in terms of a differential form is more convenient than the Lax pair
formulation (9.8). Indeed, instead of performing the simultaneous spectral analysis of
(9.8), it is more convenient to perform the spectral analysis of the differential form (9.11).

Remark 9.1. It was shown above that the heat equation is equivalent to the statement that
the differential form W is closed. Rewriting PDEs in terms of differential forms has a long
and illustrious history, in particular regarding the geometric and group-theoretic properties
of PDEs. The novelty of the above formulation is the occurrence of the complex parameter
k. Indeed, for the employment of the global relation and for the spectral analysis, it is crucial
that a given PDE is rewritten as a one-parameter family of closed differential forms.
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Example 9.2 (a general evolution PDE). It is straightforward to verify that the following
differential form W is closed if and only if ¢ (x, ¢) satisfies the PDE (1.1):

n—1
W(x,t, k) = e Ftw®n | gay + ch(k)ajqdz , keC, 9.12)
j=0

where the constants {c; (k)};f;(l) are defined by (1.15). Hence, if the PDE (1.1) is valid in the
domain €2, the associated global relation is

W(x,t,k) =0, keC. 9.13)
aQ
In the particular case that 2 is defined by {0 < & < 00,0 < s < T}, (9.13) becomes (1.18).
We note that in this case k is restricted by Imk < 0, in order for g (k, ) and go (k) to make
sense. Similarly, if 2 is defined by {0 < & < L,0 < s < ¢}, (9.13) becomes (2.8).
It will be shown in Chapter 10 that the integral representations (1.16) and (2.6) can
be rederived by performing the spectral analysis of the differential form

d[e ™ O u(x, 1, k)] =W, t,k), x,0)eQ, keC. (9.14)

Example 9.3 (the modified Helmholtz equation). By employing the formal adjoint, it was
shown in the introduction that the modified Helmholtz equation, i.e., the equation

Gux +qyy —4p%¢ =0, B >0, 9.15)

can be written in the divergence form (55) of the introduction. This implies that g (x, y)
satisfies the modified Helmholtz equation if and only if the following differential form W
is closed:

W(x,y, k) =" [(kag — q,)dx + (g — kig)dy], k € C, (9.16)

where k3 +k3 = 4. In the introduction, the relevant formulae were subsequently rewritten
in terms of the variables (z, zZ, k). In what follows we work directly with the latter variables.
Furthermore, we use the fact that we can add to W any closed form without affecting the
final result (also we can multiply the given PDE by an arbitrary constant). Sometimes this
arbitrariness can be helpful in the associated spectral theory.
Letting
z=x+4iy, Z=x-1iy, 9.17)

it follows that
Oy =0, +0;, 09,=1i(3;,—0z). (9.18)

Hence, the modified Helmholtz equation can be rewritten in the form
q:z — B*q =0. (9.19)

The formal adjoint g satisfies the same equation as g. A one-parameter family of solutions
of (9.19) is given by 7
e‘iﬁ(kz_%), k eC.
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The function ¢(z, z) satisfies the modified Helmholtz equation if and only if the following
differential form W is closed for all k € C:

W(z.Z. k) = e Pt [(qz —ikyBq)dz + <V‘Iz - %q> dZ] ; (9-20)
where y is an arbitrary parameter different from 1. Indeed,

dW = (1 — y)e #0) (q.: — B2q) dz A dz.

If z is on the boundary of a polygon and this boundary is parametrized by s, then

1
q.dz = 3 (G +ign)ds, 9.21)

where g denotes the derivative of ¢ along the boundary of the polygon and g, denotes the
derivative normal to the boundary. In this case it is convenient to have a differential form

which does not involve ¢. This can be achieved by taking y = —1, and thus
_ ,i'g(kz,i . ~ :3 -
W=e )1 (q; +ikBg)dz — | ¢z + =4 dz|, keC. (9.22)
Hence, if 92 denotes the boundary of a convex polygon 2, the associated global relation is
: ; d 1dz
/ e =) g, +ip (kE + L) glas =0, kecC, (9.23)
aQ ds kds

which coincides with the first of equations (52) of the introduction. It will be shown in
Chapter 10 that the spectral analysis of the equation

dle " Due k| =W ik, ze®, 9.24)

where k € C and W is defined by (9.22), yields the integral representation (51) presented
in the introduction.

It turns out that second order elliptic PDEs require fwo global relations. If g is real,
then a second global relation can be obtained by taking the Schwarz conjugate of the global
relation (9.23), i.e., by taking the complex conjugate of (9.22) and then replacing k by k.

This yields
o dz 1d
/ P00 g +ig (K + - ) g las = o, (9.25)
20 ds kds

where k € C, which coincides with the second of equations (52) of the introduction.
Actually, (9.25) is valid without the assumption that g is real. Indeed, replacing k by 1/k in
the RHS of (9.22), it follows that if W (z, z, k) is closed, then W (z, z, 1/k) is also closed;
(9.25) follows from the latter differential form.

Example 9.4 (the Helmholtz equation). Replacing 8 by i, (9.15) and (9.19) become the
Helmbholtz equation in Cartesian and complex coordinates,

Gxx + qyy + 4,324 =0, B>0, (9.26)
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and
q:+Bq=0 p>0. 9.27)

Novel integral representations for the Helmholtz equation can be obtained by performing
the spectral analysis of the differential form

d|e D s b =we i b, zee, 9.28)
where k € C and W is defined by
W = e PEHD | (q. + ikBg) dz — <Qz + %q) dz} , keC. (9.29)
The associated global relations are
A o[ dz 1dz
/ B g+ B (K~ —Z2 ) g lds =0, keC, (9.30)
IQ L ds kds
and s 1d
/ Pt g 4 8 (K — 2 ) g las =0, keC. (9.31)
IQ ds kds

Equations (9.28)—(9.31) follow from (9.22)—(9.25) by replacing g with i and then (for
convenience) replacing k with —ik.

Example 9.5 (the Helmholtz equation in cylindrical coordinates). Let g (p, ) satisfy the
Helmholtz equation in cylindrical coordinates, i.e.,

1
P+ o + 45 — 487 pg = 0. (9.32)
The formal adjoint satisfies the equation
~ L. ~
(Pd)pp +~ o0 = G — 48°pq = 0. (9.33)

Simplifying this equation, it follows that g satisfies the same equation as g, i.e., (9.32). The
equations for g and g imply

q9. 4 - -
<—619 - —qe> — (Pqqp — P94p)p = 0. 9.34)
P P 0
Letting g(p, 0; k) = ©(0; k)R(p; k), it follows that ® = exp[+ikf] and that R satisfies

the ODE ) _
0’R + pR — 4B%p* + k>R = 0. (9.35)

Hence, the two global relations associated with the Helmholtz equation in cylindrical coor-
dinates are the equations

. d .
/ ik [R(—% +ikg) "2 + p(Rq, — Rq)d@] =0, keC, (9.36)*
a0 P

where R is any solution of the Bessel equation (9.35).
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Example 9.6 (the Laplace equation). Using complex coordinates, the Laplace equation
takes the simple form
gz = 0.

Hence, since (q;); = 0, it follows that g is harmonic if and only if g, is an analytic
function of z. This implies that it is easier to obtain an integral representation for ¢, i.e., an
integral representation for an analytic function, than an integral representation for ¢. In this
respect we note that the function ¢ satisfies the Laplace equation if and only if the following
differential form is closed:

W(z, k) = e *q.dz, keC. (9.37)
It will be shown in Chapter 11 that the spectral analysis of the differential form
de ™ u(z, k)] =e*q.dz, keC, (9.38)

yields a novel integral representation for ¢, in the interior of the convex polygon 2. The
associated global relations are

/ e*q.dz =0, / ¢*q:dz =0, k eC. 9.39)
Q2 0%

If ¢ is real, then the second of equations (9.39) follows from the Schwarz conjugation of the
first of equations (9.39). If g is complex, the second of equations (9.39) is a consequence
of the following differential form which is also closed:

W(Z, k) = e*?q:dz, k e C. (9.40)
An alternative differential form associated with the Laplace equation is given by
Wz, 2. k) = e "[(ikq + ¢:)dz — g:dZ].

This differential form has the advantage that it involves ¢, and thus it is more convenient for
the solution of the Dirichlet problem; see [25], [40]. However, in this book, for simplicity
we will only use the differential form defined by (9.37).

Example 9.7 (separable PDEs with variable coefficients). Let ¢ (x, t) satisfy the time-
dependent Schrodinger equation with a time-independent potential,

ig: + qxx +u(x)q = 0. (9.41)

The formal adjoint satisfies
—iG; + Gux +u(x)g = 0. (9.42)

Hence,
@) —i(gxq — qqx)x = 0.
Thus, g (x, t) satisfies (9.41) if and only if the following differential form is closed:

W =qqdx +i(qxq — qqx)dt, (9.43)
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where ¢ is any solution of (9.42). Using separation of variables it follows that
G = d(x, k), D+ @) + kDD =0. (9.44)

It is shown in [35] that the spectral analysis of the differential form
d [/L(x, k)eikz’] — ¢Ft (Dgdt + i (Bgy — D,q) dx) (9.45)

yields an integral representation for the solution of (9.41) on the half-line.
Similarly, let g (x, y) satisfy

Gxx + dyy + M(X)q =0. (946)
Then
(gxq — qg4:)x — (qﬁ}y - Cb‘é)y =0,
where ¢ is a solution of (9.46). Thus g(x, y) satisfies (9.46) if and only if the following
differential form is closed:
W = (9xq — qq:)dy + (qqy — qyq)dx.

Using separation of variables it follows that g = exp[ky]® (x, k), where ® (x, k) satisfies
the time-independent Schrodinger equation, i.e., the second of equations (9.44). It is shown
in [35] that the spectral analysis of the differential form

d [n(x, K)e¥] = eV [(Pg: — D2q)dy + @(kq — ¢,)dx]

yields an integral representation for the solution of (9.46) in the quarter plane.
The equation
G + Gxxx +ulx)g =0 (9.47)

on the half-line is analyzed in [38].






Chapter 10

Rederivation of the Integral
Representations on the
Half-Line and the Finite
Interval

Let the differential form W (x, t, k) be defined by (9.12) and suppose that g (x, t) satisfies
(1.1) in the domain
Q={0<x<o0o, 0<rt<T} (10.1)

We will perform the spectral analysis of (9.14) by following steps similar to those
used in Chapter 6.

In order to solve the direct problem, we integrate (9.14) by employing the fundamental
theorem of calculus. This implies that for all (x, t) € €,

(x,1) n—1

wi(x, t k) = / o kx=E)—w(k)(t—s) q(&, $)dE + ch (k)agjq(é, s)ds | . (10.2)
(xj.15) j=0

The notation . ; indicates that the function  ; depends only on the point (x;, ¢;) and not on

the path of integration. We must now choose the points (x;, ¢;) in such a way that we can

define a sectionally analytic function w(x, ¢, k). It was shown in [22] that if €2 is a polygonal

domain, then the proper choice of (x, t;) is the set of the corners of this polygon. In our

case the domain €2 has three corners, and thus we let (see Figure 10.1)

(x1,1) = (0, T),  (x2,12) =(0,0), (x3,13) = (00, 1).

The functions {u; ?:1 for all (x, ¢t) € Q2 are bounded and analytic in the domains of
the complex k-plane indicated below,

wi, DY,
w=qu2 ET, (10.3)
3, Imk <0,
where
DT ={keC, Imk>0, Rewk) <0}, (10.4a)
Et ={keC, Imk>0, Rew()>0). (10.4b)
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T T —_—
: (. 1) &0

125 £

Figure 10.1. The contours of integration for {/,Lj};zl.

Indeed, for the function wi, if (&, s) is on the path of integration, then x — & > 0 and
t —s < 0. Hence, the exponential occurring in the RHS of (10.2) is bounded as k — oo
in D*. Similarly, for the function s, x — & > 0 and r — s > 0, and thus the exponential
occurring in the RHS of (10.2) is bounded as k — oo in E*. For the function w3, s = t,
and thus ds = 0, hence (10.2) yields

w3 (x, 1, k) = f Mg (g, 1dE, Tmk <0, (10.5)

(o]

and since x — & < 0, this function is well defined for Imk < 0.

If T is finite, then the functions | and ., are entire functions of k which are bounded
as k — ooin D™ and E™, respectively. If T = oo, then w; and u, are defined only if k
is restricted in D and E™, respectively. In the domain where p is bounded as k — oo,
integration by parts implies that

n=0 (%) .k — oo. (10.6)

In order to solve the inverse problem we must compute the “jumps” of the functions
w ;. The difference Ap of any two solutions satisfies the equation

d [(Au)efik)H*w(k)t] — 0’

and hence the difference of any two solutions is proportional to exp[ikx — w(k)¢]. For
example,

p3(x, b, k) — pa(x, t, k) = ™ O py(k), k e (ETNRY, (10.7)

where p)3(k) depends on k (and not on x, ¢). The function py3(k) can be determined by
evaluating (10.7) at any point in the (x, ¢)-plane. For example, letting x = ¢ = 0 and using
1200,0,k) = 0, u3(0,0,k) = —go(k), we find p3 = —go(k), where go(k) denotes the
Fourier transform of gy(x) = g(x, 0); see (1.6). Similarly,

pi(x, k) — ps(x, t, k) = e* 7O p13(k), k e (DT NR). (10.8)
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(x,1) (x,1)

M3 Ha

Figure 10.2. The contour of integration for ju3 and 4.

Evaluating this equation at x = ¢ = 0 and using ©1(0,0,k) = —g(k) we find p;3 =
—8&(k) + qo(k), where

n—1

T .
g(k):f " 3" ¢;(k)3lq(0, 5)ds, k € C. (10.9)
0

j=0

For the evaluation of (0, 0, k) we have used the fact that if (x,t) = (0, 0), then the
contour of integration is along the axis £ = 0, and hence d¢ = 0. Finally,

(e, t k) — pa(x, 1, k) = =" gk), ke {ET N DY/R}. (10.10)

The estimate (10.6) and the “jump” conditions (10.7), (10.8), (10.10) define a Riemann—
Hilbert (RH) problem whose unique solution is
1 R dl , dl
.t k) = — ilx—w()t » l _/ ilx—w()t ~ I ,
nx, k) = o {/_me wo— _— 80—

where
(x,1)eQ, keC\{RUID™}. (10.11)

Substituting this expression in the x-part of the associated Lax pair we find (1.16).
In the case of the finite interval, the relevant domain is

Q={0<x<L, O0<t<T} (10.12)

In this case, in addition to p; and u,, we also define p3 and py4 as shown in Figure 10.2.
Then

w1, DT,
., ET,
= Zz - (10.13)
3’ 9
w4, ET,

where
D™ ={keC, Imk<0, Rew(k)<DO0},

E-={keC, Imk<0, Rew()> 0} (10.14)

Computing the “jumps” of the functions { ; }‘1‘ and proceeding as in the case of the half-line,
we find the integral representation (2.6).
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Remark 10.1. The above derivation, in contrast to the derivation presented in Part I, has
the advantage that it can be generalized to integrable nonlinear evolution PDEs; see Part
V. Furthermore, it provides a spectral interpretation of the novel integral representations
(1.16) and (2.6). As mentioned in the introduction, these representations provide the concrete
realization of the Euler—Ehrenpreis—Palamodov representations. We recall that the classical
representations in terms of the Fourier transform are associated with the spectral theory of
certain ordinary differential operators. Is there a spectral theory associated with the Euler—
Ehrenpreis—Palamodov representations? The answer is affirmative at least in the case of
two dimensions: It is the spectral analysis of an appropriate differential form!



Chapter 11

The Basic Elliptic PDEs in
a Polygonal Domain

In this chapter we will derive integral representations for the basic elliptic PDEs in polygonal
domains. These representations involve both the Dirichlet as well as the Neumann boundary
values. For certain simple domains, by using the global relations it is possible to eliminate
either the Dirichlet or the Neumann boundary values. This will be illustrated in Part I'V.
For the implementation of these formulae it is useful to recall the following identities.

(a) If
z=x+iy, zZ=x—1iy, (x,y)€R?
then 1 1

(b) If a side of a polygon is parametrical by s, then

1 1
q-dz = 5(6} +ign)ds, qzdz = 5(4 —iqn)ds, (11.2)

where ¢ is the derivative along the side, i.e., ¢ = dq(z(s))/ds, and g, is the derivative
normal to the side in the outward direction.

11.1 The Laplace Equation in a Convex Polygon

By performing the spectral analysis of the differential form (9.38) we will derive the fol-
lowing result [91].

Proposition 11.1. Let Q be the interior of a convex bounded polygon in the complex
z-plane, with corners z1, ..., Z,, Z,+1 = 21; see Figure 6 of the introduction. Assume that
there exists a solution ¢ (z, z) of the Laplace equation valid in the interior of €2 and assume
that this solution has sufficient smoothness all the way to the boundary of the polygon. Then
g, can be expressed in the form

0 1 & .
£ = — Z/ g (kydk, z € Q, (11.3)
j=17h
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side (/)
2
Figure 11.1.
where the functions {¢;(k)}] are defined by
Zj+1 X
c}j(k)zf e ®g.dz, keC, j=1,...,n, (11.4)
zj
and the rays {/;}| are defined by
lj={keC, argk=—arg(zj+1—2z;)}, Jj=1,...,n, (11.5)

and are directed toward infinity.
Furthermore, the following global relations are valid:

Zq,(k)zo, qu(k)zo, keC, (11.6)
j=1 j=1
where {G;(k)}| are defined by

i+t
@(k):f ¢¥q:dz, keC, j=1,...,n. (11.7)
z

j

Proof. We will perform the spectral analysis of the differential form (9.38) by following
the same steps used in Chapter 10.
Integrating (9.38) we find

Mj(z,k)=/”e”<<z—4>q[d;, 2€Q, j=1,...,n. (11.8)
Z

The term exp[ik(z — ¢)] is bounded as k — oo for
0<argk+arg(z—¢) <m. (11.9)
If z is inside the polygon and ¢ is on a curve from z to z; (see Figure 11.1), then
arg(zj41 —z;) <arg(z —¢) <arg(zj-1—2z;), j=1,...,n.
Hence, the inequalities (11.9) are satisfied, provided that

—arg (zj41 —zj) <argk <7 —arg (zj—1 — 2;) -
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Hence, the function p; is an entire function of £ which is bounded as k — oo in the sector
X ; defined by

L;=1{keC, argke[—arg(zj41 —z;). 7w —arg(z;-1 —z;)]}, j=1.....n

(11.10)
The angle of the sector X ;, which we denote by ¥, equals
Vi =m —arg (31— ;) +arg (01 — 2j) =7 — ¢,
where ¢; is the angle at the corner z;. Hence,
Z‘-Iljznn—z¢j=nn—n(n—2)=2n, 1.11)

j=1 j=1
and thus the sectors {X;}] precisely cover the complex k-plane. Hence, the function
w=puj, z€R, keXx; j=1...,n, (11.12)

defines a sectionally analytic function in the complex k-plane.
For the solution of the inverse problem, we note that integration by parts implies that
nj=0(1/k)ask — ooin X;,i.e.,

1
/JL=O<%), k — oo. (11.13)

Furthermore, by subtracting (11.8) and the analogous equation for w11 we find
Wj— i =e*qik), zeQ, kel;, j=1,...,n, (11.14)

where {g; (k)} are defined by (11.4) and /; is the ray of overlap of the sectors X; and X ;.
Using the identity

T — arg (zj — zj+1) = —arg (zj+1 — zj) mod(2r), (11.15)

it follows that /; is defined by (11.5). Furthermore, ¥; is to the left of X;,; see Figure
11.2.

The solution of the Riemann-Hilbert (RH) problem defined by (11.12)—(11.14) is
given by

1 < e o dl
= — 2. ()——, z€Q, ke C\{l;}. 11.16
" 2m;/,,€ G0 2 N (11.16)
Substituting this expression in (9.38), i.e., in equation

Wz —ikp =g,

we find (11.3).
Using the definitions of {¢;}] and {g,}],i.e., (11.4) and (11.7), respectively, equations
(9.39) yield the two global relations (11.6). O
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T —arg(zjo1 — z;)

—arg(zj41 —z;)

7 —arg(z; —zj+1)

7arg(zj+2 - Z,+I)

Figure 11.2. The sectors ¥; and ;.

21

)]

22
() 23

Figure 11.3. The quarter plane.

Remark 11.1. Tt is shown in [91] that a similar result is valid for an unbounded polygon,
provided that g, vanishes at infinity. In this case, if z; = z, = 00, then we define only n — 1
functions ¢;. Furthermore, ¢; and §,_; are not defined for all complex & but only for & in
certain sectors of the complex k-plane. The derivation is similar to that of Proposition 11.1,
where the proof that {X; }’1‘_1 cover the complex k-plane follows from the identity

n—1

Y ¢y =71 —3)+ .

j=2

Example 11.1 (the quarter plane). Let €2 be the interior of the first quadrant of the complex
z-plane; see Figure 11.3.

In this case, g1 involves an integral from z; to z, (where z = iy), whereas ¢, involves
an integral from z, to z3 (where z = x). Hence, using the first of equations (11.1), (11.4)
yields

. U N .
g1 (k) = —5/ ¢ [gx(0, y) —iqy(0, )] dy, Rek <0, (11.17a)
0
and
1 [~ _,
Gr(k) = 5/ e " [gx(x,0) —igy(x,0)]dx, Imk <0, (11.17b)
0

where the above restrictions of k ensure that the functions g, and g, make sense.
The first of the global relations (11.6) is defined for k in the domain of the overlap of
¢1 and g5, and thus

3
q1(k) + g2(k) = 0, nfargkf%. (11.18)
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L

Figure 11.4. The rays for the quarter plane.

)

3)

Figure 11.5. A semi-infinite strip.

If g is not real, (11.18) must be supplemented with a similar relation involving ¢, and ¢,.
The vector z, —z; makes an angle — /2 with the positive x-axis, and hence — arg(z, —
z1) = m /2, whereas the vector 73—z, is along the positive x-axis, and hence arg(z3 —z2) = 0.

Thus,
B 1
%= 2m

where the rays /| and [, are depicted in Figure 11.4.

The analysis of the global relation (11.18) together with the integral representation
(11.19) can be used for the solution of a large class of boundary value problems; see [29] and
Part IV. In this respect we note that for a well-posed problem, each of ¢, and ¢, involves one
unknown function, and thus the single equation (11.18) must be solved for two unknown
functions.

/eikqu(k)dk+/eikzqz(k)dk}, 7€, (11.19)

A b

Example 11.2 (the semi-infinite strip). Let 2 be the interior of the semi-infinite strip
with finite corners at the origin and at the point z, = il, where [ is a finite positive constant;
see Figure 11.5. In this case g, involves an integral from z; to z, (where z = x + il), ¢»
an integral from z; to z3 (where z = iy), and ¢3 an integral from z3 to z4 (Where z = x).
Hence,

kl o]

q1(k) = —% e’ikx[qx(x, D) —iqy(x,D]ldx, Imk <0, (11.20a)
0

.l

. i : .

g2(k) = _E/ e[q. (0, y) —iqy(0, y)ldy, keC, (11.20b)
0
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L

Figure 11.6. The rays for the semi-infinite strip.

1 [ _.
g3 (k) = 5/ e_’k"[qx(x, 0) —igy(x,0)]dx, Imk <0. (11.20c)
0

The first of the global relations is
3
> i) =0, Imk <0. (11.21)
j=1

The vector z, — z; makes an angle 7w with the positive real axis, hence — arg(z, —z;) =
—m, whereas the vectors z3 — z, and z4 — z3 are similar to those of Example 11.1. Hence,

3
1 ikz A
g =5 ;_E/h Mg (kydk, zeQ, (11.22)

where the rays {/;}3 are depicted in Figure 11.6.

Remark 11.2. The global relation (11.21) involves three unknown functions, whereas
(11.18) involves only two unknowns. However, (11.21) is valid in a larger domain in the
complex k-plane than (11.18). Using this fact it is shown in [29] and in Part IV that (11.21)
and (11.22) yield the solution of a large class of boundary value problems for the Laplace
equation in a semi-infinite strip.

Example 11.3 (the equilateral triangle). Let Q2 be the interior of an equilateral triangle
with corners at the following points (see Figure 11.7):

l in _ l
i1=—=€ 3, =21, WB=—"—p.

V3

Along the sides (1), (2), (3), z can be parametrized as follows:

z(s) = 217 +is, z(s) = (217 + is) o, z(s) = (%ﬁ + is) o,

i l l
a=eT, se (—- -). (11.23)
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(2)
23 L
[l T 23 - o _
1
7 (1)
| 21
Figure 11.7. An equilateral triangle.
Figure 11.8. The rays {l j}? for the equilateral triangle.
Using the first of equations (11.2), (11.4) implies
5 Lot [k () 4 (1)
qi1(k) = Ee 23 e (q +igq, )ds, k eC, (11.24a)
i
2
1
1 Lt [2 . .
Go(k) = 3¢ k3 /2 e (¢? +igP)ds, keC, (11.24b)
1
—2
1
I ekt 7 aisye .
g3(k) = 3¢ k3 /2 e (§P +igP)ds, keC, (11.24c)
1
—2
where the superscript (1) indicates side (1), etc.
The global relation is
3
> G4jk)y=0. keC. (11.25)
j=1

The vector z, — z; makes an angle /2 with the positive axis, the vector z3 — z; an
angle —5m /6, and the vector z; — z3 an angle —m /6. Thus g, is given by (11.22), where

the rays {/ j}? are depicted in Figure 11.8.
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Remark 11.3. Proposition 11.1 characterizes g, as opposed to g. For many applications
this is sufficient, since in many applications it is precisely the quantity ¢, which is physically
significant. Also, if g isreal, itis straightforward to compute g interms of ¢,: Let Q(z) = ¢;;
then

1 -
q= E(U +U), U= 0(Z)dz'. (11.26)
In the general case

1 ~ - z
g=3W+0), O =/ 0G)dz, (11.27)

where O(2) = g and g: satisfies the following integral representations:
1 n B kz _
;= "2q;(k)dk, € Q, 11.28
g: 2n;/l,e g;()dk. 2 (11.28)
where {/ j¥j= are the complex conjugates of {/;};_,.

Remark 11.4. Proposition 11.1 implies that if ¢ satisfies Laplace’s equation, then nec-
essarily the global relations (11.6) are valid. Actually, these relations are also sufficient
conditions for the existence of a solution. Indeed, the following result is derived in [92]:
Let d€2 denote the boundary of the polygon 2 of Proposition 11.1 and let S; denote the
side from z; to zj4;. Foreach j = 1,...,n, let QY e H'?*¢(L;) for ¢ > 0 with
0Y(zj41) = QUTV(z;11) and define p; (k) by the line integral

p,(k):/” eV (2)dz, keC. (11.29)
Z

J

Suppose that the functions p; (k) satisfy the global relation

> pitk)=0, keC. (11.30)
j=1
Define Q(z) by
1 - ikz
—— ikz Q 11.31
0@ =5 ;fle p(dk, 7€ Q. (1131)

and let g denote the antiderivative of Q(z). Then Q and ¢ are continuous on 2 U 92 and
analytic in €2, Re (g) satisfies the Laplace equation in €2, and on each side S,

.:=0=0Y, j=1,....n (11.32)

11.2 The Modified Helmholtz Equation in
a Convex Polygon

By performing the spectral analysis of the differential form (9.24), with W defined by (9.22),
we will derive the result of Proposition 1 of the introduction.
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Integrating (9.24) we find that for z € Q,

(2, 2, k) = / Pk — 1 G-D)] |:(q; + ikBq)d¢ — <qg + %q) dE]. (11.33)

i

This is an entire function of k which is bounded as k — oo and k — 0 in the sector X; of
the complex k-plane defined by (11.10). Indeed, (11.33) involves the two exponentials

(PR D = oD

The real parts of the exponent of these two exponentials have the same sign, and thus the
exponentials have identical domains of boundedness as k and 1/k tend to infinity.
The differential form (9.24) is equivalent to the following Lax pair:

. . i B
W, —iBk = q; +iBkq, Mz-l-?,u:—(qz%-Eq). (11.34)

The first of these equations suggests that

1
"Z_‘”O(%)’ k — oo. (11.35)

This can be verified using (11.33) with k € X; and integration by parts. Also subtracting
(11.33) and the analogous equation for (41 we find

w— i = P04, kel), (11.36)

where {g;}} are defined by (51b). Using the identities (11.2), which express ¢.dz in terms
of ¢ and g, the expression for §; becomes that of (51d).
The solution of the RH problem defined by (11.35) and (11.36) is given for all k €
C\ 2 11 by
1
2in

. (I I dl
w=—q+ f e’ﬂ(’Z*f)q,(z)ﬁ, 1eQ. (11.37)
—1 7 -

J

Substituting this expression in the second of equations (11.34), we find (51a).
Using the definitions of {¢;}| and {g;}] (i.e., (51b) and (53)) in (9.23) and (9.25), we
find the global relations (52). O

Example 11.4 (the quarter plane). Let €2 be the interior of the first quadrant of the complex
z-plane; see Figure 11.3. Then

2
B} 1 iy~ dk
90 =~ » /eﬂ("z k)q,-(k)? zeQ, (11.38)
j=17l

where the rays /| and [, are depicted in Figure 11.4.



150 Chapter 11. The Basic Elliptic PDEs in a Polygonal Domain

Using z = iy and z = x for the sides (1) and (2), respectively, as well as the identities
(11.1), (51b) yields

Gitk) = — fooeﬁ(“%)—v [iqx(o, )+ 8 (% - k) q(0, y)] dy, Rek <0, (11.39)
0

g2 (k) = /oo e Bk—1)x |:—iqy(x, 0) +ip (% + k) q(x, 0)} dx, Imk <0. (11.39b)
0

These equations can also be obtained from (51d) using the fact that on the sides (1) and (2)
qn equals g, and —g,, respectively.
The first of the global relations is (11.18).

Example 11.5 (the semi-infinite strip). Let 2 be the interior of the semi-infinite strip of
the complex z-plane described in Example 11.2. Then ¢(z, ) is given by (51a) withn = 3
and with the rays {/;}] depicted in Figure 11.6.

Using z = x +il, z = iy, z = x for the sides (1), (2), (3), respectively, as well as the
identities (11.1), (51b) yields

Gi(k) = P /oo e Blk—1)x |:iqy(x, I —ip <k + %) q(x, Z)] dx, (11.40a)
0
Imk <0,

[
Go (k) = —f ePUt1)y |:iqx(0, y)+ B (% - k) q(0, y)] dy, keC, (11.40b)
0

g3 (k) = / e iPk—1)x |:—iqy(x, 0)+ip (k + £> q(x, O)] dx, Imk <0. (11.40c)
0
The first of the global relations is (11.21).
Example 11.6 (the equilateral triangle). Let Q2 be the interior of the equilateral triangle
described in Example 11.3. Then ¢(z, z) is given by (51a) with n = 3 and with the rays

{I;}; depicted in Figure 11.8.
Using the parametrizations (11.23), (51d) implies that for all £ € C,

L
41 (k) = e "k=it) / Pl [iq,i” +8 (% - k) q<”] ds. (11.41a)
l
—2

l
2

——=(—iak—— L . 1
Go(k) = exva (Ciok ,;k)f P (@htan)s [zq,52>+ﬂ<—k—ak> q(z):|ds, (11.41b)
_ (07

VI ] 1
G3 (k) = exv (iek )/ P (@kt3p)s [iq,?) +B (— —&k) q(3>] ds.  (11.41c)

The first of the global relations is (11.25).
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Figure 11.9. The domains D;s,, Do, D.

11.3 The Helmbholtz Equation in the Quarter Plane

The analogues of Proposition 11.1 and of Proposition 1 for the Helmholtz equation are
presented in [22]. The relevant spectral analysis is slightly more complicated, and the
contour of integration in the complex k-plane, instead of rays, involves unions of rays and
circular arcs. Instead of deriving the result presented in [22] we concentrate on the particular
case of the quarter plane.

Proposition 11.2. Let Q be the interior of the first quadrant of the complex z-plane
described in Example 11.1. Assume that there exists a solution ¢(z, z) of the Helmholtz
equation (9.26) (or (9.27)) valid in the interior of €2, and assume that this solution satisfies
the usual radiation condition at infinity and is sufficiently smooth on the boundary of €.
Then g can be expressed in the form

3
1 : :
q(z,2) = o § / PG (kdk, z e, (11.42)
j=17Li

where

Gik) = — / RICHY [iqx(o, y) - B (k + %) q(0, y)] dy, k € Din,  (11.43a)
0

A > 7i/3(k+l)x . . 1
gr(k) = — e KA —igy(x,0) +ip | k — % q(x,0)|dx, ke Dy, (11.43b)
0
the domains D;, and D, depicted in Figure 11.9, are defined by

Divo = {k eC,{lkl <1)N{Rek >0}, ({|k|>1}N{Rek < 0}], (11.44a)

Do = {k eC, {|k| < }N{Imk >0}, {|k|>1}N{Imk < 0}}, (11.44b)
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y

)
NP

(a) The curve L (b) The curve Lo

Figure 11.10. The curves L, (green), L, (red), L3 (black).

and the curves {L;}?, depicted in Figure 11.10, are defined by

3
le{keC, {|k|51}ﬂ{argk=7”}, {Iklzl}ﬂ{argk:%},

{lkl =1}N{—7 <argk <0} }

L, = { keC, {lkl<1}n{argk=mn}, {lk|>1}N{argk =0},
(=10 {-7 < argk = 5| }
Furthermore, the following global relation is valid:
qi(k) = gq2(k), ke D, (11.45)
where the domain D, depicted in Figure 11.9, is defined by
3
D= {ke(C,{|k| < 1}O[O<argk§ %} (k| > 1}m{n <argh < 7”}
3
{|k|:1}ﬁ{0<argk<7ﬂ}}. (11.46)

If g is not real, (11.45) must be supplemented with the equation obtained from (11.45) by
replacing i with —i in the definitions of g1, ¢» and by replacing D with D, which is the
domain obtained from D via Schwarz conjugation.
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Ho Hico Moo

Figure 11.11. The contours associated with (g, Iico, and eo.

£
N

Figure 11.12. The domain Dj.

Proof. Integrating (9.28) we find that for all z € €,

wi= / 0T iED] [(q; +ikBg)dt — (115 + %q) dE] : (11.47)

Jj

We choose for z; the points (0, 0), (x, 00), and (00, ¥) and we denote the resulting solutions
by 1o, Licos Moo, S€€ Figure 11.11. For the latter two functions, ¢ = x +inand { = £ +iy,
thus d¢ =idn and d{ = d§, and hence (g is defined by (11.47) with z; = 0, whereas 1«
and [ are defined as follows:

ico = fye“%*")(-“") [iqx(x, n— B (k - %) q(x, n)] dn, k€ Dios,  (11.48)

o0

Moo = fx P+ ) (=8 |:—iqy(§, y) +ip <k - %) q(E, y)i| dE, k€ Dw. (11.49)

o0

The function g is an entire function which is bounded as k — oo and k — 0 in Dy,
depicted in Figure 11.12, defined by

DO:{kE(C,{|k|2 1}m|05argk§%},
(11.50)

(k< 13N {n <argk < 37”} k] = 1}}.
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The functions p;s and pe, are defined for k in D;o and Dy, respectively. The
domains Dy, D;~, and Dy, can be determined as follows: Letting k = |k| exp[i¢], we find

. i - 1 .
Re [lk(z —O+ - C)] = - (Ikl - W) [(y —mcosp + (x —§)sing]. (11.51)
For the function pg, x —& > 0 and y — n > 0, and thus the relevant exponential is bounded
if and only if
1
{<|k| — m) > O} N{cosg >0 and sing > 0}
or

1
{(lkl - m) < 0} N{cose <0 and sing <0},

which defines Dy. For the function s, ¥ —& = 0 and y — n < 0, which defines D,
whereas for (too, ¥ —& < 0and y — n = 0, which defines D,. If |k|> = 1, then the RHS of
(11.51) vanishes, thus if k is on the unit circle, all three functions fig, f4ico, Moo are bounded.

Using the radiation condition at 0o, it can be shown [24] that ;00 = oo in the domain
D. Evaluating this equation at x = y = 0 and noting that

Riso(0,0,k) = g1 (k),  poo(0,0, k) = g2(k), (11.52)

we find the global relation (11.45).
Equation (9.28) implies the following Lax pair:

. . ip iB
Wy —iBkp = q. +ipkq, pz:— Th=- (qz + ?q> . (11.53)
The first of these equations suggest that
1
,u:—q—l—O(z), k — oo, (11.54)

which indeed can be verified for each of the functions ptg, tico, oo- Using (11.54) it is
possible to formulate an RH problem for the sectionally analytic function @, which for
z € Q is defined by

Ho, k€ Dy,
M= {Hico> k€ Dic, (11.55)
/"LOO’ k € DOO

Let S denote the following arc:
S={|k|=1}ﬂ{—% 5argk§0}.
The relevant jumps are given by
Biso — o = P0Gy (k). k € LN\S, (11.562)
oo — po = ePEHDa, k), k € Ly\S. (11.56b)
Hico — Moo = q1(k) — Gga(k), k€. (11.56¢)
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The above expressions follow from the fact that any jump equals exp[if(kz + z/k]p(k),
where the function p (k) can be evaluated by letting x = y = 0.

The solution of the RH problem satisfying the estimate (11.54) and having a jump
J (k) along L is given by

1 ; : di
w=—q+-— f ePUHD) () ——, ke C\L.
2w J [ —k
Substituting this expression in the second of equations (11.53) we find (11.42). a

11.4 From the Physical to the Spectral Plane

The novel integral representations in the spectral plane obtained earlier provide the analogue
of the classical integral representations in the physical plane which can be obtained via
Green’s identities. Actually, as it was noted in the introduction, it is possible to derive the
novel representations starting with the representations in the physical plane.

Consider as an example the modified Helmholtz equation (54) formulated in a piece-
wise smooth domain € in R?. Using Green’s identities it follows that

q(x,y) =/ [(Gqy — Gyg)dx' — (Gqv — Gyq)dy']. (x,y) € Q, (11.57)
IR

where 92 denotes the boundary of Q and G (x, y; x’, y") denotes the associated fundamental
solution, which satisfies

Gox + Gy — 482G =5(x —x)8(y — y). (11.58)

Using the Fourier transform representation of the § function, i.e.,

1 i
5(x)3(y):m//ze’kﬁ”‘ﬂ'dkldkz, (x,y) € R?, (11.59)
R

to rewrite the RHS of (11.58) and then solving the resulting equation we find

lk](.)( xX)+iky (y—y')
= ———dkidk,. 11.60
471’2f/]Rz R apr 7 (11.60)

Substituting this formula in the RHS of (11.57) we find an expression for g (x, y) which
involves an integral along 02 as well as integrals with respect to dk; and dk,. In the case
that €2 is the interior of a convex polygon, the representation in the spectral plane given
by (51) involves an integral along d€2 and an integral with respect to dk. Thus, in order
to derive this latter representation from (11.57) is it necessary to perform one integration,
which turns out to be an integration with respect to dky where ky is the component of
the vector (k, k) which is normal to the boundary. Performing this integration for the
modified Helmholtz equation is rather cumbersome; see [26] for details. However, it is
straightforward to perform the analogous integration for the case of the Laplace equation
provided that one uses the representation for g, instead of the representation for ¢.
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Example 11.7 (the Laplace equation). Let g satisfy the Laplace equation. Then ¢, is an
analytic function, and hence Cauchy’s theorem implies

dg ’
ad 1 dz
9 _ | D _yiiyeq. (11.61)
0z 2w Jyq 7' —z2

The analogue of (11.60) is

1 el (x— x')+ika(y—y')
// — dkidk,. (11.62)
2im 7 —z = 4n2 R ik, — ko

This equation is a direct consequence of the identity

tk1x+zk2y
// dkldkz, (x,y) € R?, (11.63)
z 27‘[ R2 k1 —

which can be derived by integrating the identity

19 [/1
- (—) =4(2), (11.64)
z

T 0z

with 8(z) given by the RHS of (11.59) written in terms of (z, 7), i.e.,

1 i +z i =z
8(z) = —2// MR ) gk dhky, 7= x — iy,
47T R2

Using (11.62) in (11.61) we find

i etk e=x)+ika (y—y") ,
= — dkidk —¢q.d7. 11.65
q: 4ﬂ2f/1;2 1 2/39 TR LE ( )

If Q is the interior of a convex polygon, then

n

fm=2/z ) (11.66)

j=1 J

We will now show that if z’ = x’ + iy’ is on the side (z;, zj+1), then

dk,dk ehG o™ ! k=) g 11.6
— | e gk, 67
47{2 //1‘@2 R~k iki — ko ~ o ,/,j ¢ ( )

and hence (11.65) and (11.66) yield (11.3).

Let er be the unit vector along the side (z;, z;4+1) and e the unit vector perpendicular
to this side and pointing in the outward direction. Let k7 and ky denote the components of
the vector (ki, k) along ey and ey. Then

ki +iky = (ky — iky)e'®, (11.68)
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xr o )

Figure 11.13. The orthonormal vectors ey and ey on the side (2, Zj+1).

where ©; is the angle that the side makes with the positive x-axis, see Figure 11.13. Let
(X1, Xy) denote the components of the vector (x — x’, y — y’) along k7 and ky. Then

x—=x)+ily—y)= Xy —iXy)e'®. (11.69)
Since the inner product is invariant under rotation, it follows that
ki(x =x") +ky(y = y) =kr X7 + kyXy.

Hence the LHS of (11.67), denoted by 7, becomes

l(kTXT+kNXN) .
47[2 / / dkydky S———— Fra— — (11.70)
T N

The point (x, y) is inside the polygon and ey is pointing in the outward direction, thus
Xy < 0, and hence we can compute the integral with respect to dky in (11.70) by using
Cauchy’s theorem in the lower half complex ky-plane. Thus
1 [ ‘ . -
] = — dkrel(kTXTﬂkTXN)eﬂ(H)j )
2

Equation (11.69) implies .
Xr —iXy = (z—272)e "9,

and hence

1 o0
) - dkTeikT(Z_Z/)exp[—i(")j]e—i@j.

2
Then (11.67) follows using the change of variables k = kr exp[—i®);].
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The implementation of the new transform method to linear evolution PDEs presented
in Part I is based on the analysis of two fundamental equations formulated in the spectral
plane: the integral representation and the global relation. The corresponding fundamental
equations for the Laplace, modified Helmholtz, and Helmholtz equations in a convex poly-
gon were derived in Part III. In Chapter 12, by utilizing these fundamental equations, we
will employ the new transform method to solve several simple boundary value problems in
certain polygonal domains.

A problem can be solved explicitly by the new transform method if and only if the
transforms of the unknown boundary values can be eliminated from the integral represen-
tation of the solution. For complicated boundary conditions or for complicated domains
this elimination is not possible. However, in these cases the transforms of the unknown
boundary values can be characterized through the solution of certain Riemann—Hilbert (RH)
problems. Several such problems will be formulated in Chapter 13.

In Chapter 14 we will introduce a novel method for computing numerically the un-
known boundary values. This method can be considered as an analogue in the Fourier plane
of the boundary element method (which is formulated in the physical plane).

Notations

 The given Dirichlet or Neumann boundary data will be denoted by d and n, respec-
tively, and their transforms by D and N. Other types of given boundary data will be
denoted by g (for given) and their transforms by G. The transforms of the unknown
boundary values will be denoted by U (for unknown).

* If g is real, then the second global relation for the modified Helmholtz equation (i.e.,
the second of equations (52) of the introduction) can be obtained from the first global
relation (i.e., the first of equations (52) of the introduction) by complex conjugation
and then by replacing k with k. If ¢ is complex, then the second global relation can be
obtained from the first by complex conjugation of every term, except of those terms
involving ¢, and then by replacing k with k. We will refer to this latter procedure
as Schwarz conjugation. Similar considerations apply to the Laplace and Helmholtz
equations.






Chapter 12

The New Transform Method
for Elliptic PDEs in Simple
Polygonal Domains

The implementation of the new transform method to linear evolution PDEs makes crucial
use of the following facts: (a) There exist transformations in the complex k-plane which
leave invariant the transforms of the boundary values. (b) The contribution of the unknown
function g (k, T') to the integral representation either vanishes or yields a contribution which
can be computed explicitly through aresidue calculation. It turns out that the implementation
of the new transform method to elliptic PDEs uses similar facts. Consider for example the
Laplace equation in the quarter plane (see Example 11.1); for the Dirichlet problem, the
unknown boundary values are given by —iU,; /2 and —iU, /2, where

o0
U, (k) =/ eq.(0, y)dy, Rek <0,
0

and

o0
Ug(—ik):/ e ™™g, (x,00dx, Imk <O0.
0

It is important to recall that for second order elliptic PDEs there exist two global relations.
The second global relation involves the Schwarz conjugate of the integrals of the boundary
values, which in this example are U;(k) and U,(ik). Hence, the two global relations
involve the following two vectors (U, (k), U,(k)), (U,(ik), U(—ik)). Regarding fact (a)
mentioned above, we note that the components of the second vector remain invariant under
the transformation k — —k. Thus, in this case we must supplement the two global relations
with the two equations obtained by replacing k with —k. Regarding fact (b) above, we note
that using the global relations and the equations obtained under the transformation k — —k,
it is possible to express U, (k) and U,(—ik) in terms of U,(ik). This function is analytic
in the first quadrant of the complex k-plane, which is the domain involved in the integral
representation (see Figure 11.4), and it turns out that its contribution vanishes.
In what follows we will illustrate this method using several examples.

163



164 Chapter 12. The New Transform Method for Elliptic PDEs

Figure 12.1. The Laplace equation in the quarter plane.

12.1 The Laplace Equation in the Quarter Plane

For concreteness we solve a problem with oblique Neumann boundary conditions. Several
other types of boundary conditions can be treated similarly (see Remark 12.1).

Proposition 12.1. Let the complex-valued function ¢ (x, y) satisfy the Laplace equation

in the quarter plane, 0 < argz < 5. Suppose that the derivative of the function g is

prescribed along the direction making an angle ; with the y-axis and along the direction
making an angle f, with the x-axis (see Figure 12.1),
—qx(0, y)sin By + q,(0, y)cos 1 = g1(y), 0 <y <o0, (12.1a)
—qy(x,0)sin B + g« (x, 0) cos B = g>(x), 0 <x < o0, (12.1b)

where the complex-valued functions g;(y) and g,(x) have appropriate smoothness and
decay and the real constants §;, B, satisfy

0<pBi<m, 0B, <m. (12.2a)
Assume that 8; and 8, satisfy the condition

ni
Bi +ﬂz=7, n=20,1,2,3. (12.2b)

Define the following transforms of the given data:

1 o0 1 o0
Gtk =~ f g1y, Golk) = 5 / Koy ()dx, Rek <0, (12.3)
0 0

The solution g (x, y) satisfies

9 [~ - ;
8_Z — ;/ elkz [eflﬂ]Gl(k) + e*l(2ﬂ1+/32)62(ik)] dk
0 (12.4)

L[ s .
+—/ e [ PTG (k) + € G (—ik) | dk, 0 <argz < %
T Jo
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Proof. Let u1(y) and u,(x) denote the unknown derivatives in the directions normal to
the directions of the given derivatives, i.e.,

—qy(0, y)sin 81 — q(0, y)cos B1 = ui(y), 0 <y < oo, (12.5a)

qx(x,0)sin By + gy (x,0) cos o = uz(x), 0<x <oo. (12.5b)

Solving (12.1a) and (12.5a) for (¢, (0, y), ¢,(0, y)), as well as (12.1b) and (12.5b) for
(qy(x,0), gc(x,0)) we find

q,(0,y) = g1(y) cos B1 — u1(y) sin fy,
qx(0, y) = —gi1(y) sin B — u1(y) cos By,
gy(x,0) = —ga(x) sin B2 + uz(x) cos B,
gx(x, 0) = g2(x) cos B + uz(x) sin ;.

Substituting these expressions in the definitions of g, (k) and g, (k) (see (11.17)), we find
Q1) = e [G1(k) +iU1(0)],  §olk) = P [Ga(—ik) +iUs(=ik)],  (12.6)

where G| and G, are the known functions defined in (12.3), whereas U; and U, denote the
transforms of the unknown functions u; and u5,

(o]

1 [ 1
U, (k) = 5/ uy(y)dy, Us(k) = —5/ & uy(x)dx, Rek <0. (12.7)
0 0

Substituting the expressions for ¢; and §, in the global relation (11.18) and also taking the
Schwarz conjugate of the resulting equation, we find

) . . . 3
e PG (k) +ie P U (k) +ePGo(—ik)+iePUs(—ik) =0, m < argk < 7” (12.8a)

ePGi(k) —ieP U (k) + e PGy (ik) — ie P2 Uy (ik) = 0, % <argk <m. (12.8b)

Equations (12.8) are two equations for the three unknown functions U (k), Uy (—ik), U, (ik).
The pair involving U, remains invariant under the transformation k — —k, and thus we
can supplement (12.8) with the equations obtained under this transformation.

The representation for g, (see (11.19)) involves integrals along the boundary of the
first quadrant of the complex k-plane. Since in this domain the function U, (ik) is analytic,
we will express ¢; and ¢, in terms of this function (we can also choose U, (—k) instead of
U,(ik) since U;(—k) is also analytic in the first quadrant): Equation (12.8b) yields

iU (k) = —ie !PT, (ik) + G (k) + e " PTGy (ik), = <argk <m. (12.9a)

(ST

In order to determine U,(—ik) we eliminate the function U (k) from (12.8) and then we
replace k by —k in the resulting equation (this is of course equivalent to eliminating the
function U; (—k) from the equations obtained from (12.8) under the transformationk — —k)

iUy(—ik) = ieZi(ﬁ1+ﬂz)U2(l'k) + zei(ﬂ1+ﬁz)Gl(_k) + eZi(ﬂ1+ﬂz)G2(ik) + Ga(—ik),
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fie’i(gﬁ'+ﬁ3)U2(ik)

¥}

el 2Pi1+3p2) U, (ik)

Figure 12.2. The functions involving U, (ik).

k=R*. (12.9b)

Substituting the expressions for iU; (k) and iU,(—ik) in the formulae for ¢, and ¢, i.e.,
in (12.6), we find

Gi(k) =27 G (k) + e "Gy (ik) — ie PRI UL (ik), kel
C}Q(k) — Zeiﬂsz(—ik) + ei(2ﬁ1+3ﬁz)G2(ik) + 261'(51+252)G1(_k) + iei(2ﬁ1+3ﬁ2)U2(ik),
k ely, (12.10)

where the rays /; and /, are as shown in Figure 11.4.

The terms involving U, (ik), which are shown in Figure 12.2, yield a zero contribution
to g,. Indeed, the real part of ikz equals —kgx — k;y, and thus the exponential exp[ikz] is
bounded in the first quadrant of the complex k-plane. Furthermore, the function U, (ik) is
analytic and of order 0(%) as k — oo. Thus, Jordan’s lemma applied to the first quadrant
of the complex k-plane implies that the contribution of this unknown function vanishes,

provided that
e ICBHB) — QB o HBIE)

Using Jordan’s lemma in the first quadrant of the complex k-plane we can transform
the contribution of the term involving G,(ik) from the integral along /, into the integral
along /; and hence equations (12.10) become the expressions appearing in the integrals on
the RHS of (12.4). 0

12.1.1. Green’s Function Representations

Replacing in (12.4) G, and G, by the expressions in (12.3) and computing explicitly the
relevant k-integrals, we find

1 00 7 i (Bi+2p2) e~ B
1= A + d
w5 [ (G g mee

i [ 6P emiCBITA) .
+ dé, O<argz < —.
(Z_g oy )&@)é ge <5
The fact that the relevant k-integrals can be computed explicitly suggests that it is possible
to solve this problem by using the method of images. Indeed, using an approach similar to
the one used in section 1.4.2 of the introduction it is possible to derive (12.11) by utilizing
the invariant properties of the global relation in the physical plane.

(12.11)

2 Jy
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12.1.2. Contour Deformations

The first and the second integrals on the RHS of (12.4) involve the following exponentials:

o Mklx—ilkly  ilkix—lkly

as well as the following functions:
Ga(=lkD, GiGlkD, Gi(=lkD, Ga(=ilkl]).

The terms exp[—|k|x], exp[—|k|y], G2(—1k|), and G(—|k|) decay exponentially, whereas
the terms exp[—i |k|y], expli|k|x], G1(ilk|), and G»(—i|k]|) oscillate as |k| — oo. Actually,
using appropriate contour deformations, instead of the oscillatory exponentials expl[i|k|y]
and expli|k|x], it is possible to obtain decaying exponentials. This is illustrated in the
following example.

Example 12.1. Let

ay

gi(y)=e Y, 0<y<oo; gx) =e 0<x<oo0, a>0, b>0. (12.12)
Then, (12.4) and Cauchy’s theorem imply that g, can be expressed in terms of an integral

such that exp[ikz] decays in both terms involving x and y,

1 [ iR iR i

- ikz — — + , 12.13

=0 ) [k—a k+a ik—b ik—}—b] (12.13)

where L is any ray emanating from the origin such that 0 < argk < 7. The numerical

evaluation of this integral is straightforward; see Chapter 3.

Remark 12.1. A similar boundary value problem for the Poisson instead of the Laplace
equation is solved in [27].

The Laplace equation in the quarter plane with oblique Robin boundary conditions,
i.e., with the boundary conditions

—qx(0, y)sin B1 + ¢,(0, y) cos B1 + 119 (0, y) = g1(y), 0 <y <oo,  (12.14a)

—qy(x,0)sin B2 + g (x,0) cos By + y2q(x,0) = g2(x), 0 < x < o0, (12.14b)

where (yj, y») are real constants, is investigated in [29]. It is shown in [29] that the new
transform method yields an explicit representation for g,, provided that (8;, 8) satisfy the
condition (12.2b) and the real constants (y;, y») satisfy the condition

y#sin2B; — yZsin28, = 0. (12.15)

If y, and/or y, are different from zero, then the relevant k-integrals cannot be computed
explicitly, which implies that the associated problems cannot be solved by a finite number
of images.
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Y
gy +vq=0
: (1)
g =n(y) | 2
(3) N
g9y —vq=0 x,

Figure 12.3. The Laplace equation in a semi-infinite strip.

12.2 The Laplace Equation in a Semi-Infinite Strip

Let g(x, y) satisfy the Laplace equation in the semi-infinite strip €2,
Q=0<x<00,0<y<l}, [I>0. (12.16)

For concreteness we solve a particular Robin problem. Several other types of boundary

conditions can be treated similarly (see Remark 12.2).

Proposition 12.2. Let the complex-valued function ¢ (x, y) satisfy the Laplace equation
in the semi-infinite strip defined in (12.16) with the boundary conditions shown in Figure
12.3, where y is a positive constant and the complex-valued function n(y) has appropriate
smoothness and also satisfies the symmetry condition

ny)=n(l—-y), O0<y<l. (12.17)

Define the known functions N (k) and I" (k) by
1 !
N(k) = E/ Mn(y)dy, T(k)=k—y, keC. (12.18)
0

Then the solution ¢ (x, y) satisfies
] ([ . [ (—k)N(k foo
% _ ' f gt _LEONE) / e N (k)dk
9z 7w lJo (k) + KT (—k) 0

/“’ e DL N )]
o T(=k) + e M (k)

(12.19)

dk}, 7€ Q.

Proof. The symmetry of the domain and of the boundary conditions implies the symmetry
relation g(x,! — y) = q(x, y). Hence g(x,1) = q(x, 0).
Replacing ¢, (0, y) by n(y) in the expression for ¢, (see (11.20b)), we find

1 1
Ga(k) = —iN(k) — Ux(k), Ux(k) = 5/ eq,(0, y)dy, ke C. (12.20)
0
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Replacing g, by y ¢ in the expression for 3 (see (11.20c)), and also integrating by parts the
term involving ¢,, we find

1 o0
Ga(k) = iT (k)Us(—ik) — qo, U3(k)=§/ q(x,0)dx, Rek =<0, (12.21)
0

where go = ¢(0, 0)/2. Similarly, (11.20a) implies
g1(k) = M [iT (=k)Us(—ik) + qol, Imk <O. (12.22)

Using the expressions for {§; (k)}? in the global relation (11.21) and also taking the Schwarz
conjugate of the resulting equation, we find

—Us(k) + i A(K)Us(—ik) = iN(k) + (1 =€) go, Imk <0, (12.23a)
—Us(k) — i A(K)Us(ik) = —iN(k) + (1 — ") go, Imk >0, (12.23b)

where
A(k) = T(k) + €T (—k), keC. (12.24)

The representation of ¢, (see (11.22)) involves integrals in C*. Thus we will express the
unknown functions U, (k) and Us(—ik) appearing in {g; }f in terms of the unknown function
U (ik) which is analytic in CT: Subtracting equations (12.23) we find

Us(—ik) = —Us(ik 2N () keR 12.25
3(—ik) = — 3(l)+m, € RR. (12.25a)
Solving (12.23b) for U, (k) we find
—U, (k) = i A(k)Us(ik) — iN (k) + (1 — gy, Imk > 0. (12.25b)

We note that the RHS of (12.25a) is well defined since A(k) # O for k € R. Indeed,
A(k) = 0 for k € R implies
K2V _ bt e,
k+y
which is a contradiction since the LHS is less than 1, whereas the RHS is greater than 1.
Substituting the expressions for U (k) and U3 (—ik) in the expressions for {g; ?, we
g1 = 2ie" " N o 1 T U + g0,
A(k)
G» = =2iN (k) + "' [iT (=k)U3(ik) — gol + iT (k) U (ik) + qo,
. 2I'(k)N (k)
- AK
The first terms on the RHS of these expressions yield (12.19), whereas the remaining terms
(which are shown in Figure 12.4) yield a zero contribution. Indeed, the integral along
—I3 U, involves the functions exp[ikz] and i " (k) U3 (i k) + qo, and both these functions are
bounded and analytic in the first quadrant of the complex k-plane. Furthermore,

find

—iT () Us(ik) — qo.

[ (k — o 1
iT(k)U;s(ik) + go = %/ e*q(x,0)dx +qo= 0 <z> , k— oo,
0
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T (—=k)Us(ik) — o] iT(kUs(ik) + qo

M[—iT (—k)Us(ik) + qo] =il (k) Us(ik) — qo

Figure 12.4. The terms involving Us(ik).

and thus Jordan’s lemma applied in the first quadrant implies that the integral along —I3 Ul
vanishes. Similarly, the function iI"(—k)U;(ik) — g is analytic in the second quadrant
of the complex plane and is of order O(1/k) as k — oco. Furthermore explk(iz + )] is
bounded in the second quadrant since

|ek(iz+l) | — e—klx-‘rkR(l—y) )

Hence, Jordan’s lemma applied in the second quadrant implies that the integral along —/, Ul
vanishes. a

12.2.1. Green’s Functions and Contour Deformations

Equation (12.19) can be written in the form

1
qz=/o G(z,§)n(§)dE,

where the function G (z, ) is defined in terms of certain k-integrals. These integrals cannot
be computed in a closed form, and therefore this problem cannot be solved by a finite number
of images.

The first, second, and third integrals in the RHS of (12.19) involve the following

exponentials:
etk =IkIU=y) , e Iklx—i \k\y’ ellkle\k\y’

as well as the functions

I(=[kDN (—|k]) NIill] T (k]) [e ¥ N (k] ]
T (=Ik) + e ®IT (&)’ " D(=IkD) + e MIT (kD)

The above exponentials contain terms which are either bounded or decay as |k| — oo.
Actually, by using appropriate contour deformations, instead of the oscillatory exponentials
exp[+i|k|x] and exp[—i|k|y], it is possible to obtain decaying exponentials.

Remark 12.2. The Laplace equation with the following oblique Robin boundary condi-
tions is investigated in [29], see Figure 12.5:

g:cos B1 +qysin B +y1g =g1(x), 0<x<oo, y=I (12.26a)
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{5

%

\Q\

Figure 12.5. The modified Helmholtz equation in a semi-infinite strip.

gycos o —q,sinfr+y2qg =g2(y), x=0, O0<y<l, (12.26b)
qxcos B3 — gy sin B3 + y3g = g3(x), O <x <oo, y=0, (12.26¢)

where sin 8; # 0, j = 1,2, 3, and (y1, 2, y3) are real constants. It is shown in [29] that
the new transform method can be applied provided that the real constant {8;}3 and {y;}3
satisfy the following conditions:

QBB — M BBy | (12.27)

y#sin2B; + yfsin2p, =0, yisin2B; — yisin2p, = 0. (12.28)

12.3 The Modified Helmholtz Equation in
a Semi-Infinite Strip
For concreteness we solve the Dirichlet problem. Several other types of boundary value

problems can be solved similarly (see Remark 12.3).

Proposition 12.3. Letthe complex-valued function g (x, y) satisfy the modified Helmholtz
equation (50) in the semi-infinite strip defined in (12.16) with the Dirichlet boundary con-
ditions

g(x,l)=di(x), q(x,0) =d3(x), 0 <x <o00; q(0,y) =da(y), 0 <y <l (12.29)
Assume that the complex-valued functions {d; }? have appropriate smoothness and are com-
patible at the corners (0, 0), (0, /) and also that the functions d; and d; have appropriate

decay for large x.
Define the following transforms of the given data:

o0
D (k) = —/ PEDY G (x)dx, Rek <0,
0

1
Dy (k) = — / P D dy(y)dy, ke C,
0
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o0
Ds(k) = / PETDY gy (x)dx, Rek <O0. (12.30)
0

The solution g (x, y) is given by (51a) with n = 3 and with the rays {lj}? as depicted
in Figure 11.6, where {g; }? are defined in terms of {Dj}*? as follows:

G1(k) = iBE (k) [(k + %) Dy (=ik) + F (k)] , keR, (12.31a)

éﬂ@=—w[@+%>ﬂMDMM+2%}—%)m@%%G+%>DﬁM]

k € iR, (12.31b)
Gk = iB [(k + %) Ds(—ik) + Fg(k)} . keRT, (12.31¢)

where
E() =00 e, (12.31d)

and F), F, are defined for k € R by

1 1 . .
R =~ 5 {(k n Z) [E(k) + E(—k)][Dl(—zk) — Dl(zk)]
(1 1 . .
+ 2i (% — k) [Dz(—k) - Dz(k)] +2 <k + z) [D3(—lk) - D3(lk)]} )
(12.31e)
i 1 N P
= =g 12 (44 1) [P - P

+ 2i (% — k) [E(k)Dz(—k) - E(—k)Dz(k)] (12.31f)

+ <k n %) [E(k) + E(—k)] [Dg(—ik) - D3(ik)]} .

Proof. Replacing the Dirichlet boundary values by the given data in the expressions for
{41 (see (11.40)), we find

q1(k) = E(k) |:iU1(—ik) +ip <k + %) Dl(—ik)i| , Imk <0,
@®=WMHﬂG—Qm®,de

G3(k) = iUs(—ik) +iB (k + %) Dsy(—ik), Imk <0, (12.32)
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where the unknown functions {U; }? denote the transforms of the unknown Neumann bound-
ary values, i.e.,

o0
U, (k) = / P Ct)xg (x,hdx, Rek <0,
0
l 1
Us (k) = —f PV 0, y)dy, keC,
0

o0
Us(k) = —/ P U+)xg (x,0)dx, Rek <O0. (12.33)
0
The global relation (11.21) yields
E(K)U,(=ik) + Us (k) + Us(—ik) = J(k), Imk <0, (12.34a)

where the known function J (k) is defined by

J(k) = —p (k + %) E(k)D;(—ik) +ip (% - k) D> (k)

. (12.34b)
-B (k + ;) Ds(—ik), Imk <O0.
The Schwarz conjugate of (12.34a) yields
E(k)U,(ik) 4+ Uy (k) + Us(ik) = J(k), Imk >0, (12.34¢c)

where J (k) denotes the function obtained from J (k) by taking the complex conjugate of
each term of J (k) except the terms {d; }?. The integral representation of g involves integrals
in C*, and thus we will express the unknown functions U (—ik), U, (k), Us(—ik) appearing
in (12.32) in terms of the functions U;(ik) and Us(ik) which are analytic in C*. In this
respect we note that (12.34c) immediately implies U, (k) in terms of U; (ik) and Uz (ik). In
order to express U (—ik) and Us(—ik) in terms of U; (ik) and U3 (i k) we subtract equations
(12.34a) and (12.34c¢):

E k) [Uy(=ik) — Uy (ik)] + [Us(—ik) — Us(ik)] = J(k) — J(k), keR. (12.35)

Replacing k by —k in this equation we obtain a second equation involving the same brackets
that appear in (12.35). Solving this equation and (12.35) for these two unknown brackets,
we find

Ui(—ik) = U(ik) + BFi(k), k eR,

Us(—ik) = Us(ik) + BF5(k), keR, (12.36)
where the known functions F| and F; are defined in (12.31e) and (12.31f). Substituting in
(12.32) the expressions for U (—ik), U, (k), Us(—ik), we find

g1 (k) =ip <k + %) E(k)D\(—ik) +iBE(k)Fi(k) +iE(k)U,(ik), keR,
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—iE(k)U,(ik) —iUs(k)

iE(k)U, (ik) iUs(k)

Figure 12.6. The terms involving Uz (k) and U, (ik).

@mﬁﬁ(%—QDﬂmwﬁﬁ—mwwwm—nmn Imk > 0,

G3(k) = ip (k + %) Ds(—ik) + iBFs(k) + iUs(ik), k e R. (12.37)

The first two terms in the RHS of (12.37) yield (12.31a)—(12.31c), whereas the remaining
terms, which are shown in Figure 12.6, yield a zero contribution. Indeed, the integral along
—I3 U [, involves the function exp[iB(kz — z/k)]/k which is bounded as k — 0 and as
k — o0 in the first quadrant of the complex k-plane, and the function Us(ik) which is
analytic and of order O(1/k) as k — oo and of order O (k) as k — 0; hence this integral
vanishes. Similar considerations are valid for the integral along —I3 U [, since the relevant
exponential satisfies

gm&%meZJWﬁ%mmww 0

12.3.1. Contour Deformations

By considering the term E (k) appearing in g, (k) together with exp[iB(kz —z/ k)], it follows
that the representation for ¢ contains the following functions on the contours (0, —00),
(0, ic0), and (0, 00), respectively:

_ b (s (it )ey L (k) erip (i)
k| Lkl ’

()= (ki)
|kl '

Each of these terms contains a function which decays exponentially as |k| — oo or |k| — 0.
In addition, the representation for ¢ contains the functions

1
ip <k+E) Dy(—ik) +iBFi(k), §¢2(k), gs(k),

which either are bounded or they decay. Actually, by using appropriate contour deformations
it makes it possible to obtain decaying instead of oscillatory exponentials. This is illustrated
in the following example.
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Figure 12.7. The contours {I;}3 for Example 12.2.

Example 12.2. Let
di=d, =0, dz=xe ™, O0O<x<oo, a>0.

Then
1

Di=D,=0, Dy(ik)=— .
(i (k— 1) —a]’

Hence

2iB(k+ 1)

Q) = EWa®, @) = —per s

| Ds(=ik) = Datik) .

1
G(k) = ip <k + %) Ds(ik),

[E® + E-p]

n . 1 .
gs(k) =ip (k + —) D5 (—ik) + m

: [D3(—ik)—D3(ik)] . (12.382)

Thus
1 . : dk . : dk
qlx,y) = 2—{ / Pl DB+ g, (k)= + / P =1) G (k) —
T L, k L, k
. : dk
+ / e'ﬁ("zﬂés(k);},
Lj

where the contours {L ; }3, depicted in Figure 12.7, are defined by the requirement that arg k
is in the following open intervals:

Gr) 03 03)

The numerical evaluation of the RHS of (12.38b) is straightforward; see Chapter 3.

(12.38b)

Remark 12.3. The modified Helmholtz equation with the oblique Robin boundary con-
ditions defined by (12.26) is investigated in [30], where it is shown that the new transform
method yields an explicit solution provided that the real constants {8;}3 and {y;}] satisfy
conditions (12.27) as well as the following conditions:

(2B% — y)sin 28, + (28% — y})sin28, =0,
(2B% — y3)sin 283 — 2% — y2)sin 26, = 0. (12.39)
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If B = 0, these equations become (12.28). Requiring that 0 < 8; < 7 and y; > 0,
Jj=1,2,3,(12.27) and (12.39) yield

T
Bs+ Bo=Sm, 282 —yi =B —yH(=D", m=1,2,3,

T 2 2 2 2 n—1
/32_,312571, 28° —y;y =27 —yDH)(=D"', n=-1,0,1. (12.40)

12.4 The Helmholtz Equation in the Quarter Plane
For concreteness we consider the Dirichlet problem. Other boundary conditions can be

treated similarly.

Proposition 12.4. Let the complex-valued function ¢ (x, y) satisfy the Helmholtz equa-
tion (9.27) in the quarter plane, 0 < argz < 7/2, with the usual radiation condition at oo,
and with the Dirichlet boundary conditions

q0,y)=d(y), O0<y<oo; qgx,0)=dr(x), 0<x < o0, (12.41)

where the complex-valued functions d; and d, have appropriate smoothness and decay and
are compatible at x = y = 0, i.e., d(0) = d,(0).
Define the following transforms of the given data:

o0 o0
Dl(k)=/ DY 4 (y)dy, Dz(k)zf PE=D¥ gy (x)dx, Rek <0. (12.42)
0 0

The solution g (x, y) is given by (11.42), where the contours {L j}% are as depicted in
Figure 11.10 and the functions {q]}% are defined as follows:

1 1
q1=-28 |:i (k - £) D, (ik) — (k + E) Dl(k)] , kelLy,
. . 1 . 1
G =-281ilk— % Dy (—ik) — [ k+ z Di(—k)|, kelL,. (12.43)
Proof. According to Proposition 11.2, the solution ¢ is given by (11.42), where {g j}% are

defined by (11.43). Let {U j}% denote the transforms of the unknown Neumann boundary
values, i.e.,

Ui(k) = f " eB=Dvg. (0, y)dy,
0

o0
Uy (k) = / P57 (x,0)dx, k € Dino. (12.44)
0
Then, equations (11.43) yield
A . 1
qi(k) = —iU, (k) + B <k+ %> Dy(k), k€ Djc,

Qa(k) = iUy (—ik) — ip <k — %) Dy(—ik), k€ Dy, (12.45)

where the domains D;, and D, are as depicted in Figures 11.9(a) and (b).
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ﬁg

D
(a) (b)

Figure 12.8. The domains D and D.

4<_ _>7

0 Q
(a) (b)

Figure 12.9. The domains Q2 and 2.

Substituting the above expressions for §; and ¢, in the global relation (11.45), we find
1 1
—iUi(k) + B (k + z) D (k) = iUy(—ik) —ip (k — z) Dy(—ik), ke D, (12.46a)
where D is depicted in Figure 12.8(a). The Schwarz conjugate of this equation implies

iv (k) + p <k + %) Dy (k) = —iUs(ik) + if <k - %) Dy(ik), ke D,  (12.46b)

where D is obtained from D via the transformation k — k; see Figure 12.8(b).

We will now use (12.46) to eliminate U; and U, from the integral representation of
q. In this respect, we first note that in the domain where both equations (12.46) are valid,
by adding these equations we find

1 I
28 (k n %> Dy(k) = iUs(—ik) — iUs(ik) + iB <k - E) [Dg(ik) - Dz(—ik)],

ke, (12.47a)

where the domain €2, is depicted in Figure 12.9(a). Replacing k£ by —k in this equation, we
find

28 (k + %) D1 (=K) = iU3(ik) — iUs(=ik) + i (k - %) [D2(%) — Da(-ib)].

k € €, (12.47b)
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where the domain €2, is depicted in Figure 12.9(b); The unknown function —i U, (k) occurs
on L, and since this curve belongs to the domain D, we can use the global relation (12.46b)
to express —i Uj (k) in terms of i U, (ik); thus

Gi1(k) =28 (k + %) Di(k) — i (k - %) Da(ik) +iUs(ik), ke L;.  (12.48a)

The unknown function i U, (—ik) occurs on L,, and since this curve belongs to the domain
5, we can use (12.47b) to express i U, (—ik) in terms of i U (ik); thus

1 1
G2(k) = =2ip (k - ;) D, (—ik) +1ip <k - %) D (ik)
(12.48b)
+28 <k + %) Dy (=k) + iUs(ik), k € L.

By using Cauchy’s theorem in the domains bounded by the parts of L; U L, in C* and C~
we find that the contribution due to U,(ik) vanishes. Furthermore, we can transform the
term involving D, (ik) from L, to L, and hence (12.48) yield (12.43). O

12.4.1. Contour Deformations

The representation (11.42) contains the following exponentials on the unbounded parts of
the contours L; and L:

o P(R=h)emip (Wit )y B (ki J=p (=t ) (12.49)
Also, it contains the following functions on the bounded parts of the contours L; and L;:
T (S I )

The exponentials in (12.49) and the functions in (12.50) contain terms which decay as
k] — oo and |k| — O, respectively. Furthermore, the functions (Dz(ik), Dl(k)) and
(Dz(—ik), Dl(—k)) decay on L; and L,, respectively. Actually, by using appropriate
contour deformations it is possible to obtain decaying instead of oscillatory exponentials.

12.5 The Modified Helmholtz Equation in

an Equilateral Triangle
Proposition 12.5. Letthe complex-valued function ¢ (x, y) satisfy the modified Helmholtz
equation (50) in the interior of the equilateral triangle described in Example 11.6; see Fig-

ure 11.7. Assume that the same smooth complex-valued function d(s) is prescribed on each
side as the Dirichlet boundary condition, i.e.,

Wis)=d Ll i =1,2,3 12.51
q (S) (S)’ N E 25 2 ’ J b ’ ’ ( . )

where each side of the triangle is parametrized in terms of s by (11.23). The solution g (x, y)
is given by (71).
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Proof. Using the parametrizations defined by (11.23), it was shown in Example 11.6 that
{g; )} are given by (11.41). Then, the boundary conditions (12.51) immediately imply (67),
1.€.,

Gi(k) = 4(k), ¢2(k) = g(ak), g3(k) = q(ak), (12.52a)

with .
qk) = E(—ik) |:iU(k) + B <% - k) D(k)} . (12.52b)

Substituting these expressions in the first of the global relations, i.e., the first of
equations (69), multiplying the resulting equation by E (iak), and using the identities

i@—a)=+3, il@—1) =+3a, (12.53)
the first of the global relations becomes
e(—ak)U (k) + e(k)U (k) + U(ak) =ipJ(k), keC, (12.54)
where e(k) = e (+1) and

Jk) = (% — k> e(—ak)D (k) + e(k) (é — ozk) D(ak)
(12.55)

o

1
+ <_—k - &k) D(ak).
Taking the Schwarz conjugate of the global relation (12.54) and multiplying the resulting
equation by e(—k), we find
e(ak)U (k) + e(—k)U (ak) + U(ak) = —iBe(—k)J (k), ke C, (12.56)

where we have used the identity
l4+a+a=0, (12.57)

and J (k) denote the function obtained from J (k) by taking the complex conjugate of each
term of J (k) except d(s). Subtracting equations (12.54) and (12.56) we find the following
equation which is valid for all k € C:

le(ak) — e(—ak)] U (k) = [e(k) — e(—k)] U (ak) —if [J(k) + d—@%] - (12.58)

Replacing in the equation for g (see (12.52b)), the expression for U (k) obtained from
(12.58) and using the identity

E(—ik)[e(k) — e(—k)] = E*(iak) — E*(iak),

BG(k)E(—ik)
A(ak)

U (ak)

Aak)’
(12.59)

+i [E*(iak) — E*(iak)]

Q>

~~~
=~

N
I

B (% - k) E(—ik)D(k) +
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where A (k) and G (k) are defined, for all k € C, by
AKk) = e(k) — e(—k),  Gk) = J(k) + e(—k)J (k). (12.60)

The functions g, (k) and g3 (k) can be obtained from the RHS of (12.59) by replacing k with
ak and ak.

In what follows we will show that the contribution to the solution g of the unknown
functions U («k), U (@k), U (k) can be computed in terms of the given boundary conditions.
In this respect we will use the following facts.

(@) The zeros of the functions A(k), A(ak), A(ak) occur on the following lines,
respectively, in the complex k-plane:

Sim i

iR, e&R, esR. (12.61)

Indeed, the zeros of A(k) occur on the imaginary axis, and then the zeros of A(ak) and
A (k) can be obtained by appropriate rotations.
(b) The functions
P E2ak), PCDEXik), PD EX(iak), (12.62a)

with z in the interior of the triangle, are bounded as k — 0 and k — oo, for arg k in

Tm n 5w St 3w
[——, —] ) - — | —, = | (12.62b)
26 6 6 6 2
respectively; see Figure 12.10. Indeed, let us consider the first exponential in (12.62a).
Using z; = —la/+/3, this exponential can be written as

k=) +
If z is in the interior of the triangle, then

T - ( )<5n
p SHle T =
and thus, if

T ook < ®
—— <ar -,
2 SMEE=T

it follows that
0<arglk(z—zpD] = 7.
Hence, the exponentials o
e angd "
are bounded as |k| — oo and |k| — O, respectively. The analogous results for the second
and third exponentials in (12.62a) can be obtained in a similar way.
(c) The functions
U (k) U (k) U (ak)
A’ Alak)’  Aak)
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S

eiﬁ(kz—%)Ez(l-k)

o ePk=D E2(juk)
elﬂ(kl*i) Ez(f&k)

i

I

Figure 12.10. The domains of boundedness of the function defined in (12.62a).

are bounded in the entire complex k-plane except on the lines defined in (12.61), where the
functions A(k), A(ak), A(xk) have simple zeros.

Indeed, regarding U (k)/A (k) we note that A(k) is dominated by e(k) for Rek > 0
and by e(—k) for Rek < 0, and hence

Uk) _|e(=bUk), Rek >0,
A() | —e()UK), Rek <O.

Furthermore, e(—k)U (k) involves k(s — [/2), which is bounded for Rek > 0, whereas
e(k)U (k) involves k(s 4 [/2), which is bounded for Re k < 0. Similar considerations are
valid for the terms involving 1/k.

The unknown function U (ak) in the expression for g(k) (see (12.59)) yields the
following contribution C;(x, y) to the solution g:

1 ). ) U (k) dk
Ci= g7 | PLEGGH) — E*Gakl T ae,

where P denotes the exponential

P = eiﬂ(k27%).
The integral of the second term in the RHS of C; can be deformed from /; to [}, where [] is
aray with —m /2 < argk < —m /6. Hence,

1 odk 1 k) dk
C) = PEZ( AL Ny Y= T SCACLOELY
4 A(ak) k 4z Jiy Aak) k

In the second integral on the RHS of this equation we use (12.58), i.e., the equation
A(ak)U (k) = AU (ak) —iBG(k),

to replace U (ak). Hence, C| = C‘l + 01, where

[ ppgap V@O dE L UG dk
- / P65 o T~ o fl Eiab) 30 (12.63a)
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and
PE?(i k)Lk)ﬁ. (12.63b)
dri I A(k)A(ak) k

~ _ B

Ci =

In summary, the term g (k) gives rise to the contribution F; + U 1, where U 1 is defined in
(12.63a) and Fj is defined by

F = 1 P [,8 (% - k) E(—ik)D(k) +

dmi
/PEZ( aky—G® Gk) dk
I Ak)A(ak) k-

BE(—ik)G (k)7 dk
A(ak) }7
(12.64)

The contributions of g, and g3 can be obtained from F; and U | using the substitutions
Lh—>bh—hL I—=>1L—>1, k—ak— ak. (12.65)

We will now show that the contributions of U j» J = 1,2,3, vanish. Indeed, the
integrands

g U (ak) L U@k g Uk
B Ren PE ™ aan PP Rn

occuron ly U1, I, Ui, I3 U and in the domains bounded by these contours the above
functions are bounded and analytic; see Figure 12.10.
Hence,

q=F+ F,+ F3, (12.66)

where F, and Fj3 are obtained from F) using the substitutions (12.65).

We will now show that (12.66) is equivalent to (71a). We make the change of variables
k — ak and k — «ak in the integrals defining F, and F3, respectively. Regarding F, we
note that under this transformation (a) the fraction dk/k remains invariant; (b) the rays I,
and [} are mapped to the rays [, and [}, respectively; (c) the exponential exp[if(kz — z/k)]
is mapped to exp[ifB(@kz — z/ak]; and (d) the remaining terms in the integrand of F, are
identical to the corresponding terms of the integrand of F,. Similar considerations are valid
for F3. a

Remark 12.4. The integrands appearing in the integrals along /; and /| defined in (71)
contain terms which decay exponentially. Indeed, regarding the integral along /; we note
that G (k)/A (k) A(ak) is bounded for k on [}, and the function A(k, z, 7)E%(iak) contains
terms which decay exponentially since each of the three terms of this function contains ex-
ponentials with negative real parts. Regarding the integral along /; we note that the function
D(k) is bounded for k on I}, G(k)/A(k) decays exponentially since s € (—/2,1/2), and
each of the real terms of the function A(k, z, ) E(—ik) has an exponential with negative
real part.
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Example 12.3. Suppose that/ and d(s) are given by
l=m, d(s)=coss. (12.67)

Then the definitions of D (k) and G (k) (see (68) and (71c)) imply

2 I\
D(s) = —————— cosh [/3 (k + —) —} (12.684)
1482 (k+ 1) k)2

%_k lk—ak 1
Gy =4 o+ s com[p(k+7) 3]
L+ B2 (k+1) 1+ (ak+ L) k

1\~ L —ak _ 1\~
xcosh|Blak+—)=|+4 = scosh | Blak+ — )= |. (12.68b)
ak) 2 1+ B2 (&k'i‘&ik) ak/) 2

Furthermore,

and

(SRR}

AT (k) = 2 cosh [/3 (k n 1) Z} A(k) = 2sinh [,3 (k + l) f} (12.69)
k)2 k)2 ’

Hence, the solution of the modified Helmholtz equation in the interior of the equilateral
triangle, with / = 7 and with the Dirichlet boundary condition d(s) = cos(s) on each side
of the triangle, is given by (71a), where D, G, A, A" are given by (12.68) and (12.69) and
the rays / and [’ are defined by (see Figure 8 of the introduction)

lz{ke(C, argk:—%}, l’:{ke(C, argk = ¢, —%<¢<—%}.

Remark 12.5. It can be verified directly that the integrands of the integrals appearing
in (71a) decay exponentially. Indeed, regarding the first integral, for which Rek = 0,
Imk < 0, the following formulae are valid as k — 0 or k — oo:

. B0 B (i) ~ eﬂ(ik-&-i)(Re @-%) e—ﬁ(z-&-})(x—z%)’

v

23’

t<0, x<

1
. D(k)~ﬁask—>oo,D(k)~k2ask—>0;

. ﬂk) ~ e (—éik> ’\’eé(ﬂr%)’ t <0.
Ak) 2

For the second integral, for which argk € (—%, —%), the following formulae are valid as
k— OQork — oc:
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. eiﬂ(kz_%)Ez(iak) ~ exp [(x — L) cos <¢> + %) - (y + z) sin (¢ + z)],

23 2 2
h il T and ¢ k. H i k e ( il ”) th
where x < ——, y > ——, and ¢ = argk. Hence, since ar ——,——), the
23 2 & £ 2.6
argument of the exponential is negative;
G(k) 1

AKA@k)
Similar considerations are valid for the other two terms of A(k, z, 7).

Remark 12.6. The Laplace, modified Helmholtz, and Helmholtz equations with the fol-
lowing oblique Robin boundary conditions are investigated in [32]:

. : d . .
sin B;q\ (s) + cos ﬂjaqm(s) + vV (s) = g;(5),

[ 1
se< 2,2), j=1,2,3, (12.70)
where g; are smooth functions and 8;, y;, j = 1, 2, 3, are real constants. It is shown that
the unknown boundary values can be determined explicitly, provided that the following
conditions are satisfied:

mm nw
,3221314‘7, ,332/31-#7, m,n €7,

sin3B1 [1236% — ¥3) — ™ 382 — yD)] = 0, (12.71)
sin3p; [133B* — yi) — " (3% — yP)] = 0.

12.6 The Dirichlet to Neumann Correspondence

It was shown in section 1.4 that it is possible to determine the unknown Neumann boundary
value ¢, (0, t) of the Dirichlet problem of the heat equation on the half-line without first
determining g (x, t). This was achieved by solving the global relation, which is formulated
on the boundary of the relevant domain. Similar considerations are valid for evolution
PDEs with derivatives of arbitrary order.

The situation with elliptic PDEs is similar: For problems that can be solved by the
new transform method, it is possible to determine the unknown boundary values directly
without determining ¢ (x, y). This will be illustrated below.

Example 12.4. Let g(x, y) satisfy the Laplace equation in the quarter plane with the
oblique Neumann boundary conditions described in Proposition 12.1. Let u,(x) denote the
unknown derivative of g (x, y) in the direction normal to the direction of the given boundary
condition at y = 0; see (12.5b). The function u;(x) can be determined in terms of the given
functions g;(y) and g,(x) by one of the following equations:

o]

o0 o0
/ sin(kx)uy(x)dx = —f cos(kx)gr(x)dx :I:/ e Mg (ndy, keRF,
0 0 0
(12.72)*
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or

[ee]

/00 cos(kx)uy(x)dx = /00 sin(kx) g (x)dx +/ e Mei(ndy, keR™, (12.73)
0 0 0

where (12.72)* correspond to 81 + B, = 0, , and (12.73) corresponds to B; + B, = /2.
The function u (y), which denotes the unknown derivative of g (x, y) in the direction normal
to the direction of the given boundary condition at x = 0 (see (12.5a)), can be determined
in a similar way.

Indeed, in this case, the global relation and its Schwarz conjugate are equations (12.8)
which are both valid for kK = R™. Eliminating the function U, (k) from these two equations,
we find

i[Uz(ik)—e2i<ﬁl+ﬂz>Uz(—ik)]
— Gy (ik) + X BB Gy (—ik) + 26 BHBIG (k) k € R

Replacing k by —k in this equation and letting 8, 4+ B, equal 0, iz, or 7w /2, we find equations
(12.72)*, (12.72)~, or (12.73), respectively. In order to determine u;(y), we eliminate
U,(—ik) from (12.8a) and from the equation obtained from (12.8b) by replacing k with —k.

Example 12.5. Let g(x, y) satisfy the boundary value problem for the Laplace equation
in the semi-infinite strip described in Proposition 12.2. The unknown Dirichlet boundary
value ¢ (x, 0), 0 < x < oo, can be determined in terms of the given Neumann data n(y),
0 < y <[, and the Robin constant y by

l
0 1 n(y)d
/ cos(kx)q(x, 0)dx = ~ Jo (kyl) Y keR (12.74)
0 2(k—y)—e(k+vy)
The unknown Dirichlet boundary value ¢ (0, y), 0 < y < [, can be determined in a similar
way.

Indeed, in this case, the global relation and its Schwarz conjugate are equations (12.23)
which are both valid for £ = R. Subtracting these equations we find (12.74). The easiest
way to find ¢ (0, y) is to use both equations (12.23) (with Us already known) and the inverse
Fourier transform of U, (k).

Example 12.6. Let g(x, y) satisfy the Dirichlet problem for the modified Helmholtz
equation in the semi-infinite strip described in Proposition 12.3. The unknown Neumann
boundary values can be determined by the following equations:

2i /00 sin |:,8 <k — %) xj| qy(x,0)dx = BF3(k), ke RT, (12.75a)
0

2i /Oo sin [ﬂ <k - %) x] gy(x,dx = —BF (k), keR*, (12.75b)
0

l
2 / sin (“79) 0. »)dy = () = (~k),
0
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i | wn 72n?

kn = E ﬁ + W +4 , ne Z+, (1275C)
where the functions F;, F3, J are defined in terms of the given Dirichlet boundary conditions
by (12.31e), (12.31f), (12.34b), respectively.

Indeed, in this case, by manipulating the global relation and its Schwarz conjugate
we find equations (12.36), which are (12.75a) and (12.75b). In order to determine g, (0, y),
0 < y < I, we subtract (12.34c) from the equation obtained from (12.34a) by replacing k
with —k:

[E (k) — E(~K)IU (k) + Uz (k) — Us(—k) = J (k) — J(~k), Imk > 0.

In order to eliminate U; (ik) we evaluate this equation at those values of k in C* for which
the coefficient of U;(ik) vanishes, i.e., at k = k,, where

eﬂ(k"+ﬁ)l — e_ﬁ(k"+é)l’ k, € (C+; eﬂ[(k'd—é) = €i7m, n € 7Z.

This evaluation, using the definition of U, (k) (see (12.33b)), implies (12.75c).

Example 12.7. Let g(x, y) satisfy the symmetric Dirichlet problem for the modified
Helmbholtz equation in the equilateral triangle described in Proposition 12.5. The unknown
Neumann boundary value g, (s) on each side of the triangle can be determined from the
equation

2 sinh [ﬂ—l (akn + L)} /E g (s)ds = —ip [J(kn) + e"””J(lE,,)] . (12.76)
2 ok, -1

n w2n?

kp=1i|— —
i Bl + FgE

+1|, neZ,

where the function J (k) is defined in terms of the given Dirichlet boundary condition d(s)
by (12.55).

Indeed, in this case, by manipulating the global relation and its Schwarz conjugate
we find (12.58). This equation is a single equation for the two unknown functions U (k) and
U (ak). However, by evaluating this equation at those values of k for which the coefficient
of U(ak) vanishes, i.e., at k = k,, where

e%(kﬁ-ﬁ) — e_%/<k"+ﬁ), or Bl (k,, + ki) =2inmn, ne€Z,

n

(12.58) yields (12.76) (recall that U (k) is defined by (68) from the introduction).

Example 12.8. Let g(x, y) satisfy the symmetric Dirichlet problem for the equilateral
triangle described in Proposition 12.5, but for the Helmholtz equation (9.26) instead of the



12.6. The Dirichlet to Neumann Correspondence 187

modified Helmholtz equation. The unknown Neumann boundary value g, (s) on each side
of the triangle can be determined from the equation

1

l 1 2 itn . —
2 sinh [% (&k,, — ﬁ)} /2, e ‘qn(s)ds = ip I:./(k,,) + elnnj(kn):l 7
n ~32
2,2
k, =i 7;—';+ %—1 . nez, (12.77)

where the function J (k), k € C, is defined in terms of the given Dirichlet boundary condition
d(s) by

J(k) = (k + %) e(—ak)D (k) + e(k) (ak + lk) D(ak) + <6{k + 1k> D(ak),
o

ak
ety =20 D) = / A3 4 (5)ds, (12.78)

where J (k) denotes the function obtained from J (k) by taking the complex conjugate of all
the terms in J (k) except d(s).
Indeed, in this case, the first of the global relations is given by (see (9.30))

q(k) + q(ak) +q(ak), keC,

where

5 d 1dz
) = [ el | P 1z ds. keC.
q(k) [ ¢ P\ Tras ) ke

L
2

Using the parametrizations defined by (11.23), it follows that
n . . 1
q(k) = E(—ik) [U(k) +1iB (k + z) D(k)] ,

where D (k) is as defined in (12.78), whereas E (k) and U (k) are defined by
3
i 1
E() =0 U@ = / U= g (5)ds. (12.79)
1
2

Substituting the representations of ¢ (k), g («k), g (&k) in the global relation and multiplying
the resulting equation by E (iek), in analogy with (12.54), we now find

e(—ak)U (k) + e(k)U (ak) + U (@k) = —ipJ (k),

where e(k) and J (k) are as defined in (12.78). Following precisely the same steps used in
Example 12.71, we find (12.77).
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Remark 12.7. Comparing the derivation of the solution g (x, y) presented in sections 12.1—
12.5 with the derivation of the unknown boundary values presented in section 12.6, it follows
that the latter derivation is much simpler. However, the expressions for the boundary val-
ues obtained by evaluating the solution ¢ (x, y) on the boundary have the advantage that
they involve integrals with exponential decay. This has important analytical and numerical
implications.

Remark 12.8. It was shown in Part I that it is possible to obtain the novel representation
for g (x, t) by analyzing the global relation in the subdomain 0 < x < 00,0 < s < t.
Similarly, the novel representations for elliptic PDEs can be obtained by analyzing the
global relations in certain appropriate subdomains [24]. Actually, the algebraic manipulation
of these representations also provides an alternative approach to classical transforms for
deriving the classical representations of g (x, y).



Chapter 13

Formulation of
Riemann-Hilbert Problems

The novel integral representations derived in Chapter 11 express the solution g (x, y) of the
basic elliptic PDEs in terms of certain transforms of the boundary values denoted by {g; (k)}/.
These functions are coupled by the two global relations. For the case of simple polygonal
domains, the algebraic manipulation of the global relations and of the equations obtained
from the global relations via certain transformations in the complex k-plane immediately
yield a Riemann—Hilbert (RH) problem for the characterization of {g; (k)}". In what follows
we illustrate this approach for the simple cases of the quarter plane and the semi-infinite
strip.

13.1 The Laplace Equation in the Quarter Plane

Laplace’s equation in the quarter plane with the oblique Robin boundary conditions (12.14)
is analyzed in [29]. Here, for simplicity we consider only the case of oblique Neumann
boundary conditions.

Proposition 13.1. Let the complex-valued function g (x, y) satisfy the oblique Neumann
problem for the Laplace equation in the quarter plane described in Proposition 12.1, but
without the restriction (12.2b) on the constants 8; and B,. Let u;(y) and u;(x) denote the
unknown derivatives of the given boundary conditions; see (12.5). Let U; (k) and U, (k)
denote the transforms of u;(y) and u,(x) defined by (12.7). The function U, (k) satisfies
the following scalar RH problem:

U,(ik) isanalytic for Imk > 0, (13.1a)
U (ik) — J(H)Uy(—ik) = x(k), k eR, (13.1b)
Ux(k) = o(1), k — oo, (13.1c)

where

2iBHE) k<0,
J(k) = e B |50,

189
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2 BHBIG (k) — i BB Gy (—ik) — iGaik), k<0,
xtky=1 o o . (13.2)
2ie BTG (—k) + iGa(ik) + ie ?PHPIGy(—ik), k >0,

and the functions G (k), G, (k) are defined in terms of the given boundary conditions g; (k),

& (k) by (12.3).
The function U, (k) satisfies a similar scalar RH problem.

Proof. In this case the two global relations are equations (12.8), which are both valid for
k = R~. Eliminating from these equations the function U, (k) we find (13.1b) for k < O.
Replacing k with —k in this equation we find (13.1b) for £ > 0.

The definition of U, (k) implies (13.1a) and (13.1c).

The associated RH problem for U; (k) can be obtained in a similar way by elimi-
nating U, (ik) from (12.8b) and from the equation obtained from (12.8a) by replacing k
with —k. O

Remark 13.1. The scalar RH problem (13.1) is discontinuous at k = O unless 8; and
B> satisfy condition (12.2b). The RH problem (13.1) can be solved in a closed form by
standard methods; see, for example, [17], [86], [93].

13.2 The Laplace Equation in a Semi-Infinite Strip

Laplace’s equation in a semi-infinite strip with the oblique Robin boundary conditions
(12.26) is analyzed in [29]. Here, for simplicity we consider only the case of oblique
Neumann boundary conditions.

Proposition 13.2. Let the complex-valued function ¢ (x, y) satisfy the Laplace equation
in the semi-infinite strip {0 < x < 00, 0 < y < [} with the following oblique Neumann
boundary conditions (see Figure 12.5):

grcos B +gysinf; =g1(x), O<x<oo, y=I,
gycosfo—qysinfr =g(y), x=0, O0<y<l, (13.3)
gxcos B3 —qysin 3 = g3(x), 0 <x <oo, y=0,

where the complex-valued functions {g; }? have sufficient smoothness, the functions g, g3

have sufficient decay, and {; }? are real constants. Let {u j}? denote the derivatives in the
directions normal to the directions of the given deviations, i.e.,

gesin By —qycos By =ui(x), O0<x<oo, y=I,
—qysin By —qycos fp =ur(y), x=0, O0<y<], (13.4)

g sin B3 +qycos B3 =u3(x), O<x <oo, y=0.
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Let Gj and U;, j = 1, 2, 3, denote the following transforms of g; and u ;, respectively:

Gi(k __l > kx __l : ky
(k) = 5 eg1(x)dx, Ga(k) = 5] e &(y)dy,
0 0

Gs(k) = %/OOC e g3(x)dx, (13.5)

1 [ 1 /!
k) = — / u(dx, Unk) = 3 / Fur(y)dy,
0 0

Us(k) = —% /)oo & us(x)dx, (13.6)
(

where G,, U, are defined for all k € C, whereas G, Gs, Uy, Us are defined for Rek < 0.
The functions {U, Ui} satisfy the following 2 x 2 matrix RH problem:

U,(ik), Us(ik) areanalyticfor Imk > 0, (13.7a)
Ui (ik - Ui (—ik —iyx(k

s [ V) Zie | PP o TP ker a3
Us(ik) Us(—ik) ix(=k)

Ui(ik) = o(1), Us(ik) =0(1), k — oo, (13.7¢)

where J (k) and x (k) are defined by

el Br=B) okl ,=i(BatPs)
J(k) = , keC, (13.8a)
el (Br=B1) g=kl  i(Batp3)

x (k) =2Go(k) + & [" PG (—ik) + " PP G (ik)]

' . (13.8b)
+ PP Ga(—ik) + e PTG (ik), k€ R.

Proof. The boundary conditions of the sides (2) and (3) are the same as the boundary
conditions on the sides (1) and (2) of the quarter plane. Thus, we define the unknown
functions u, and u3 by (13.4b) and (13.4c), which can be obtained from (12.5) by the
substitutions 1 — 2 and 2 — 3. Then we obtain for ¢, and g3 the equations obtained from
(12.6) with1 — 2and 2 — 3, 1i.e.,

Go(k) = e 7P [Ga(k) + iU (K)], Ga(k) = €P[G3(—ik) +iUs(—ik)], (13.9)
where U,, U3, G,, Gj are defined in (13.5) and (13.6); these equations follow from (12.3)
and (12.7) using 1 — 2 and 2 — 3.

Solving (13.3a) and (13.4a) for g, and g, we find

qx(x,1) = g1(x) cos By +ui(x)sin B1, q,(x,1) = gi1(x)sin B — u;(x) cos f.
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Substituting these expressions in the equation

1 oo )
ik = =3 f e D g (x, 1) — igy(x, Ddx,
0
we find '
g1(k) = e PG (—ik) + iU (—ik)], Imk <O. (13.10)

Substituting the expressions for {g j}? from (13.9) and (13.10) into the global relation, we
find
e Pre MG (=ik) + iU (—ik)] + e P [Ga (k) + iUs (k)]
+ P [Gs(—ik) + iUs(—ik)] =0, Imk <O. (13.11)
Taking the Schwarz conjugate of this equation and then eliminating U, (k) from the resulting
equation and from (13.11), we find the following equation valid for k € R:

[ei(ﬁl—ﬂz)eklUl(ik) +e—i(ﬁz+ﬂ3)U3(ik)]

: ) (13.12)
— [ PPt U (—ik) + " PP U (—ik)] = —ix (k).

Replacing k by —k in (13.12) and writing the resulting equation and (13.12) in matrix form
we find (13.7Db).
The definitions of U (ik) and Us(ik) imply (13.7a) and (13.7¢). O

Remark 13.2. The (2-1) and (1-2) entries of the matrix J (k)~'J (k) are proportional to
Q2 BI=B) _ 2iBrmp) i (Brtps) _ = 2i(Bothy)

Hence, if either of the following conditions is valid, i.e.,

QNBI=B) — | op (HBHBY — |

the RH problem defined by (13.7) becomes triangular and hence is reduced to a scalar RH
problem that can be solved in closed form. If both the above conditions are satisfied, then
the above RH problem can be bypassed; see Remark 12.2. Similarly, if either of equations
(12.28) is valid, then the corresponding RH problem associated with the oblique Robin
boundary conditions (12.26) is triangular [29].

13.3 The Modified Helmholtz Equation in
a Semi-Infinite Strip

Proposition 13.3. Letthe complex-valued function g (x, y) satisfy the modified Helmholtz
equation in the semi-infinite strip {0 < x < 00,0 < y < [}, with the oblique Robin bound-
ary conditions (12.26)—see Figure 12.5—where the complex-valued functions {g_j}? have
sufficient smoothness, the functions g;, g3 have sufficient decay, and B;, y; are real con-
stants with sin 8; # 0, j = 1,2,3. Let {U; (k)}? denote the following transforms of the
unknown Dirichlet boundary values:

Ui(k) =

o0 o0
/ e‘s(”%)xq(x, Ddx, Us(k) = / e’s(k+%)xq(x, 0)dx,
0 0

sin B sin B3
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Uy (k) =

1
. ‘/’eﬁ“+%”q(o,y)dy, (13.13)
sin B, Jo

where U (k), Us (k) are defined for Re k < 0, whereas U, (k) is defined for all k € C.
Let {G;}3 denote the following transforms of the given boundary conditions:

1 o0
Gj(k)=sinﬁ'f PEr DT (x)dx, j=1,3, Rek <0,
j JO
| Y
G, (k) = Sinﬁzf P O, (y)dy, keC. (13.14)
0

The functions U; and Uj satisfy the following 2 x 2 matrix RH problem:

U,(ik), Us(ik) areanalyticfor Imk > 0, (13.15a)
jk —_ —ik k
sl PP T PP o P ker azasy)
Us(ik) Us(—ik) x(=k)
U(ik) = o(1), Us(ik) =o(1), k — oo and k — 0, (13.15¢)

where J; (k) and x (k) are defined by the following equations:

E(ik)Jy (k) Jo (k) J2 (k) J5 (k)
Jk) = , keR, (13.16)
E@ik)Ji(=k) 2 (=k)  Jo(—k)J3(—k)

. if1
E(k) = 10D, h@zﬁG%%—%ﬂ—wh

eiﬁz —ips

k)—n,mm=ﬁG%hf

Lk)=p <ei’32k + ) —iys, keC, (13.17)

x (k) = i E(ik) 2 (k)G (ik) — i E(—ik) Jo (k)G (—ik) + 2 sin B» (k - %) G (k)

+i [Jz(k)G3(ik) - 12(12)G3(ik)] + i8y cot B[ E(ik) Jo (k) — E(—ik)J2 (k)]

1 .
+28 (k - %> [82(cos B2 + sin By cot B3) — &1 cos BrE(K)],
81 =4(0,), & =¢q(0,0). (13.18)
Proof. In order to formulate the global relation we must first use the boundary conditions
to express the functions {g j}? defined by (11.40) in terms of g; and U;, j = 1,2,3. The

function ¢; involves g (x, I) and g, (x, [). Solving (12.26a) for g,, substituting the resulting
expression in (11.40a), and using integration by parts to eliminate g, (x, [), we find

q1(k) = E(—ik) [iG1(—ik) + J,(k)U,(—ik) +icot B1g(0, )], Imk <0. (13.19a)
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Similarly, solving (12.26b) and (12.26¢) for ¢, (0, y) and g, (x, 0) and substituting the re-
sulting expression in (11.40b) and (11.40c), we find

Ga(k) = iGa(k) + i JL(k)Us (k) + i cot B2[g(0,0) — E(k)q(0,)], k€ C, (13.19b)

g3 (k) = iG3(—ik) + J3(k)Us(—ik) + i cot B3¢ (0,0), Imk <O0. (13.19¢)

Substituting the expressions for {¢,}3 from (13.19) into the global relation, taking the
Schwarz conjugate of the resulting equation, and then eliminating the function U, (k) from
these two equations, we find the following equation which is valid for k € R:

[ E@0R @0 LW0UI + 12k IR Us ik

_ _ (13.20)
+ Bk 100 10U (=ik) + B0 00 Us(=ik) | = x k.

Replacing k with —k in this equation and writing the resulting equation and (13.20) in matrix
form; we find (13.15b).
The definitions of U (ik) and Us(ik) imply (13.15a) and (13.15¢). O

Remark 13.3. The solvability of the RH problem (13.5), as well as the question of how
to determine the values ¢ (0, 0) and ¢g(0, /), is discussed in [30]. Here we only note that if
either the conditions

eHPmP) — 1 and (287 — y7)sin 2B, + 2B — y{)sin28, =0 (13.21)

or
e B+P) — | and (28% — y2)sin283 — (287 — y2)sin2B, =0 (13.22)

are satisfied, then the RH problem defined by (13.15) becomes triangular and hence is
reduced to a scalar RH problem that can be solved in closed form. Indeed, the (1-2) entry
of the relevant jump matrix is proportional to A(k) — A(k), where

A(k) = [J3() J3(=k) )12 (k) 2 (k).
Consider for brevity of presentation the case that y» = y3 = 0. Then

e b3

2 —ip, 2
lﬂblﬂ—@z=—ﬂz<émk— ) ,‘Bwyée%)=—¢ﬂ(émk+ek ) ,
Alk) — A(k) = p* </<4 - %) [ Prths) — m2iPath)]

. (13.23)
_,’_ 2/32 <k2 _ k_2> [(e—Ziﬁz _ eZiﬂz) + (e2iﬂg _ e—Ziﬁg)] .

The coefficient of k* — 1/k* vanishes if and only if the first of equations (13.22) is valid;
the coefficient of k2 — 1/k? vanishes as a consequence of the second of equations (13.22)
(here y», = y3 = 0).



Chapter 14

A Collocation Method in
the Fourier Plane

It was shown in Proposition 1 of the introduction that the transforms §; (k) and g, (k) of
the boundary values of the solution of the modified Helmholtz equation in the interior
of a convex polygon are coupled by the two global relations (52). Similar relations are
valid for the Laplace and the Helmholtz equation. For simple boundary value problems
the algebraic manipulation of the global relations yields the unknown boundary values
through the inversion of elementary integrals; see section 12.6. For more complicated
boundary value problems, the algebraic manipulation of the global relations characterizes
the unknown boundary values through the solution of scalar or matrix Riemann—Hilbert
(RH) problems; see Chapter 13. In what follows we present a simple technique for the
numerical evaluation of the unknown boundary values.

14.1 The Laplace Equation

For simplicity we consider the case of oblique Neumann boundary conditions; other bound-
ary value problems can be treated in a similar manner.

Proposition 14.1. Let the complex-valued function ¢ (z, Z) satisfy the Laplace equation
in the interior of a convex polygon with corners {z;}] (indexed counterclockwise, modulo
n); see Figure 6 of the introduction. Let §; denote the side (z;, z;11). Suppose that the
derivative of ¢ making an angle 8; with the s1de S is prescribed on each side, namely

d : n .
cosﬁjaqj(s) —i—smﬁjqj(s) =g, j=1,...,n, (14.1)

where s parametrizes the side S;, g; and g " denote ¢ and the derivative of ¢ in the direction
of the outward normal to the side S, each of the real constants {8;}] satisfies 0 < 8; < &,
and the given complex-valued function g; has sufficient smoothness. Let u;(s) denote the
unknown derivative of g in the direction normal to the direction of the prescribed derivative,
ie.,

d
uj(s) = s1n,Bj qj(s)+cosﬂjqj(s) j=1,...,n. (14.2)

195
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The n unknown complex-valued functions {u;} satisfy the following 2n equations for all
[eRtandp=1,...,n:

T n s . /7/
/ Mup(s)ds ==Y Ejp() | € uj(s)ds +iG,(0), (14.32)
- j=1 -
T n b4 Lk N
/ e Muy(s)ds ==Y Ejp(l) ¢ ui(s)ds —iG (), (14.3b)
-7 - -7
j#lp

where the known functions E;,(l), G ,(/), and G p(1) are defined by

, il
E;,(l) =exp |:l(,3j _,Bp)“rh—(mj —mp):|, (14.4a)
p
" T 'Ihf .
Gp(D) = ZEjp(l)/ g (s)ds, (14.4b)
j=1 o
n T Js
& = —ilLs
Gy()=>"Ej() | ¢ "7 gj(s)ds, (14.4¢)
j=1 o
with
hy= o (e —2)s my= 2 (), J=Lon  (145)
2 2

Furthermore, each of the terms appearing in the summations on the RHS of (14.3) decays
exponentially as [ — oo, except the terms with j = p in G, and G, which oscillate, as
well as the terms with j = p — 1 and j = p + 1 which decay linearly.

Proof. Solving the two algebraic equations (14.1) and (14.2) for q‘;. =dgq;/ds and q}’, we
find

q; = cos Bjg; — sinBju;,

n __

q; =sinBjg; +cosBju;, j=1...,n

Substituting these expressions in the identity

1. . .
g.dz = 5 [4(s) +iq](s)]ds, (14.6)
we find for the side S,
1,
g.dz = Ee’ﬁf [gi(s) +iu;(s)]ds. (14.7)

We parametrize the side S; with respect to its midpoint m, i.e.,

z2(8)=mj+shj, —-m<s<m. (14.8)
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Zp+1

Figure14.1. The ray I,,.

Substituting the expressions (14.7) and (14.8) in the definition of §; (k), i.e., in the equation
Zj+1 .
q;k) = f e Mg dz,
Zj
we find
1 ., . L
4 = et / e [g3(s) + i) ds. j=1.....n. (14.9)

-7

Writing the first global relation, i.e., equation (11.6a), in the form

Gpk) ==Y _4;(k),
JEp

replacing §; by the RHS of (14.9) in this equation and evaluating the resulting equation at

!
k=-—, leR", (14.10)
hP

we find (14.3a).

The second global relation, i.e., equation (11.6b), can be obtained from the first global
relation by taking the Schwarz conjugate of all terms in (11.6a) except g. Thus, by taking
the Schwarz conjugate of all terms in (14.3a) except u; and g; we find (14.3b).

Regarding the choice of k specified by (14.10), we recall that the ray /, appearing in
the integral representation of g, (see (11.3)), is defined by

lp = {argk = —arg (Zp+1 — Zp) = —argh,,}.

However, the integral representation involves exp[ikz], whereas the functions {G;}] involve
exp[—ikz]; thus associated with ¢, we require that k satisfies the condition argk = 7w —
arg(h ), which is consistent with (14.10), since this latter equation implies (see Figure 14.1)

_ l e—iarg(h,,)z l ei[ﬂ—arg(h,,)] l > 0.

k| I, | "kl
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arg(m; —m,)

argh,

Figure 14.2. The sides S; and S,,.

m; m,

Zp Zp

(a) (b)

Figure 14.3. The sides S; and S,,.

Convexity implies the estimate
[arg(m; —m,) —arg(h,)] € (0,7), j # p. (14.11)

Indeed, the above bracket equals the interior angle made by the sides S; and S, see Fig-
ure 14.2.
Each of the terms appearing in the RHS of (14.3a) involves

/ ety Mtk m”)aj(s)ds, aj=uj or a; = g;. (14.12)
-7

Convexity also implies that for s € (0, 7), the following inequality is valid:
j#p. jEpE1: 0<[argm;+sh; —m,) —argh,| <.
However, if j = p — 1, then (see Figure 14.3(a))
p=mj+ahj=m,—mhp,
hence,
j=p—1: aigm; +mh; —m,) —argh, = m.
Similarly, if j = p + 1, then (see Figure 14.3(b))
Zp-‘rl =m1, +7Thp = mj —JT]’lj,
hence
j=p+1: agm; —mh; —m,) —argh, =0.
Integration by parts implies that the LHS of (14.12) equals
hp AL mj4mhj—m ) L mj—mh;—m,) 1
— e T T ai(mw) —etr T ”a'—rr]—i—O =]
ilh; [ i) i=m) 2
Hence, each of the terms in the two summations in the RHS of (14.3a) (note that G, also
contains a summation) decays exponentially unless j = p £ 1, where there is linear decay.

Also the term j = p in G, oscillates. Clearly, if a;(£m) = 0, then the decay is quadratic.
Similar considerations are valid for the RHS of (14.3b). O
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Remark 14.1. Taking into consideration that [ € R¥, it follows that the expressions in
the LHS of (14.3), taken together, define the Fourier transform of u,, (s).

Remark 14.2. Regarding the choice of k defined by (14.10) we note that g, (k) involves
the exponential function exp[—ikh ,s]. In order to define the Fourier transform of u, (s) we
need an oscillatory exponential, and thus we must choose & such that ki, € R, i.e.,

argk = —arg(h,) or argk =m —arg(h,).

Among these two permissible choices, it is only the second choice that makes the RHS of
(14.3) bounded as | — oo. In this respect we also note that in order to maximize the decay
of the RHS of (14.3) as | — oo, we choose the parametrization defined by (14.8), instead
of the parametrization

2(s) =z;+2shj, O0<s<m.

14.1.1. The Unknown Values at the Corners

Suppose that the given functions g;(s) satisfy appropriate compatibility conditions at the
corners such that the derivatives of g with respect to z and 7z are continuous at the corners.
In this case, these latter values can be determined explicitly, provided that

sin (8j+1 — 8j) #0, §;=argthj))—B;, j=1,...,n. (14.13a)
The relevant formulae are

[hjr1lcos(@jy1 —8;)g;(m) — |hjlgjs1(—m)
[yl sin(8;41 —8;)

u;(n) = (14.13b)

and

|hjlgj—1(r) — |hj—1]cos(8; —&;-1)g;(—m)
|hj—1]sin(8; —&;-1)

L j=1,....n.  (14.13c)

I/tj(—fl') =

Indeed, for the side §;, (14.7) with
dz = h;ds = |h;le' **")ds
implies

e
%= S [gi(s) +iu;(s)], seS;. (14.14)
The condition that ¢ is continuous at the corner z; implies that the expression in (14.14)
with j replaced by j — 1 evaluated at s = 7 (the right end of the side §;_;) equals the

expression in (14.14) evaluated at s = — (the left end of the side §)), i.e.,
—id; —i&,-

Al

e

Ty [ gi=m +ius-m .

[g, () +iuj- 1(71)]
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Similarly, the continuity of g; at z; implies
i1 i8;

|71l

(1160 =i 0)] = =i == |

Solving the above two equations for u;_;(7) and u;(—m) and then letting j — j 4+ 1 in
the expression for u;_; (), we find (14.13b) and (14.13c).

14.1.2. Unknown Functions which Vanish at the Corners

By subtracting the known values at the two corners from the unknown function u,(s), it
follows that it is possible to express the unknown functions in terms of some new unknown
functions, denoted by i, (s), which vanish at the corners:

Up(s) = tp(s) + uyp(s) (14.15a)
with

1
tp(s) = 5 [(s+muy(m) — (s —mu,(-m)], p=1,....n. (14.15b)

The unknown functions i, (s) satisfy equations similar to (14.3) but with G, G »
replaced by ~ ~
Gp+Up, Gp+Usp,

where the known functions U,, and U, are defined by

n Tk
U =iy Ejp) | €"7u(s)ds
-

j=1
and
~ . 4 7il’?—-is
U.p(l) = —i ZE,,,(J) e T Uy (s)ds.
j=1 o
By computing the integrals involving u,;(s) we find that for p =1, ..., n,
- h, Iwh;\ i k. (lmh;
U*p(l) ZIZEjp(l) [u_j(ﬂ) _uj(_ﬂ)] %COS hp + ;W sin hp
j=1 /
h . (Imh;
-I-ﬁ[uj(rr)—i-uj(—n’)] sm< hp-’)} (14.162)
and

- " h Inh; W Inh;
Oup() = —i Y Ejp D) {[uj(n) )] [_ﬂ"ﬁ c0s< i ,) _ ;—ﬁsin( i ,)}
p J

Jj=1 p
h Ih;
+M4[u,(n) +u;(-m)] sin( ’; -’) . leR". (14.16b)

J



14.1. The Laplace Equation 201

Remark 14.3. The function l/vtp(s), which is defined for —m < s < 7, vanishes at the
endpoints. Thus, a convenient representation for such a function is an expansion in terms
of the modified sine-Fourier series,

p(s) = Z |:sn'; sin(ms) + ¢} cos <m — %) si| , (14.17a)

m=1
where the constants s/, and ¢/, are defined by
1 T

sh=— ip(s)sin(ms)ds, m=1,2,..., (14.17b)
T Jn
and
1 7. 1
ch = — ip(s)cos m—i sds, m=1,2,..., p=1,...,n. (14.17¢)
T Jx

The advantage of the above expansion is that sh and ¢}, are of order 1/ m? as m — 00,
provided that it , (s) has sufficient smoothness. The representation (14.17a) can be obtained
by starting with the usual sine-Fourier series in the interval (0, 7) and then using a change
of variables to map this interval to (—m, ). The analogue of the representation (14.17a)
corresponding to the cosine-Fourier series was introduced in [94].

Proposition 14.2. Let g satisfy the boundary value problem specified in Proposition 14.1.
Assume that the values of the unknown functions {u;}} at the corners {z;}] are given by
(14.13). Express {u;}| in terms of the unknown functions {i; }| by (14.15), and approximate
the latter functions by i 7 (s), where

N
1
L;;v(s) = Z I:snﬁ sin(ms) + ¢! cos (m - 5) si| , p=1,...,n. (14.18)
m=1
Then the constants s}, and ¢h,, m = 1,..., N, p = 1, ..., n, satisfy the following 2Nn

algebraic equations:

n N
2rsn =iy { > [Ejp(m)S%(m) - Efp(m)g?l”(m)]

Jj=1 n'=1

J#p
N
+> ¢ [Ej,,(mm,"-,’,(m) — Ej,,(m)é,-,,(m]}
n'=l1
+ G,(m) + G, (m) + Uyp(m) + Ui p(m) (14.19a)
and
L A 1 1 . 1\ - 1
2meh =— Z: { nZz:ls,{ [Ej[, <m - 5) Ay <m — 5) +Ej, (m - 5) St (m - 5):|

algy N 1\ - N 1
—I—ch, E;, m—E ci, m—§ + Ej, m—E ci, m—i
=1
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1 - 1 1 ~ 1

where the known functions G, G,,, Usp, lL,, are defined by (14.4), (14.16), and

2l«n(_l)n—l sin (%hf) 2 (n — %) (—1)71—1 COS (m;l'r:”/)

S?P(m) = m2h§ - ’ C;lp(m) = 1\2 m2h§ ’
D (1 -2
j=1....n, p=1,....n, m=1,...,N. (14.20)
Proof. Equation (14.18) implies
| B .
sh=— i, (s) sin(ms)ds. (14.21)
T

-7

Recall that the functions i, satisfy equations similar to (14.3) but with G, and G p replaced
by G, + Usp and G, + U,,. Replacing the function ii,, with it} defined in (14.18) in the
equations satisfied by it ,, subtracting these equations, and evaluating the resulting equation
at [ = m, we find (14.19a). In this respect we note that the LHS of the resulting equation
immediately yields s}, whereas for the evaluation of the RHS of the resulting equations we
use the expression

T
ms=s

f e u?/(s)ds

-

Ty T by 1
:Z{s,{f e sin(ns)ds+c{l/ e'mhncos<n—§>sds}

-7

(14.22)

and then we evaluate the above integrals explicitly.
Proceeding as earlier, where we now add the equations satisfied by {L?j.v ', and then

evaluating the resulting equation at/ = m — %, we find (14.19b). a

Remark 14.4. The LHSs of equations (14.3) involve integrals of u , (s) with respect to the
exponential functions exp[=ils]. This suggests that u,(s) should be represented in terms
of a Fourier-type expansion. Indeed, if we ignore for a moment the first terms in the RHSs
of equations (14.3), then by expanding u,(s) in terms of a Fourier-type expansion, such
as (14.17a), the relevant Fourier coefficients can be immediately obtained in terms of G,
and G »- Thus, the choice of the representation (14.18) is consistent with the fact that 1, (s)
vanishes at the corners, and the evaluation of the global relations at/ = m and ! = m — %
is consistent with the orthogonality conditions associated with this expansion (see (14.17b)
and (14.17c)). In order to improve convergence, one could use an expansion in terms of
Chebyshev polynomials, but since the associated orthogonality conditions do not involve
exp[+ils], the diagonal blocks of the associated linear system are not the identity matrix
but are full matrices.
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14.2 The Modified Helmholtz Equation

For simplicity we consider the Dirichlet problem; other boundary value problems can be
treated in a similar manner.

Proposition 14.3. Letthe complex-valued function ¢ (z, 7) satisfy the modified Helmholtz
equation (50) in the interior of the convex polygon described in Proposition 14.1 and let g
satisfy Dirichlet boundary conditions on each side, namely

qgi(s)=d;(s), j=1,...,n, (14.23)

where s parametrizes the side S;, g; denotes g on this side, and the given complex-valued
functions {d,} have sufficient smoothness. Let u ;(s) denote the Neumann boundary value
on the side §;. The n unknown complex-valued functions {u;}} satisfy the following 2n
equations foralll e Rt and p=1,...,n:

f eMup(s)ds ==Y EjplkyD) | ety (D, s)uj(s)ds —Gp(1)  (14.24a)

j=1

J#p

and

-7

f e Muy(s)ds = =Y Ejpk,) | ejky(), )uj(s)ds — G,(1),  (14.24b)
i -7

J#p
where the exponential functions E;,(k) and ¢, (k, s) are defined by

o . i
Ejp(k) = e_iﬁ(m/_mza)k+%(ﬂl/_m1))’ ej(k’ S) — e—lﬁ(khj—T{)s,

j=1,....n p=1,....,n, keC, —-m<s<m, (14.25)
the function k, (/) is defined by
L4+ /1> +4B%|hp|?
ky(l) = — , =1,...,n, leR", 14.26
»(D 2Bh, p n, le ( )

and the known functions G, (/) and G p (1) are given by

G,()= ZEj,,(k,,(l))Pj(k,,(l))/ ej(k,(1), $)g;(s)ds, (14.27a)
Jj=1 7

Gp() = Ejpky(1)) Pitky(D)) | ejkpl). $)gj(s)ds, p=1.....n, I €R",
i—1 -
! (14.27b)
with

.
P,-(k):ﬂ(f—i-khj), j=1,....n, keC. (14.27¢c)

Each of the terms appearing in the summations on the RHSs of equations (14.24) decays
exponentially as / — oo, except for the terms with j = p in G, and G, which oscillate, as
well as the terms with j = p £ 1 which decay linearly.
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Proof. Using the parametrization defined by (14.8) in the definition of g (k) (see (51d)),
we find 7

ooy (k=) [T ' . '

G;jk) =ie ejk,s)[u;(s) + P;(k)g;(s)]ds.
Substituting this expression in the first of the global relations (52) of the introduction and
then evaluating the resulting equation at k = k,(/) we find (14.24a). Recalling that the
second of the global relations in (52) can be obtained from the first global relation by taking
the Schwarz conjugate of all terms except of g, (14.24a) immediately implies (14.24b).

The reasons for choosing k, to satisfy (14.26) are similar to those discussed in section

14.1. In particular, in order to obtain the Fourier transform of u , (s) we choose

h
—ﬁGmf~f>=L I e RY,

This yields two possible choices for k,, namely k[f, where

kiz -1+ lz+4ﬂ2|hp|2
r 2h,B

and we choose the negative root so that argk, = m — arg h; (recall that the rays [, in the
integral representation of g are identical to those appearing in the integral representation of
the Laplace equation).

Also,
. mj—m,Hrhjs 7% ”-l'—f;”p‘f'h’ s
Ejp iy ety 1), ) = &P (570) = 8 (B575) (14.28)
where the positive constant L, is defined by
[ 12 +482%h,|?
L, =Y ;ﬂﬁ s (14.29)

Using the estimate given by (14.11) and noting that the terms appearing in the RHS of
(14.28) can be treated in a similar way as the exponential term appearing in (14.12), we
find that the RHSs of equations (14.24) as [ — oo have a similar behavior as the RHSs
of equations (14.3), where now in the case of j = p % 1, the relevant decay is of order
O(1/L,) which equals O(1/1).

14.2.1. The Unknown Values at the Corners

Suppose that the given functions d; (s) satisfy appropriate compatibility conditions so that
the derivatives of ¢ with respect to z and z are continuous. Then proceeding as with the
Laplace equation we find

hj1lcos(ejpr — o) 2d;() — |hjlEdj1 (=)

|7j1]sin(ej1 — o)

u;j(mw) = , aj =argh;, (14.30a)
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w(y = Pl OO —hyicostey — ey Dgdi )
' |hj—y|sin(a; —atj_1) ; N3 _

Convexity implies
Olj<06j+1<0[j+7T, j:l,...,}’l,
and thus
Sil’l(OljJr] — ozj) ;é 0.
14.2.2. Unknown Functions which Vanish at the Corners
Proceeding as with Laplace’s equation we define the function i, (s) by (14.15a), and then
U,p(l) and U*p(l) are given by
Usp() = Z Ejpkp(D) | ej(kp(D), s)uyj(s)ds
j=1 o

and

Up(D) = ZEjp(Ep(l))/ ejlkp(l), $)uyp(s)ds.
j=1 -

Hence, instead of the function expl[ilh;s/h ] of section 14.1, we now have the function

ejkp(l),s) = ST g

Lph; E,-hp)

where L, is defined by (14.29). Hence, the formulae for U,, can be obtained from the
formulae (14.16) by replacing E,(I) with E;,(k(l)) as well as replacing lh;/h, with

B (Lphj - }_‘jhp> ]
hp Ly

Hence, U, ,(I) and U*,,(l) are defined by the following equations for p = 1, ...,n,l € R*:

1

Upp(D) = i ; E;(ky (1)) {[uj(n) _ uj(—n)][ 0 cos(m Hjp (1))

i . 1 .
+—n(ij(l))2 sm(nij(l))] +—ij(l) [u‘,‘(n) + uj(—n)] sin (nij(l))}
(14.31a)
and
; N T i ]
U*p(l) = —1 ;Ejp(k,,(l)) {[uj(n') — uj(—y-[)]l:[__ljp l COS(TL’ij(l))
i in(7rH; (1))]+ 1 [ () s (— )] in (i, (l))}
w(H;y())? ST fjp 0 uj(mw)+u;(—m)|sin (7 Hjp ,
(14.31b)
with

Lh; 2B%h;h
Hj,,(l)z5h—’(l+,/12+4ﬁ2|h,,|2)—l zf f4ﬂf’2|h 5 j=1,...,n. (14.31c)
+/I2+ »

p
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Proposition 14.4. Let g satisfy the Dirichlet boundary value problem specified in Propo-
sition 14.3. Assume that the unknown Neumann boundary values at the corner {z;}] are
given by (14.30). Express the unknown Neumann boundary values {u;}] in terms of the
unknown functions {i7;}} by (14.15) and approximate the latter functions by the functions
{IZ;.V}'I' defined in (14.18). Then the constants s;, and ¢ch, m = 1,...,N, p =1,...,n,
satisfy the following 2Nn algebraic equations:

n N
st =i [ s, [Ej,,(kp(m))s;?;(m) _ E,-p(lzp(m))S;I;(m)]
Jj= n'=1

1
J#p

N -
+> cl [E ip(kp(m))CY (m) — E j,,(k,,(m)c;fp(m)]}
n'=1
+iG,(m) —iG ,(m) + iUy, (m) — iU,,(m) (14.32a)

and

2l = —Z {X}V’ [Ejp (kp (’” - %)) Siy (’” - %)
()]

J#p
N (14.32b)
: NN ., 1
+Y ¢ [ Ej, (kp (m -~ 5)) cn <m - 5)
=1

+Ejp (12,, (’” B %)
e D) (-9

—~G,(m) — G ,(m) — Usp(m) — Uy, (m),

where the known functions G, Gp, Usp, U*p are defined by (14.27), (14.31), and

2in(—1)""'sin (H]p(m)) " 2 (n — %) (=D !cos (H]p(m))
2 » Clp(m) = 2 2
n? — (Hjp(m)) (n=3)" = (Hjp(m)

with H;,(m) defined by (14.31c).

S m) =

Proof. The proof is similar to that of Proposition 14.2. a

14.3 Further Developments and Numerical Computations

The main ideas of the technique presented in section 14.1 were introduced in [92]. However,
although the values of k were correctly chosen to be those in (14.10), the global relations
were evaluated at [ = m instead of [ = m, and/or [ = m — % As a result, the relevant
linear system possesses a large condition number and numerical computations performed
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in [92] suggest linear convergence. In [39], the choice of [ = m and/orl = m — % led to
a linear system with a small condition number. Also the numerical computations in [39]
suggest quadratic convergence for the modified sine-Fourier series (see (14.18)) as well
as exponential convergence for the Chebyshev basis. The extension of the technique to
modified Helmholtz and Helmholtz equations is presented in [40]. Regarding the latter
equation we note that now k& must be chosen to lie on parts of certain rays as well as on
parts of certain circular arcs. This is consistent with the fact that the contour in the complex
k-plane associated with the solution of the Helmholtz equation involves rays and circular
arcs; see [22]. Details of the application of the collocation method to regular polygons can
be found in [41].

Remark 14.5. The following result has been derived by E.A. Spence [24] using the
techniques of [96]. Suppose that u(s) € C3(—m, ) and that u() = u(—m) = 0. Define
sm and ¢, by (14.17b) and (14.17c¢), where it ,(s) is replaced by u(s). Define the function
u™ (s) by the RHS of (14.18), where s}, and ¢}, are replaced by s,, and c,,. Then

N B 1

lu(s) —u”($)lloc = O N2 )

Combining this result with a theorem of [97] on infinite matrices, one should be able to
prove the quadratic convergence of the approximations of Propositions 14.2 and 14.4.

Remark 14.6. Itisimportant to emphasize that the global relation is valid for all complex
k. The restriction of k on the rays (14.10) and (14.26) was imposed in order to express
the unknown function in terms of Fourier integrals. It appears that an alternative effective
approach is to obtain an overdetermined system of unknowns by choosing for k a sufficiently
large set of arbitrary finite complex values [42].

In what follows we present some numerical results from [40].

14.3.1. Numerical Examples

In order to illustrate the numerical implementation of the new collacation method to the
Laplace and modified Helmholtz equations, we will consider a variety of regular and irreg-
ular polygons.

We will study the Laplace equation with the exact solution

q(z,2) = e + 2%, (14.33)
and the modified Helmholtz equation with 8 = 10 and the exact solution
q(z,3) =0T, (14.34)

Analytic expressions for the known boundary functions {g; (s)};_;, {d;(s)};_, and the un-

known boundary data {u j(s)};f:l can be easily computed from (14.33) and (14.34).
To demonstrate the performance of the method, we use the discrete maximum relative

€rror N
u—u
PO (Ul
il oo

, (14.35)
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Table 14.1. Vertices of irregular polygons prior to rotation.

Triangle | (—4, —%), (— , 22—@>,(3, §)
Square | (1, L) —9).(4.-9). (4.9
Pentagon | (0, 2), (-5, 0), ( 2, %527), (4.-%).(3.%)
hegon | (1, 58), (-3 28). (.-, (-1.-38). (2,240, (3. %)
Octagon (1, %) -2, %5271) (—3, %) (=5.0), (—4» _g)’ (_1’ _%)
2/21 8
(2’ _T)’ (3.5)
k3 [ 5 5% 0 5 S 0 5 =3 [ 5 5 [] 5
n=3 n==4 n=>5 n==~06 n=238
Figure 14.4. Irregular polygons.
where
ul(s) =i () +uyj(s), —w<s<m 1<j<n, (14.36)
[lu|loc = max {max|u,gf'>(s)|}. (14.37)
I<j<n seS

We consider 10001 evenly spaced points s;,
S = {s; ;2 € [~m, 7], (14.38)

with the points s;, —7 =51 < 52 < -+ < S10000 < S10001 = 7, given by

26 —-1)
10000

s =T [—1 + ] , 1 <i<10001. (14.39)
We consider regular polygons withn = 3, 4, 5, 6, 8 sides, whose vertices lie on the circle
centered at the origin with radius +/2 in the complex plane (with a vertex on the positive
real axis). These polygons are then rotated through an angle of —% about the origin to avoid
nongeneric results due to alignment with the coordinate axes. Thus, we consider polygons
with the vertices

2(j) = V2 2UDi=5] 1 < <. (14.40)

We also consider irregular polygons with n = 3, 4, 5, 6, 8 sides, whose vertices lie on

the ellipse (%)2 + (%)2 = 1 in the complex plane rotated through an angle of 1 about the
origin. The x and y coordinates of the vertices of the polygons before rotation are given (in
an anticlockwise direction) in Table 14.1 and the polygons are shown in Figure 14.4.
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Dirichlet Boundary Conditions Neumann Boundary Conditions
107 < 107

w w
g g S
o 10" triangle & 107 triangle
2 ~ square 2 square
s pentagon B pentagon
o o hexagon e & hexagon
10| — octagon 10 octagon
order 1 order 1
order 2 order 2
o order 3 - order 3
s ) * 10° s ) ? 10°
basis functions per side. N basis functions per side. N

Mixed Boundary Conditions

w
5
s 107 triangle
2 square
® pentagon
e % hexagon
10 "{ —— octagon
order 1
order 2
order 3
10
10° 10 10° 10°

basis functions per side. N

Figure 14.5. E, as a function of N for the Laplace equation in regular polygons.

Figures 14.5 and 14.6 refer to the Laplace equation with Dirichlet (8; = 0), Neumann
(Bj = %), and mixed (8; = %) boundary conditions in the regular and irregular polygons,
respectively. The red, blue, and green dotted lines are the lines %, %, and %, indicating
the slopes for first, second, and third order convergence, respectively. The error lines are
all asymptotically parallel to the % line, indicating a quadratically convergent method with
respect to the discrete maximum relative error. To highlight this, the order of convergence
(0.0.C.) has been estimated for the triangles in Tables 14.2 and 14.3.

It can be seen from Figure 14.7 that the condition numbers of the associated matrices
are small and grow only very slowly with N.

In complete analogy, Figures 14.8 and 14.9 and Table 14.4 refer to the modified
Helmholtz equation.
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Dirichlet Boundary Conditions Neumann Boundary Conditions

10° 10°
2 E
10 10
wt wt
s s
© —— triangle I} —— triangle
2 10 *}f == square 2 10 *ff == square
g —+— pentagon g —+— pentagon
[ —+— hexagon [ —+— hexagon
—— octagon N —— octagon
6|l --- order1 3 - order 1
10711 -~ order 2 . 10711 -~ order 2
- _order 3 - order 3
10° ! 10° 10° 10! 10°

basis functions per side. N basis functions per side. N

Mixed Boundary Conditions

10
10
wt
5
5] —4— triangle
@ 4
2 10 Y —= square
K} —+— pentagon
[ —+— hexagon
—— octagon
6 |[ --- orderl
1071 -~ order2
-_order3
10° ! 10°

)
basis functions per side. N

Figure 14.6. E, as a function of N for the Laplace equation in irregular polygons.

Regular Polygons Irregular Polygons

2 10
10 i
triangle L :&gg:
o :Z:?ar:on 5 pentagon o+
- hexagon _10 hexagon
3 —— octagon 3 +— octagon
€ £
2 g o
\ c 10
s 10 o &
5 o = T
€ e
8 . g
10 o
0 0
10 10
1 OU 1 2 103 1 OD 01 2

basis functions per side, N

Figure 14.7. The condition number of the coefficient matrix as a function of N for

the Laplace equation.

10
basis functions per side. N
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Table 14.2. Equilateral triangle, Laplace equation.

Dirichlet BCs Neumann BCs Mixed BCs
N Es 0.0.C. Ex 0.0.C. E 0.0.C.
4 2.6019e-02 — 6.765%-02 — 4.8884e-02 —
8 6.5908e-03 1.9811 1.9896e-02 1.7658 1.4438e-02 1.7595
16 1.7026e-03 1.9527 5.3327e-03 1.8995 3.8872e-03 1.8931
32 4.3592e-04 1.9656 1.3777e-03 1.9526 1.0057e-03 1.9505
64 1.1048e-04 1.9802 3.4996e-04 1.9770 2.5557e-04 1.9764
128 2.7823e-05 1.9895 8.8177e-05 1.9887 6.4403e-05 1.9885
256 | 6.9784e-06 1.9953 2.2119e-05 1.9951 1.6156e-05 1.9950
Table 14.3. Irregular triangle, Laplace equation.
Dirichlet BCs Neumann BCs Mixed BCs
N Es 0.0.C. E 0.0.C. E 0.0.C.
4 4.6405e-01 — 1.9495e-01 — 5.0830e-01 —
8 2.0730e-01 1.1626 8.6601e-02 1.1706 2.4640e-01 1.0447
16 6.2140e-02 1.7381 2.8274e-02 1.6149 9.0366e-02 1.4471
32 1.6293e-02 1.9313 8.2849¢-03 1.7709 2.5391e-02 1.8315
64 4.1470e-03 1.9741 2.1762e-03 1.9287 6.5868e-03 1.9467
128 1.0453e-03 1.9881 5.5307e-04 1.9763 1.6686e-03 1.9809
256 2.6216e-04 1.9954 1.3896e-04 1.9928 4.1881e-04 1.9943
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Table 14.4. Modified Helmholtz equation.

Equilateral triangle Irregular triangle
N Ex 0.0.C. N En 0.0.C.
4 | 43435e-01 — 4 | 7.2627-01 —
8 | 24280e-01 | 0.8391 8 | 5.9449-01 | 0.2889
16 | 9.6685¢-02 | 1.3284 16 | 4.1420e-01 | 0.5213
32 | 2.9334e-02 | 1.7207 32 | 2.2008e-01 | 09123
64 | 7.8274e-03 | 1.9060 64 | 83167e-02 | 1.4039
128 | 1.9983¢-03 | 1.9697 128 | 2.4321e-02 | 1.7738
256 | 5.0311e-04 | 1.9898 256 | 6.3678¢-03 | 1.9334
512 | 1.6117e-03 | 1.9822

Regular Polygons Irregular Polygons
10° 10°
ey
107 107
Ll.la I.IJS
g g
© 107 triangle G 107 triangle
2 square 2 square
© pentagon & pentagon
[ o hexagon [ . hexagon
10 "f| — octagon 10 "f —— octagon
order 1 order 1
order 2 order 2
107 order 3 16® order 3
10° 10" 10° 10° 10° 10" 10° 10°
basis functions per side. N basis functions per side. N
Figure 14.8. E, as a function of N for the modified Helmholtz equation.
Regular Polygons Irregular Polygons
10’ .
triangle triangle
square 102 square
pentagon pentagon
. hexagon . hexagon
é —— octagon — g —— octagon
2 :
5 5.y
o =10
c =]
S 5
o o
0| 0|
10°L 2 Bt . - 10
! ? 10' 10° 10°
basis functions per side. N basis functions per side. N

Figure 14.9. The condition number of the coefficient matrix as a function of N for
the modified Helmholtz equation.
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In this part we present a method which yields an effective nonlinearization of some
of the results presented in Chapters 1, 9, and 10. We begin by showing that there exists
an algorithmic approach which, starting from a dispersive linear evolution PDE, yields an
integrable nonlinear PDE; this approach, which was summarized in section 1.5.1 of the
introduction, is discussed in Chapter 15. We then concentrate on the analysis of certain in-
tegrable nonlinear PDEs. In Chapter 16 we derive integral representations for the following
integrable nonlinear PDEs formulated on the half-line: The nonlinear Schrodinger (NLS),
the Korteweg—de Vries (KdV), the modified KdV, and the sine-Gordon (sG) equations. The
relevant formulae provide nonlinear versions of (1.16) (for the defocusing NLS see equa-
tion (92)). These formulae differ from the RHS of (1.16) in two important ways: (a) Instead
of involving the transforms of the initial condition and of the boundary values (which are
denoted by go(k) and g(k), respectively, in (1.16)), they involve certain functions denoted
by {a(k), b(k), A(k), B(k)}. These functions, although uniquely defined in terms of the
initial condition and of the boundary values, cannot be written explicitly (for the defocusing
NLS see (86)—(91)). (b) They involve the entries of the matrix-valued function M (x, ¢, k)
which is the solution of a matrix Riemann—Hilbert (RH) problem uniquely defined in terms
of {a(k), b(k), A(k), B(k)}. In the linear limit (when ¢ is small), the functions a(k) and
A(k) approach 1, whereas the functions b(k) and B(k) approach go(k) and g(k); further-
more, M (x, t, k) approaches diag(1, 1), and hence the solution of an integrable nonlinear
PDE reduces to the solution of the corresponding linear PDE given by (1.16). The functions
A(k) and B(k) appearing in the above integrable representations are defined in terms of all
boundary values. Thus, in order to solve a concrete initial-boundary value problem it is
first necessary to determine the unknown boundary values in terms of the given initial and
boundary conditions. The solution of this problem, i.e., the characterization of the gener-
alized Dirichlet to Neumann map for integrable nonlinear PDEs, is discussed in Chapter
18 (see also the discussion in section 1.5.3 of the introduction). There exist certain simple
initial-boundary value problems which are called linearizable, for which it is possible to
solve the global relation directly for A(k) and B(k) (without the need to determine the un-
known boundary values). The solution of such problems is discussed in Chapter 17. The
long-time asymptotics of the NLS is discussed in Chapter 19. In addition, in Chapter 19,
an interesting asymptotic limit of a system of three nonlinear PDEs describing the transient
stimulated Raman scattering is also discussed. These three nonlinear PDEs belong to a class
of integrable PDEs which are distinguished by the fact that all boundary values appearing
in the representation of the solution are prescribed as boundary conditions. Hence, for this
class of PDEs it is possible to solve initial-boundary value problems without the need to
analyze the associated global relation.






Chapter 15

From Linear to Integrable
Nonlinear PDEs

Let g(x, t) satisfy the linear dispersive PDE

g +iw(=ide)g =0, (15.1a)

where

w(k) isareal polynomial of degree n. (15.1b)

It was indicated in section 1.5.1 of the introduction that starting with (15.1a) it is possible to
construct algorithmically an integrable nonlinear PDE. The four algorithmic steps employed
in this construction which are refereed to as (1)—(4) in Diagram 15.1 will be discussed in

sections 15.1-15.4.

Linear PDE Nonlinear Integrable
PDE
()
Scalar Lax Scalar RH Matrix RH Matrix Lax
Pair 2 Problem 3 Problem 4 Pair
) (3) “4)
Diagram 15.1

15.1 A Lax Pair Formulation

When replacing w(k) by iw(k) in (1.1), we wee that (1.1) becomes (15.1). Hence, when

replacing w (k) by iw(k) in (1.15), (9.12), and (9.14), we obtain the following result.

217
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Proposition 15.1. The function g(x, t) satisfies the linear dispersive evolution PDE
(15.1a) if and only if the following two linear eigenvalue equations for the scalar func-
tion u(x, t, k) are compatible:

ow .
x —ikp =q(x,t), (15.2a)
9 n—1
8—’; +iwop =Y c;0diq0xr, 0, keC, (15.2b)
j=0

where the polynomials {c; (k)}g*1 are defined in terms of w(k) by the identity

Zc, (k)d) = w(k)—lw(l) . (15.3)
I=—i0,

Furthermore, (15.2) can be rewritten in the form

d [e,ikx+iu)(k)ty,(x, t, k)]

o n—1 A (15.4)
= O g(x dx + Y cj(k)d]g(x. tydt |,k eC.

Jj=0

Proof. Differentiating (15.2a) with respect to # and using (15.2b) we find

9% dq
ki v+ X4
prox - l—iwp X1+ o0

where ) denotes the RHS of (15.2b). Similarly, differentiating equation (15.2b) respect to
x and using (15.2a) we find
%
dxot

ad
= —iwliku +ql+ —ZX.
0x

Subtracting the above two equations and using (15.3) we find

% _ 2

= jw(—idy)q. O
drox  axar 4 Tiw(=idg

15.2 A Scalar RH Problem

The Cauchy problem of (15.1a) on the infinite line can be solved in an elementary way
through the Fourier transform in the variable x. In what follows we express this result in
the form of a scalar RH problem.
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Proposition 15.2. Let g(x, ¢) satisfy (15.1a) in {x € R, ¢ > 0} and let g (x, 0) = go(x),
x € R, where go(x) has sufficient smoothness, as well as sufficient decay as |x| — oo.
Then g (x, t) is given by

q(x,t) = —i klim lkp(x,t, k)], xeR, t>0, (15.5)

where u(x, t, k) is the solution of the following scalar RH problem in k € C, for all x € R,
t>0:

R |
P (15.6a)
n=, Imk <0,
1
uw=0 (E) , k— oo, (15.6b)
whOe k) = um(x 1 k) = 0G0k, ke R, (15.6¢)
where go(k) is the Fourier transform of go(x), i.e.,
o0 .
Go(k) = / e ™ go(x)dx, keR. (15.7)
—0o0
Proof. The unique solution of the RH problem (15.6) is given by
1 L dl
wix, t, k) = — ePivbig () ——, ke C\R, xeR, >0. (15.8)
20 J_oo l—k
Equations (15.5) and (15.8) imply
| B
qgx, 1) = 2_/ e=ivbig (hdl, x eR, t>0. (15.9)
T J-co

The RHS of this equation involves (x, ¢) in the exponential form exp[ikx — iw(k)¢], and
hence it immediately follows that g (x, ) satisfies (15.1a). Also, evaluating (15.9) att =0
we find
1 [ .
q(x,0) = —/ e Go(hdl, x eR. (15.10)
27 J_o

This equation implies that g(x, 0) = go(x) provided that one assumes the validity of the
classical Fourier transform result. An alternative derivation of this result is presented in
Example 6.1. This derivation is based on the spectral analysis of the equation

d
%(k, 1) — ikpto(x. 1) = qo(x), keC, x €R,
X

and since g (x) is given, all the steps presented in Example 6.1 of Chapter 6 can be rigorously
justified. a
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15.3 A Matrix RH Problem

It is straightforward to verify that the scalar RH problem satisfying (15.6b) and (15.6¢) can
be rewritten in the following triangular matrix form (see section 1.5.1 of the introduction):

1
M(x,t, k) = diag(1,1) + O <%> . k— oo, (15.11a)

1 eikx—iw(k)téo(k)
M*t(x,t, k) = M~ (x, 1, k) , keR, (15.11b)
0 1

where x € R, ¢t > 0, and M is defined in terms of u by

The 2 x 2 jump matrix appearing in the RHS of (15.11b) has unit determinant. In order
to obtain a genuine—as opposed to a triangular-matrix RH problem, we replace the above
matrix with a full matrix which, however, retains the important property of unit determinant
(so that the relevant RH problem has zero index [17]). Hence, we replace the matrix
appearing in (15.11b) with the following jump matrix:

1 eikxfiw(k)tpl (k)
J(x,t, k)= , (15.12)

e=Tke v oo (k) 1+ py (k) pa (k)

where p;(k) and p,(k) are some functions of k. It was indicated in section 1.5.1 of the
introduction that a 2 x 2 matrix RH problem with the jump matrix J yields a matrix Lax
pair and hence a system of nonlinear PDEs.

15.4 The Dressing Method

The dressing method, in addition to providing an algorithmic way for deriving integrable
nonlinear PDEs, is also important for the rigorous treatment of the solution of initial, as
well as initial-boundary, value problems. In the latter case, the “jump” of the associated
RH problem does not occur across the real line but across a certain curve £ in the complex
k-plane. In anticipation of this application (see Chapter 16), we will implement the dressing
method, assuming that J is defined for k € L.

In sections 15.1-15.3 we have implemented steps (1)—(3) of Diagram 15.1 for the
general equation (15.1a). However, the implementation of step (4) depends on the particular
form of w(k). In what follows, for brevity of presentation we consider the simple case of
w = k2.
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Proposition 15.3  (the NLS equation). Suppose that the oriented smooth curve £ divides
the complex k-plane into the domains D™ and D~, where D7 is to the left of the increasing
direction of L. Let M (x, ¢, k) satisfy the following 2 x 2 matrix RH problem in the complex
k-plane for all (x,1) € Q C R%:

M*. ke DY,
M= € (15.13a)

M-, ke D™,

, 1
M = diag(1,1) + 0 <%) k — oo, (15.13b)
Mt (x,t, k) = M~ (x, t, k)e k5 +2K2003 g () pi kxt 220003 p  po. (15.13¢)
where

o3 = diag(1, —1) (15.14)

and S(k) is a 2 x 2 unimodular matrix with (S);; = 1. Assume that the above RH problem
has a unique solution which is sufficiently smooth for all (x, #) € Q2. Then M satisfies the
following pair of eigenvalue equations for all k € C and (x, 1) € Q:

M, + ik[o3, u] = OM, (15.15a)

M, + 2ik*[o3, u] = 2kQ — i Q03 — i Q*03)M, (15.15b)

where [,] denotes the usual matrix commutator, and the 2 x 2 off-diagonal matrix Q is
defined by
O(x,t) = iklim [os3, kM (x,t, k)]. (15.16)

Furthermore, the matrix-valued function Q(x, ) satisfies the following nonlinear evolution
equation:
i0; — 003 +2Q%3 = 0. (15.17)

Proof. We first note that the jump matrix appearing in the RHS of (15.13c¢) corresponds
to the matrix J defined in (15.12) with w = k2, where for convenience we have replaced k
with —2k.

The main idea of the dressing method is to construct two linear operators L and N
such that (i) LM and N M satisfy the same jump condition as M, and (ii) LM and N M are
of O(1/k) as k — oo. Then, under the assumption that the RH problem defined by (15.13)
has a unique solution, it follows that

LM =0, NM=0. (15.18)

These equations constitute the Lax pair associated with the above RH problem.
In order to construct L we introduce the operator 63 defined by

63M = [o3, M]. (15.19)

Using the identity
¢TA =T Ae™,
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it follows that (15.13c) can be rewritten in the form
Mt = M~ ikt 2085 g1y, (15.20)
This equation immediately implies that M satisfies the equation
{(0x + ik63) M} = {(0 + ikb3) M~ }e K¥+2KD5 gk, (15.21)

as well as a similar equation with the operator 9, +ikd3 replaced by the operator 9, +2ik>53.

Since M satisfies the boundary condition (15.13b), it follows that (9, + ik63) M is of
O(1) as k — oo. Thus, in order to construct an operator L such that LM is of O(1/k) as
k — oo we must subtract Q(x, t)M (note that QM satisfies the same jump condition as
M). Thus, we define L by

LM =M, +iklos, M] — OM. (15.22)
Substituting the asymptotic expansion

MiGe.t)  Ma(x.t ]
‘(/f ) 4 2/(:; )+0(—), k— oo, (1523)

M(x,t, k) =diag(l, 1) +
into (15.22) we find

LM={i[U3,M1]—Q}+O<%>, k — oo0.

Thus, if Q is defined by the equation
Ox, 1) =ifo3, Mi(x,1)], (15.24)
which is (15.16), then LM satisfies the following homogeneous RH problem:

(LM)" = (LM)~ e k2003 g () pi kxt2k21)03
1
LM:O(g), k — oo.

Hence, LM = 0;i.e., M and Q satisfy (15.15a).
The operator (9, + 2i k%63)M is of order O (k); thus we define N by

NM = M, + 2ik*[o3, M] — kA(x, )M — B(x, )M, (15.25)

where A and B are to be determined. Substituting the asymptotic expansion (15.23) into
(15.25), we find

NM =k{2i[0’3, Mz] - A} + {2i[0’3, MQ] - AMI - B} + 0] <%) .

Thus, we define A and B by the equations
A =2ilos, My], (15.26)

and
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B = 2i[o3, My] — AM,. (15.27)
Comparing (15.24) and (15.26) it follows that

A=20. (15.28)

Then (15.27) becomes
B = =2(0M, —i[o3, Ma]). (15.29)

The O (1/k) term in the asymptotic expansion of the equation LM = 0 yields

M, +ilos, Mr] = OM,. (15.30)
Comparing this equation with (15.29) it follows that B = —2M,_, i.e.,

B =—20, [M{O’ + M{m] , (15.31)

where the superscripts refer to the off-diagonal and the diagonal parts of the matrix M|,
respectively. Equation (15.24) implies that

i

MO = 5 Q0s. (15.32)
The diagonal part of (15.30) yields
M = oM = %Q%. (15.33)
Hence, (15.31)—(15.33) imply
B = —i(Q.03 + Q%03). (15.34)

The equation NM = 0, where N is defined by (15.25) and A, B are defined by (15.28),
(15.34), is (15.15b).
The compatibility condition of (15.15) yields (15.17). O

Remark 15.1. Denoting the (1-2) and (2-1) components of Q by g and r, respectively,
and considering the (1-2) and (2-1) components of (15.17), we find (80) of the introduction.
The reduction r = Ag, A = %1, yields the celebrated NLS equation (81).






Chapter 16

Nonlinear Integrable PDEs
on the Half-Line

Let g (x, t) satisfy the linear PDE (1.1) in the half-line, the initial condition g (x, 0) = go(x),
and a set of appropriate boundary conditions at x = 0. Assume that there exists a solution
with appropriate smoothness and decay. Then, by performing the simultaneous spectral
analysis of the associated Lax pair, it is possible to express this solution as an integral in
the complex k-plane in terms of go(k) (the Fourier transform of go(x)) and of g(k) (which
involves transforms of all the boundary values); see (1.16). Furthermore, go(k) and g(k)
can be expressed in terms of ¥ (x, k) and ¢(¢, k), respectively, where these latter functions
are appropriate solutions of the x-part of the Lax pair evaluated at # = 0 and of the ¢-part
of the Lax pair evaluated at x = O (for the particular case of the linear PDE (71), ¥ and ¢
satisfy (86) and (87)). The above integral representation involves the transforms of all the
boundary values {374 (0, z‘)}g_1 ; thus in order for this representation to provide the solution
of a given initial-boundary value problem, it is first necessary to eliminate the unknown
boundary values. This can be achieved by employing the associated global relation.

The situation for nonlinear integrable PDEs is conceptually similar. Before summa-
rizing the main steps needed for the analysis of a nonlinear PDE, we first introduce some
notations.

Notations
* Q={0<x <00,0 <t < T}, T positive finite constant.

o ulx,t, k), (x,1) € Q,k € C, will denote a 2 x 2 matrix-valued sectionally holomor-
phic solution of the associated Lax pair.

* U(x,k), 0 < x < oo, will denote an appropriate solution of the x-part of the Lax
pair evaluated at r = 0.

* ®&(t,k),0 <t < T, will denote an appropriate solution of the 7-part of the Lax pair
evaluated at x = 0.

* go(x) = q(x,0),0 < x < oo, will denote the given initial condition, which will be
assumed to belong to the Schwartz class, i.e., go(x) € S(RT).

225
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* The set of functions {a(k), b(k), A(k), B(k)} will be referred to as the spectral func-
tions.

Let g(x, t) satisfy an integrable nonlinear PDE with spatial derivatives of order up to n.
Suppose that this PDE possesses a 2 x 2 matrix Lax pair formulation. Then, the analysis of
this PDE on the half-line involves the following three steps.

1. Assumethat ¢(x, t) exists.

¢ Direct Problem. Define u(x,t, k) for all k € C in terms of ¢g(x, t) (via a Volterra
integral equation).

* Inverse Problem. Define g (x, t) in terms of the spectral functions (via a 2 x 2 matrix
Reimann-Hilbert (RH) problem), where

{a(k), b(k)} are defined in terms of go(x)(via ¥ (x, k))

and
{A(k), B(k)} are defined in terms of {8){(](0, t)}g_1 (via @ (¢, k)).

* Global Relation. Derive the relation coupling {a(k), b(k), A(k), B(k)}.
2. Assumethat the spectral functions satisfy the global relation.

Define {a(k), b(k)} in terms of go(x) (via W (x, k)) and analyze their properties.

Define {A(k), B(k)} in terms of {g; (t)}gf1 (via ® (¢, k)) and analyze their properties.

Define g (x, t) in terms of {a(k), b(k), A(k), B(k)} via an RH problem and prove that
q(x, 1) solves the given nonlinear PDE; furthermore prove that

q(x,0) = qo(x); d/q0,1)=g;(t), j=0,1,....n—1.

3. TheAnalysis of the Global Relation.

Given a subset of the functions {8,{ q(0, t)}g_l, determine {A(k), B(k)} by employing the
global relation.

In sections 16.1 and 16.2 we will implement the first two steps for the nonlinear
Schrodinger (NLS) and to the following equations respectively: the sine-Gordon (sG),
the modified Korteweg—de Vries (KdV), and the KdV equations. The third step for these
equations will be discussed in Chapters 17 and 18.

16.1 The NLS Equation

The NLS equation (81) admits the following Lax pair formulation:

Iy + iklos, 1l = Q(x, D, (16.1a)
e+ 2ik* o3, 1] = Qx, t, k), (16.1b)
where o3 = diag(1, —1),
0 q(x,1) ~ . SRR
O(x, 1) = . 0, t,k) =2kQ — Q.03 — irlgl*os. (16.2)

AG(x,t) O
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16.1.1. Assume That q(x,t) Exists

Assuming that g (x, ¢) is known, equations (16.1) can be considered as fwo equations for
the single function w(x, t, k). These two equations are compatible provided that g (x, t)
satisfies the NLS equation (81). Indeed, computing u,, from (16.1a) and u,, from (16.1b),
it can be shown that u,, = .y, provided that g (x, ¢) solves the NLS.

Let 63 denote the commutator with respect to o3; then if A is a 2 x 2 matrix, the
expression (exp 63)A takes a simple form:

53A = [03, Al, P A =e"Ae™ . (16.3)
Equations (16.1) can be rewritten as the following single equation:
d (e“k*‘“kz”‘”’a (x, 1, k)) =W, 1, k), (16.4)
where the exact 1-form W is defined by
W = ! ®& 20550 dx + Qudt). (16.5)

The advantage of this formalism is that it provides a straightforward way for obtaining an
expression for u(x, t, k) using the fundamental theorem of calculus; see Chapter 10.

16.1.1.1 The Direct Problem

We will construct a sectionally holomorphic solution w in terms of g (x, t). Assuming that
the function ¢ (x, 7) has sufficient smoothness and decay, a solution of (16.4) is given by

(x,1)

i, t, k) =1 +/ ¢TG£ 1 k), (16.6)

(xj,15)

where I is the 2 x 2 identity matrix, (x;, ;) is an arbitrary point in the domain 0 < § < oo,
0 < v < T, and the integral is over a piecewise smooth curve from (x;, ;) to (x,1).
Since the 1-form W is exact, u; is independent of the path of integration. The analyticity
properties of u; with respect to k depend on the choice of (x;, ¢;). It was shown in [22] that
for a polygonal domain there exists a canonical way of choosing the points (x;, #;), namely
they are the corners of the associated polygon. Thus, we define three different solutions
W1, U2, 13, corresponding to (0, 7'), (0, 0), (oo, t); see Figure 10.1. Also we choose the
particular contours shown in Figure 10.1.
This choice implies the following inequalities on the contours:

mr 2 E—x=<0, T—1>0,

Mo @ §—x<=0, T—1=<0,
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Using the identity
e @ 0 A Anp e 0
e—a&gA — 799 %03 —
0 e“ Ay Ap 0 e™@
Ay e ®Ap
2a
e A Ax

it follows that the second column of the matrix equation (16.6) involves exp[2ik(§ — x) +
4ik*(t — 1)]. Using the above inequalities it follows that this exponential is bounded in the
following domains of the complex k-plane:

[T {Imk <0NImk? >0},
Wy {Imk <0NImk? <0},
w3 - {Im k > 0}.

Thus the second column vectors of w, (o, and w3 are bounded and analytic for arg k
in (7,37 /2), 3m/2,2m), and (0, ), respectively. We will denote these vectors with
superscripts (3), (4), and (12) to indicate that they are bounded and analytic in the third
quadrant, fourth quadrant, and the upper half of the complex k-plane, respectively. Similar
conditions are valid for the first column vectors; thus
k) = @), e k) = @ ush, etk = WS, p).
(16.7)

For T finite, the functions 1| and u, are entire functions of k.

Equation (16.6) and integration by parts imply that in the domains where {;} are
bounded, the following estimate is valid:

1
/Lj(x,t,k)zl—i-O(z), k— oo, j=1,2,3. (16.8)

The 2 x 2 matrix x consisting of the collection of the functions {1, }3 provides the solution of
the direct problem. Indeed, in each quadrant of the complex k-plane there exist two column
vectors which are bounded and analytic. In the first, second, third, and fourth quadrants
these vectors are, respectively,

1 12 2 12 34 3 34 4
(5 (1212 (. ) (5. 7).

16.1.1.2 The Inverse Problem

Equations (16.6) and (16.7) define p in terms of g. Now, by exploiting the analytic depen-
dence of u on k, we will express w in terms of the spectral functions. This will be achieved
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by formulating an RH problem. In order to formulate this RH problem, we need to compute
the “jumps” across the real and the imaginary k-axis of the vectors appearing in (16.7). It
turns out that the relevant jump matrices can be uniquely defined in terms of the following
2 x 2 matrix-valued functions:

s(k) = u3(0,0,k) and S(k) = [e¥*'T% 1u,(0, T, k)" (16.9)

This is a direct consequence of the fact that any two solutions of (16.6) are simply related.
For example,

13 (x, 1, k) = palx, 1, k)e " ® 205 00,0, k). (16.10)
Similarly,
(1 (x, 1, k) = po(x, 1, k)e BHRME [ 2R T6 o T k]! (16.11)

The functions s(k) and S(k) follow from the evaluations at x = O and t = T,
respectively, of the function wu3(x, 0, k) and of u,(0,¢, k). These functions satisfy the
following linear integral equations:

X
w3(x,0,k) =1+ / M ETI%(0Ous)(E, 0, k) dE, (16.12)
o0
! .12 ~ ~
20,1, k) =1 + f F 0% (Qps) (0, T, k) dr. (16.13)
0

The matrix-valued function S (k) can be alternatively defined through the equation
S(k) = 111(0, 0, k);

this definition is more convenient in the case when 7 = oo.

The Spectral Functions

The entries of the matrices s(k) and S(k) are not independent. This is a consequence not
only of the fact that each of the matrices {u j}f has a unit determinant, but also of the fact

that Q satisfies the symmetry condition (Q),; = A(Q)2. Indeed, the fact that Q and 0 are
traceless, together with (16.8), implies det 1 (x, ¢,k) =1, j = 1,2, 3. Thus

dets(k) =det S(k) = 1. (16.14)
The symmetry properties of Q and 0 imply
(wCe, k) = (RO 1, 00)a, (w1 k) = A, 1,0,
and thus

s11(k) = s02(k), s21(k) = Asia(k), Si1(k) = Sn(k), Sai(k) = ASia(k).



230 Chapter 16. Nonlinear Integrable PDEs on the Half-Line

These equations justify the following notation for s and S:

atk) bk Ak Bk
sky=| , Skhy=| ) (16.15)
rb(k) ak) AB(k) A(k)

The definitions of 1, (0, ¢, k), j = 1,2, and of u>(x, 0, k) imply that the spectral functions
have larger domains of boundedness, namely,

1010, 1, k) :( @90, 1, k), w0, 1, k)) (16.162)
115(0, £, k) =( 190, 1, k), u(24)(0,t,k)), (16.16b)
1o (x, 0, k) =( 02,0, k), S (x, 0, k)). (16.16¢)

The definitions of s(k), S(k) and the notations (16.15) imply

b(k) > —e~4KT B(k) 09
= 10,0, k), - 0, T, k), (16.17)
a(k) A(k)

where the vectors u3 )(x 0, k) and M(24) (0, ¢, k) satisty the following ODE:s:

1 0
depty? (x, 0, k) + 2ik u§? (x, 0,k) = Q(x, 0)uy'? (x, 0, k),
0 0

O<argk<m 0<x < oo, (16.18)
0

lim uglz)(x,O, k) = ,

X—>00 1

10
30,1, k) + 4ik? 1S, 1, k) = 00,1, k)0, 1, k),
0 0
argk € [r/2, m]U[37/2,27], 0 <t < T, (16.19)
10,0, k) =

The above definitions imply the following properties.
a(k) and b(k)

a(k), b(k) are defined and analytic for argk € (0, 7).



16.1. The NLS Equation 231

la(o))? — Ab())? = 1,k € R.
atky=1+0 (%) , bk)y=0 (%) . k— 0. (16.20)
A(k) and B(k)

A(k), B(k) are entire functions bounded for arg k € [0, %]U[JT, 37”]. If T = o0, the functions
A(k) and B(k) are defined and analytic in the quadrants argk € (0, 5) U (, 37y,

A()AK) — AB)B(K) =1, k € C (k e RUIR, if T = o0).

1 e4ik2T 1 e4i1<2T
A<k>=1+o<z>+o —). B(k)=0(;>+0 ). ke

(16.21)

All of the above properties, except for the property that B(k) is bounded for argk €

[0, 7 /2]U[r, 37 /2], follow from the analyticity and boundedness of p3(x, 0, k), 12(0, t, k),

from the conditions of unit determinant, and from the large k asymptotics of these eigen-
functions. Regarding B(k) we note that B(k) = B(T, k), where

B(1, k) = — exp(4ik*1) (Mf“)(o, ‘, k))
1
and the subscript (1) denotes the first component of the vector /,L;M). Equations (16.19)

imply a linear Volterra integral equation for the vector exp(4ik2t)u;24) (0, t, k), from which
it immediately follows that B(z, k) is an entire function of k bounded for arg k € [0, 7 /2] U
[, 37 /2].

The RH Problem
Equations (16.10) and (16.11) can be rewritten in the form expressing the jump condition

of a2 x 2 RH problem. This involves tedious but straightforward algebraic manipulations,
which will be presented in section 16.2. The final form is

M_(x,t,k) =My(x,t,k)J(x,t,k), keRUIR, (16.22)

where the matrices M_, M, and J are defined as follows:

)
My (12) [ ”].
M, =——, , k 0, —|;
+ (a(k) M3 ) argr € 2

(16.23)
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D,

Ji

D,

I

D5

Jy

D,

J3

Figure 16.1. The contour for the RH problem for the NLS.

dk) = a(k)A(k) — Ab(k)B(k); (16.24)
Ja, argk = 0,
Ji, k=Z,
Ttk =1" L EEES (16.25)
J2=J3J4 J], argk:n,
J3, argk = 37”;
with
1 0 1 —y (ke 2
Ji = , Ja= ,
Tk)ed? 1 A7 (k)e2? 1 —Aly k)2
_ (16.26)
1 —ADl(k)e 2
J3 = ;
0 1
b(k) AB(k) s
O(x,1,k) =kx +2k*t; y(k)=——, keR;, T'(k)=———"—, ke R-UIR".
(x,t,k) =kx + y (k) P € (k) 2 od® € i
(16.27)

The contour for this RH problem is depicted in Figure 16.1.

The matrix M (x, ¢, k) defined by (16.23) is in general a meromorphic function of k
in C\ {R UiR}. The possible poles of M are generated by the zeros of a (k) and d (k) and
by the complex conjugate of these zeros.

We will make the following assumptions regarding these zeros.

1. a(k) has n simple zeros {k;}|, n = n| + ny, where argk; € (0, %),j =1,...,ny;
argkj € (%,J‘[),j =n + 1,...,]’11 + no,.

2. d(k) has A simple zeros {)L_i}A, where arg A ; € (%, m),j=1,..., A.

3. None of the zeros of a(k) for argk € (£, ) coincides with a zero for d (k).
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In order to evaluate the associated residues we introduce the following notation:
[A]; (resp., [A]>) denote the first (resp., second) column of A and a(k) = Z—Z.

The following formulae are valid:

Res
ki IM(x,t,k)]) = ————* [ M(x, 1.k, j=1,...,n1, 16.28
i (M(x,t, )] d(kj)b(kj)e [M(x,t,kjla, j n ( a)
Res _
ki (M(x,t,k)]y = ————e 2 ) [ M(x,t,k)), j=1,....,n;, (16.28b)
! a(k;)b(k)) !
Res )\B()_\j) 200, .
A [M(x,t, k)] = ——Z2—eH9MD [ M(x, 1, 2))]a, =1,...,A, 16.28¢
j M(x,t, k)] a(/\j)d(xj)e [M(x D ( )
l}es BXA L= _
A IM(x,t, k)] = _(—_;’)e—zlmﬂ[M(x,r,x,-)]l, i=L...,A,  (16.28d)
a(rj)d(rj)
where
0(k;) = kjx + 2k3t. (16.29)

In order to derive (16.28a) we note that the second column of (16.10) is
1?2 = ap®  buVe 2.

Recalling that 45 is an entire function and evaluating this equationatk = k;, j =1, ..., ny,
we find

w8 k) = (ke 060 1 k),

where for simplicity of notation we have suppressed the x, r dependence. Thus

R, = ) _ s k)
! a(k;) atkpbk;)

which is (16.28a), since 11$'? (k;) = [M1,(k;).
In order to derive (16.28c) we note that the first column of the equation M_ = M, J;
yields
auiz) _ dug) n ABeZi(’/,Lglz),
Evaluating this equation at k = A ; (each term has an analytic continuation into the second
quadrant) and using
(@)
Res i () 12)
My =B M, =
P T0) =

3

we find (16.28¢).
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Remarks 16.1. 1. The column [u3(x, 0, k;)], is a nontrivial vector solution of (16.1a)
evaluated at# = 0. Therefore, a(k) and b(k) cannot have common zeros, and hence b(k ;) #
0. Similar arguments together with the third assumption above imply that B ()_Lj) # 0.

2. By extending go(x) to the whole axis, go(x) = 0, x < 0, we can identify the set
{k;}| of zeros of a(k) as the discrete spectrum of the Dirac operator associated with the NLS
equation considered on the whole axis. If A = 1, this operator is self-adjoint. This implies
that the set {k;}] is empty when A = 1. However, we do not have a similar argument for
the function d(k). Therefore, in order to ensure the solvability of the RH problem in the
defocusing case we shall assume that d(k) has no zeros if A = 1. The asymptotic analysis
of the RH problem (16.22) in the defocusing case suggests that this problem has no solution
if d (k) has zeros. Thus, we conjecture that solitons do not exist for A = 1.

q(x, t) in Terms of the Spectral Functions

In order to rewrite the jump condition (16.22) in a more convenient form, we introduce the
matrix J such that J = I + J, i.e., we define the matrices {J }4 as follows:

) 0 0 [ —MyP+ICAH+Ty+T7 (y—aDe"
Ji = ,Jh = s
re%? 0 (' — Ap)e* 0
0 —ale 20 0 _y672i9
J3 = , Jy= . (16.30)
0 0 rper?  —Aly)?

Replacing J by I + J in (16.22), we find
My —M_=-M,J, keRUIR. (16.31a)
This equation, together with the estimate
1
M=I+O<%>, k — o0, (16.31b)
implies
1 - di )
Mx,t,k)y=1— — M+(x,t,l)J(x,t,l)m, k e C\RUIR. (16.32)

2w Jruir

The large-k asymptotics of this equation implies

M (x, 1) 1
M(x,t,k)=I+T+O Z ) k — oo, (16.33a)
where :
Mi(x,t) = — (M J)(x,t, k)dk. (16.33b)

2im Jruir
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(D= UDn=0

()12 = (y — AD)e 27 (J)p = iye2®

-¢ L

()2 =0 (Jo)m = —Aly[?

(J3)1p = —ALe ™20
(J3)n =0

Figure 16.2. The entries of{f}‘l‘.

Substituting the RHS of (16.33a) in the x-part of the Lax pair, i.e., in (16.1a), we find

0 =ilo3, My];
hence,
1 -
q(x,t) =2i(M(x,1)12 = —/ (M J)(x,t, k)dk.
T JRUIR
Using

(MyJ)ia = (M) + (M) 1ndan,

as well as the expressions for J; 12 and f22 defined by (16.30), we find the following expression
for g (see Figure 16.2):

1 o0 . o0
q(x,t)=—;{/ <M+)u(x,r,kw(k)e—z”’dkﬂf (M), 1, )y (0)2dk
oo 0

+,\/ (M+)”(x,z,k)ﬁe2i9dk}, (x, 1) € Q, (16.34)
dD3

where d D3 denotes the oriented boundary of the third quadrant of the complex k-plane.
Equation (16.34) with A = 1is (92).

16.1.1.3 The Global Relation
Evaluating (16.10) at x = 0, t = T and using (16.9), we find
M3(01 T, k) — (e—2ik2T53s—l (k)) (e—ZiszﬁSS(k)) .

Multiplying this equation by exp[2ik>T &3] and using the definition of 13(x, ¢, k), the above
equation becomes

—I + S(k)""s(k) + €2k To /OO M (Qus3)(E, T, k)de = 0. (16.35)
0
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The (1-2) component of this equation yields the following global relation:
B(ka(k) — A()b(k) = e“*' Tt (k), argk € [0, 7], (16.36)

where o
(k) = f Mg, TY(a)nE, T, k)dk. (16.37)
0

Remark 16.2 (the linear limit). Letting g = ev + 0(g?) it follows that as ¢ — 0, v
satisfies the linear PDE (72). The solution of this linear PDE can be expressed in the form
(83); replacing k by —2k in this equation we find that for (x, ) € 2, v(x, ¢) is given by

1 [~ . 1 .
v(x, 1) = — / e 2050 (k)dk + — / e 205 (k)dk, (16.38a)
T J_ T D

o0

where 6 is as defined in (16.27), d D3 denotes the oriented boundary of the third quadrant
of the complex k-plane, and the functions vy, v are defined as follows (see (8) and (84)):

o0
Do (k) = / 2 yo(x)dx, Imk >0, (16.38b)
0

T
v(k) = f %5 [iv, (0, 5) + 2kv(0, 5)1ds, k e C, (16.38¢)
0
with vo(x) = v(x, 0). Furthermore, the global relation becomes
Bo(k) — v(k) = 4 FT et k), Tmk > 0. (16.38d)

We will now show that the formulae for the solution of the NLS reduce in the linear
limit to (16.38). Indeed, the definitions of {;Lj}f imply that if ¢ ~ ev, then {,u,j}? ~ 1.
Hence the definitions of s(k) and S(k), i.e., equations (16.9), imply that as ¢ — 0,

sthy=1— s/we"kf&w(g, 0)d& + O (&%),
0

T
S'ky=1+ s/ 2R (0, T)dT + 0(2),
0

where U and U denote the expressions obtained from Q and QO after replacing g with v.
Using the notations (16.15) for s and S, as well as the definitions for Q and Q, i.e., (16.2),
we find that as ¢ — O,

a(k) =1+0(e), Ak +140(e), blk) = —do(k)+0(e?), Blk) = —si(k)+ O(&?).
(16.39)
Hence, the definitions of y (k) and I"(k), as ¢ — 0, imply

v (k) = —eto(k) + O(e?), AL(k) = ed(k) + O(e?).

Substituting these expressions, as well as the estimate M = I + O(e), in (16.34) and
comparing the resulting equation with (16.38a), we find

g(x,1) =ev(x, 1)+ O().
Furthermore, the O (¢) term of (16.36) yields (16.38d).
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Remark 16.3 (asymptotics). The formalism presented earlier has the following two ap-
parent disadvantages: (a) It is based on the a priori assumption of existence, and (b) it
yields a formula for g (x, t) which (via the spectral functions) depends on go(x) as well as
on both ¢ (0, t) and ¢, (0, t), while only one of these functions (or their combination) can
be prescribed as a boundary condition. However, regarding (a) we note that the assumption
of existence can be eliminated by employing standard PDE techniques. For example, for
the case that g (0, ¢) is prescribed, global well-posedness is established in [98] (for the KdV
see [99], [100], [101]). Regarding (b) we note that the most important contribution of the
analytical formalism of integrable evolution PDEs is the use of the exact formulae for the
derivation of certain asymptotic formulae. For example, in the case of the initial-value
problem of the NLS, the relevant analytical formalism yields explicit formulae for both the
long-time asymptotics [102] and for the semiclassical limit [103] (for the KdV see [104],
[69]). The derivation of these important formulae is based on the fact that the solution
q(x,t) can be expressed through the solution of a matrix RH problem which involves a
jump with explicit (x, #) dependence of the form exp[2i0]. Equation (16.34) shows that the
new transform method applied to nonlinear integrable PDEs on the half-line, just like the
case of the initial-value problems, also yields g (x, ¢) through the solution of a matrix RH
problem with explicit (x, #) dependence of the form exp[2i6]; see equations (16.22)—(16.27)
(the fact that the jump occurs on a more complicated contour does not impose any serious
difficulties). Hence, it is still possible using this RH problem to obtain explicit asymptotic
formulae for both the long-time asymptotics [64] and the semiclassical limit [71]. The only
difference is that, while these asymptotic formulae involve the spectral functions explicitly,
some of the functions, namely A(k) and B(k), cannot in general be determined explicitly
in terms of the given boundary conditions. This difficulty will be addressed in Chapter
18. Here we only note that there exist some particular boundary conditions for which it is
possible to determine A (k) and B(k) explicitly; such boundary conditions, which will be
referred to as linearizable, will be discussed in Chapter 17.

16.1.2. Assume That the Spectral Functions Satisfy the Global
Relation

The analysis of section 16.1.1 motivates the following definitions for the spectral functions.

Definition 16.1 (the spectral functions a(k) and b(k)). Given go(x) € S(RT), we define
the map
S :{qo(x)} = {a(k), b(k)} (16.40)

as follows:
a(k) = ¢(0, k), b(k) = ¢1(0, k), Imk >0, (16.41)

where the vector ¢(x, k) = (¢1, ) is the unique solution of

@1, + 2ikpr = qo(x) g2,
02, = Ago(x)¢1, Imk >0, 0<x < o0, (16.42)

lim, 00 @ = (0, 1).
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The functions a and b are well defined, since equations (16.42) are equivalent to the
vector Volterra linear integral equation,

o0
P1(x, k) = — / e 2R g0 (M@a (v, k)dy, (16.43a)
o0
or(x, k) =1—1 / Goe1(y, k)dy, Imk > 0. (16.43b)

Proposition 16.1 (properties of a(k) and b(k)). The spectral functions a(k) and b(k)
defined by (16.41) have the following properties:

(i) a(k) and b(k) are analytic for Im k£ > 0 and continuous and bounded for Im k£ > 0.
(i) a(k) =1+ 0(}), blk) = 0(}), k — oo.
(i) |ak))? —ArlbR))> =1, k e R.

(iv) The map
Q :{a(k), b(k)} — {qo(k)},

which is inverse to S, is defined as follows:

go(x) = 2i klim (kM (x, k)12, (16.44)
—00

where M™ (x, k) is the unique solution of the following RH problem:

MY (x, k), Imk <0,

MY (x, k) = 16.45a
(x. &) M (x, k), Imk >0, ( )
is a sectionally meromorphic function.
MO (x, k) = MO (x, )T D (x, k), k eR, (16.45b)
where
R
JO(x, k) = a(k) (16.45¢)
Mezikx 1
a(k) lal?
1
MO (x, k) =1+ O(E), k — oo. (16.45d)
* We assume that if A = —1, a(k) can have at most n simple zeros {k;}, n =
ny + ny, where argk; € (0, %),j =1,...,n; argk; € (%,n),j =n; +

1,...,n; +ns.
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o If A = —1, the first column of M(f) can have simple poles at k = k;, j =
1,...,n, and the second column of M® can have simple poles at k = k; s

where {k;}| are the simple zeros of a(k), Im k > 0. The associated residues
are given by

Res 2ikjx
. (x) — MW .
kj [M™(x, k)i = c‘z(kj)b(kj)[M (x, kj)]a,
w e (16.45¢)
ki MY, 0] = ————[MD (x, k)]
il (x, k)12 éz(kj)b(k_,-)[ (x, k)

W) S'=Q.

Proof. Properties (i)-(iii) follow from Definition 16.1. In order to derive properties (iv)
and (v) we define the vector function ¥ (x, k) = (¥, ¥») as the unique solution of the
following problem:

Yix = qo(x)¥a,
Yox — 2ikyr = Ago(x)Y1, 0 <x <oo, keC,

¥(0,k) = (1,0).

Note that the vector  satisfies the vector linear Volterra equation

Vi(x, k) =1 +[0 qoMV2(y, k)dy,

X
Yo (x, k) = 2 / I Go(Y (v, k)dy. k € C.
0
‘We introduce the notations

0" k) = (0200 0. 201 D). YTk = (Yol B A (e D) ).

Let u3(x, k) and uo(x, k) be defined by
e ) = (97 0, 0, 0)) e k) = (W 0,29 @ 0).
These functions satisfy the matrix equation

0 q
px + iklos, u] = 72 (16.46)
Aqo O

This in turn implies that the above vectors are simply related, namely

(<p*(x, k), o(x, k)) = (w(x, k), M (x, k))e*"’“&ss(k), k eR. (16.47)



240 Chapter 16. Nonlinear Integrable PDEs on the Half-Line

Let
)\’ *
MY = (<p*, _w_ ) Imk <0,
a(k)
’ (16.48)
MY =(—,¢), Imk=>0.
+ (a(k) (”) =
Equation (16.47) can be rewritten as
MP (x, k) = MO (x, k)T (x, k), keR, (16.49)

where J® (x, k) is the jump matrix defined by (16.45¢). Furthermore, M) satisfies the
RH problem defined in (16.45). Indeed, we need only prove the residue conditions at the
possible simple zeros {k;}} of a(k). To this end we note that in virtue of (16.47) the following
equation is valid:

¢ = b(k)e 2y + a(k)ry*. (16.50)

The function v and hence the function y* are entire functions of k. Therefore, we can
evaluate (16.50) at k = k;. This yields the relation

9, k) = ¥ (. kyblkj)e 2%,
or, taking into account the definition (16.48) of the function M ™ (x, k), we find the following
residue condition:
2ikjx

Resy, [M™ (x, k)], = AEIBED
J J

(M (x, kj)]a.

The residue condition at k = k ; can be derived similarly.
Substituting the asymptotic expansion

) _ my(x) 1
Mx(ka)_[+ k +0 ﬁ ) k_)oos

into (16.46) we find

Go(x) = 2i <m1 (x))12 =2 lim (ka(x, k))lz. (16.51)

Our next task is to show that this relation defines the map
Q :{all), b(k)} = {q0(x)},
which is inverse to the map
St {go(x)} > {a(k), b(k)}.

In more detail this problem can be formulated as follows. Given {a(k), b(k)}, construct
the jump matrix J® (x, k) according to (16.45¢c) and define the RH problem by (16.45).
Let go(x) be the function defined by (16.51) in terms of the solution M® (x, k) of this RH
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problem. Denote by {ag(k), bo(k)} the spectral data corresponding to go(x). We must show
that

ap(k) =a(k) and by(k) = b(k). (16.52)

Using the standard arguments of the dressing method (see Chapter 15), it is straightfor-
ward to prove that M™¥ (x, k) satisfies (16.46) with the function go(x) defined by (16.51).
This means in particular that the matrix solution us(x, k), k € R, corresponding to the
function g (x) is given by the equation

ws(x, k) = MY (x, ke e C k), k eR, (16.53)

for some matrix C (k). This matrix does not depend on x and hence can be evaluated by
letting x — oo in (16.53).

It follows from the theory of the inverse scattering problem for the Dirac equation
(16.46) (see, e.g., [125], or from the direct use of the nonlinear steepest descent method,
[67]) that under the usual assumptions on the RH data {a(k), b(k)} the following estimate
holds:

1 0
MY (e k) = +o(l), x—>oo, keR.
Ab(k) 2ikx |
) €

Since 3 — I as x — o0, it follows that

1 0
Ci(k) = . (16.54)
Ab(k) 1
a(k)

Equations (16.53) and (16.54) imply that the scattering data

ag(k)  bo(k)
so(k) = ) = 13(0, k)
Abo(k) ap(k)

corresponding to the function go(x) defined in (16.51) are given by the equation

- 1 0
so(k) = M (0, k) _
Ab(k)
a(k)

If x = 0 (in fact, for all x < 0), the above RH problem can be solved explicitly. Indeed,

1 —% atk) —bk) ak)y 0
I, k) = ] =

Ab(k) 1 1 A 1

w®  TF 0 @ Ak 7w
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Using the fact that the residue conditions are satisfied, this implies

L b(k)
MO0, 0= ,
0 a(k)
and hence
$ b(k) 1 0 ak) bk
so(k) = ) = =s(k),
Ab(k T
0 ak) a(<k; 1 rb(k)  a(k)
i.e., (16.52) follows. O

Remark 16.4. The properties of a(k) and b(k) imply that a(k) can be expressed in terms
of b(k). Indeed, if a(k) # 0, for Im k > 0, then

1 & dk’
a(k) = exp {2—/ In(1 + )\|b(k’)|2)/—} , Imk>0. (16.55)
i J o k' —k

Also, the upper half plane analyticity of b(k) implies that
o0 A~ .
bk) = / b(s)e'*ds,
0

where b(s) is a complex-valued function of Schwartz type on R* (if the same behavior is
assumed for go(x)). Thus, if a(k) # 0, the maps S and Q define the bijection
qo(x) <— b(k). (16.56)

If A = —1 and a(k) has zeros, the equation for a (k) must be replaced by

dk’
k' —k

at) =[] 55l exp {i. foo In(l + AbK)I?)

5 }, Imk > 0,
j=1k_kj Tl

and a discrete component {k;} must be added to the RHS of (16.56).
Definition 16.2 (the spectral functions A(k) and B(k)). Let

i 0 g 0 a® ,
Ot k) = 2k —i o3 —iklgo() o3, A= El.

Ag() 0 rgit) 0
(16.57)
Let go(¢) and g (#) be smooth functions. The map

S {go(0), g1(1)} — {A(k), B(k)} (16.58)
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is defined as follows:

_e—4ik2TB(k)
- =®(T, k), keC, (16.59)
Ak)
where the vector © (¢, k) = (®;, P,) is the unique solution of
Oy, + 4ik’D, = 011® + 01, P,
®y = 0y @+ O0ndy, 0<t<T, keC, (16.60)
@0, k) =(0,1).

The functions A (k) and B(k) are well defined, since equations (16.60) are equivalent
to the linear vector Volterra integral equation

t
@, (t, k) :/ R (51 Dy + 01, Dy) (1, k)dT, k eC, (16.61a)
0

D, (1,k) = 1 +/ (021®1 + 020 ®)(z, k)dr, ke C. (16.61b)
0

If T = oo, we assume that the functions go(¢) and g, (¢) belong to S(R), and we
use an alternative definition of the spectral functions A (k) and B(k) based on the solution
u1(0, t, k); namely we let

B(k)
A(k)

=®(0,k), Imk*>0,

where the vector ®(z, k) = (b, ®,) is the unique solution of
cf’1, +4ik*®; = 011 P + 012 ds,
), = 0P + 00n®, >0, Imk>>0,
lim ®(t, k) = (0, 1).
=00

I~n the case of T < o0, this definition is equivalent to (16.59). The functions él(t, k) and
@, (¢, k) satisfy the linear vector Volterra integral equation

o0
D (t, k) = —/ €_4ik2(l_T)(Q11q>1 + Q12®,) (7, k)dr,
t

Oyt k) =1— f (021D + 00 ®y)(1, k)dr.

Therefore, in the case of T = oo the spectral functions A (k) and B(k) are well defined and
analytic only for argk € [0, 7] U [, 37”].
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Proposition 16.2 (properties of A(k) and B(k)). The spectral functions A(k) and B(k)
defined above have the following properties:

(i) A(k), B(k) are entire functions bounded for k in the first and third quadrants, i.e.,

argk € [0, %] U [m, 37”]. If T = oo, the functions A (k) and B(k) are defined only for
k in these quadrants.

- 1 e4ik2T 1 e4ik2T
(11)A(k):1+0<%>+0 k ,B(k):O(z)—i—O 3 , k — oo.

(iii) A)AK) —ABK)BK) =1, ke C (k e RUIR,if T = 00).

(iv) The map
Q: {A(k), B(k)} — {go(1), g1(1)},

which is inverse to ’SV, is defined as follows:

go(t) = 20 lime oo (kMO "))12’

21(6) = limg_ o [4(k2M(’)(t, k))12 + Zigo(t)k<M(’)(t, k))zz] ,

(16.62)

where M® (¢, k) is the unique solution of the following RH problem:

MV, k), argk € [0, 21U [x, 3],
MOc k=4 © 2 2 (16.63a)
MO, k), argk € [Z,m1U[E, 27],

is a sectionally meromorphic function.

MOt k) =MD, kIO, k), keRUIR, (16.63b)
where
1 _B&) ,—4ik’

JOu k=1 __ A0 . (16.63¢)

1B(K) ik’ L

A(k) Ak)AK)

[ ]
1

MOt k)y=1+0 <%) .k — oo. (16.63d)

o We assume that A (k) can have at most N simple zeros {K ; W, argK; € (0, 5)U
(m, 3&). The first column of MJ(:) (t, k) can have simple poles at k = K,
j =1,..., N, and the second column of Mi')(t, k) can have simple poles at
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k = If'j, where {Kj}N are the simple zeros of A(k), argk € (0, 5) U (7, 37y,
The associated residues are given by

Res exp[4i K2¢]

K; MO0 0] = o L (MO K, =1, N,
A(K))B(K;)

Res xexp[—4i K1) _

K MO 0] = o i 0 Ryl j=1.....N.
A(K;)B(K))

(16.63¢)
™) S =0Q.

Proof. Properties (i)-(iii) follow from Definition 16.2. In order to derive properties (iv)
and (v) we define the vector function W(x, k) = (¥, W;) as the unique solution of the
following problem:

vy, = 0¥ + 0¥y,

Uy, — 4ik* W,y = 001 + 0o, 0<t<T, keC,
W(T, k) = (1,0),

where Q(t, k) is as defined by (16.57). The vector W satisfies the linear vector Volterra
equation

Wi, k) =1 +/ (OnVY) + 01n¥)(r, k)dr,
T

t
W (1, k) = / D (5 W)+ GapWa) (T, K)dT.
T

We introduce the notations

d*(t, k) = (cpz(t, k), A Dy (1, 12)), WH(t, k) = (\Ilz(t, k), A (1, 12)).
Let 1 and u, be defined by
1t k) = (\If(t,k), w*(z,k)), [t k) = (d)*(t,k), @(t,k)).
These functions satisfy the matrix equation

e + 2ik* o3, 1] = Q(t, k). (16.64)

This in turn implies that
(@*(r, k), (1, k)) - (‘-Il(t, k), Az, k))e—ZikZ’&BS(k), keRUIR.  (16.65)

Let

W _ [ ar A"
M =", — ), argke([n/2,n]VU[37/2,2n],
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v
Mﬁr’) =—,®), argke[0,n/2]U][n, 37/2]. (16.66)
A(k)
Equation (16.65) can be rewritten as
MO, k) =MD, kI, k), keRUIR, (16.67)

where J(t, k) is the jump matrix defined in (16.63c). Furthermore, M") satisfies the
RH problem defined in (16.63). Indeed, as in the x-case, we need only prove the residue
conditions at the possible simple zeros {K j}zlv of A(k). The proof is the same as in the case
of the function M® (x, k).

Substituting the asymptotic expansion

) _ my(t) ma(t) 1
M’(t,k)_1+T+ 2 +0 =) k — oo,

into (16.64) we find the relations

go(t) = 2i (m] (t))12 = 2i lim (kM(’)(t, k))lz, (16.68)

g10) = 4(ma) _+2igo)(mi0))
(16.69)

= lim {4(k2M(’)(t, k))12 + 2igo(t)k<M(’)(t, k))zz} .

We will show that these relations define the map
Q: AW, BR)) = (80(0). g1(D)},
which is inverse to the map
St {80, 810} > (AK), BK)).
Similarly with the x-case, we have to prove that
Ap(k) = A(k) and By(k) = B(k), (16.70)

where the LHS is the spectral data corresponding to go(#) and g;(z). We follow precisely
the same procedure as the one used for the x-problem: By employing the dressing method
it follows that if M¥ (¢, k) is the solution of the RH problem, then it satisfies (16.64) with
the functions go(¢)and g;(¢) defined by (16.68) and (16.69). This means, in particular, that
the matrix solution w(z, k), with k € C (we assume that 7 < o0) corresponding to the
functions go(#) and g;(¢), is given by the equation

pi(t k) = MO, ke D, k), keC, (16.71)

for some matrix D (k). This matrix does not depend on ¢ and hence can be evaluated by
letting ¢t = T in (16.71).
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For all ¢, the jump matrix J (¢, k) can be factorized as

1 0 1 B ik
JO@ k) = Al . (16.72)

AB(R) 4ik%t
Tk)e ! 1 O 1

Using the asymptotic form of A (k) and B(k) as k — oo, it follows that

AB(k) yior n 3

T o0 koo, ake [0, 5] JEESE (16.73)
and

Bk 3

;_)e_‘“w -0, k— oo, argke [z, n] U |:—7T, 271] . (16.74)

Ak) 2 2

Also, taking into account that
A(k)A(k) — AB(k)B(k) =1, keC,

it follows that if K is a zero of A(k), then

;{es 1 _ _)»B(Kj)euK}T 0 _ ;e“”{ﬁ
! _2B() kT A(K;) 1 A(K;)B(K}) 1
A

Similarly, at k = 16_,~,
Res _B®) —4ik’T | - 1
K, Ak) KT

1  AKK)B(K)) 0

These equations, together with (16.72) and the estimates (16.73), (16.74), imply that for
t = T the RH problem defined in (16.63) can be solved explicitly as follows:

1 0
MO(T k) = -
AB(k) ,4ik>T
— A0 € 1
Thus
1 0
D, (k) = -
1B
A(k)

If T = oo, the factorization (16.72) fails, however, the methodology of the steepest descent
method can still be applied; see Appendix A of [50]. a
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Remark 16.5. The properties of A(k) and B(k) imply that A(k) can be expressed in terms
of B(k). Indeed, if A(k) # 0, then

2im K —k

j=1 J

N ,
Ak =]] Z — ? exp {L/ﬁln(l + AB(K)B(k)) dk } ,

forargk € (0, Z) U (o, 3—”), where the contour £ is the union of the real and the imaginary
axes with the orientation shown in Figure 16.1. Also,

SN 2 T
B(+k) =f Bo(s)e®sds, argk € [o, E]'
0

Thus, the maps Sand @ define the bijection

{go(®), g1(1)} <— {B(k), Ky, ..., Ky, N < 00}.

Remark 16.6. If T = oo, the functions go(¢) and g (¢) are assumed to belong to S(R.),
and the global relation takes the form

a(k)B(k) — b()Ak) =0, argk e [0, %] : (16.75)

Theorem 16.1 (see [50]). Given go(x) € S(R™) define the spectral functions a(k) and
b(k) by Definition 16.1. Suppose that there exist smooth functions gy(¢) and g, (¢) satisfying
20(0) = ¢0(0), g1(0) = go(0), such that the functions {A(k), B(k)}, which are defined in
terms of {go(?), g1(¢)} by Definition 16.2, satisfy the global condition (16.36). Assume that

(i) If A = —1, a(k) has at most n simple zeros {k;}},n = n| +n,, where argk; € (0, %),
Jj=1,...,nargk; € (%,n),j:nl—i—l,...,nl—}—nz.

(i1) If A = —1, the function d (k) defined in terms of the spectral functions by (16.24) has
at most A simple zeros {A j}A, where

argi; € (%,n), j=1,...,A.
If & = 1, the function d (k) has no zeros in the second quadrant.
(iii) None of the zeros of a(k) for argk € (%, ) coincides with a zero of d (k).
Define M (x, t, k) as the solution of the following 2 x 2 matrix RH problem:
e M is sectionally meromorphic in k € C\ {R U iR}.

* The first column of M can have simple poles at k;, j = 1,...,ny, and &;, j =
1,..., A; the second column of M can have simple poles atk;, j = 1,...,n;, and
Aj, j=1,..., A. The associated residues satisfy the relations in (16.28).
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* M satisfies the jump condition
M_(x,t,k)=M,(x,t,k)J(x,t,k), keRUIR, (16.76a)

where M is M_ forargk € [F, w]U [37”, 2], M is My forargk € [0, 21U [x, 37,
and J is defined in terms of {a, b, A, B} by (16.24)—(16.27); see Figure 16.1.

e At 00,

1
M@, t,k)y=1+0 <%> . k— oo. (16.76b)

Then M (x, t, k) exists and is unique.
Define g (x, t) in terms of M (x, t, k) by

g(x, 1) =2i lim (kM(x, 1, k)) " (16.77)
which is equivalent to the formula (16.34). Then g(x, t) solves the NLS equation (81).
Furthermore,

q(x,0) =qo(x), q(0,1) =go(t), ¢.(0,1) = gi(2).

Proof. If A = 1, then according to Remark 16.1 the function a(k) # O for Im k > 0;
also by the assumption that d (k) # O for argk € (%, 7). In this case the unique solvability
of the RH problem is a consequence of the existence of a “vanishing lemma”; i.e., the RH
obtained from the above RH by replacing (16.76b) with M = 0(%), k — 00, has only the
trivial solution. The vanishing lemma can be established using the symmetry properties of
J; see [64].

If A = —1, a(k) and d (k) can have zeros; this “singular” RH problem can be mapped
to a “regular” RH problem (i.e., to an RH problem for holomorphic functions) coupled with
a system of algebraic equations; see [64]. The unique solvability of the relevant algebraic
equations and the proof of the associated vanishing lemma are based on the symmetry
properties of J; see [64].

Proof that q(x, t) solves the NLS

It is straightforward to prove that if M solves the above RH problem and if g (x, t) is de-
fined by (16.77), then g (x, t) solves the NLS equation. This proof is based on the dressing
method; see Chapter 15.

Proof that q(x, 0) = go(x)

Define M™ (x, k) by

MY = M(x,0,k), argk € [0, 21U, 27]; (16.78a)
MY =M, 0,k)J] " (x,0,k), argk e[%,7]; (16.78b)
M® = M(x,0,k)J5(x,0,k), argk € [, Z]. (16.78c)

We first discuss the case that the sets {k;} and {A;} are empty.
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The function M ™ is sectionally meromorphic in C \ R. Furthermore,
MO (x, k) = MY (x, )TV (x, k), keR,
1
M“‘)(x,k)=1+o<E>, k — oo,
where J@¥ (x, t) is as defined in (16.45¢). Thus according to (16.44),
qo(x) = 20 Tim k(M (x, 1))
k=00 12

Comparing this equation with (16.77) evaluated att = 0, we conclude that go(x) = ¢g(x, 0).

We now discuss the case that the sets {k;} and {A;} are not empty. The first column of
M (x,t, k) has poles at {k;}|' for argk € (0, ) and has poles at {kj}f for argk € (%, 7).
On the other hand, the first column of M (x, k) should have poles at {k;}{, n = n; + n,.
We will now show that the transformations defined by (16.78) map the former poles to the
latter ones. Since M™ = M (x, 0, k) for argk € [0, Z], M™ has poles at {k;}]' with the
correct residue conditions. Letting M = (M|, M>), (16.78b) can be written as

M k) = (Mi(x, 0.6) = DRI Ma(x, 0, K), Ma(x,0,)).

The residue condition at A; implies that M ™) has no poles at A ;; on the other hand, this
equation shows that M has poles at {k;}; ., with residues given by

Res Res 2ik
ki MO, )1 == k;j TR MY (x,kpla, j=m+1,....n,

which, using the definition of I"(k) and the equation d(k;) = jkb(k_,-)B(lE_,-), becomes the
residue condition of (16.45¢). Similar considerations apply to k; and A ;.

Proof that q(0, t) = go(t) and q,(0,1) = g1(¢)

Let MWD (x,1,k), ..., M@ (x,t, k) denote M (x, t, k) forargk € [0, 5], ..., [37”, 27]. Re-
call that M satisfies

M = MOy, M = M(3)J2,
(16.79)
MO =MDy, MY =M%, (Lh=5kJ)
on the respective parts of the contour £ = R U iR; see Figure 16.1.
Let M (t, k) be defined by
MOt k) = M(0,1,k)G(t, k), (16.80)

where G is given by GOV, ..., GY for argk € [0, %], e, [37”, 2m]. Suppose we can find
matrices G and G® holomorphic for Im k > 0 (and continuous for Im k > 0), and find
matrices G® and G® holomorphic for Im k < 0 (and continuous for Im k < 0), which
tend to I as k — oo, and which satisfy

J10, 1, )GP (1, k) = GV, k) JV(t, k), k eiR*, (16.81a)
500,16, ) GP (1, k) = GO, kTPt k), keiR™, (16.81b)
J10, 1, )GP (1, k) = GV, k) IV, k), k eRT, (16.81¢)
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where J©(t, k) is the jump matrix in (16.63c). Then equations (16.81) yield
50,1, )GP(t, k) =GO, k)T, k), keR™,

and (16.79) and (16.80) imply that M satisfies the RH problem defined in (16.63). If the
sets {k;} and {A;} are empty, this immediately yields the desired result.

The existence of the matrices GV is a consequence of the global relation (16.36).
Indeed, using this latter equation we will establish the following formulae:

@ ¢t (k) et = Iil_{) 0
Adk) ’ — a) |
Aet (et a—n L8
—b(k —4ik>t 1
agy 2w G 0
G® — Agk) , G® = g . (16.82)
b —AbK) g T
dk) am ¢ W

We first verify (16.81a). The (1-2) element is proportional to the global relation; the (2-1)
and (2-2) elements are satisfied identically. The (1-1) element is satisfied if and only if

d=2 + ﬁc+e4ik2T.

16.83
2T ( )

Using AA — ABB = 1, we find
d=2AA-wB=20+21BB) xbé—“+’\é(3 bA)
T A ) TaAT A ’

which equals the RHS of (16.83) in view of the global relation (16.36).
Equation (16.81b) follows from (16.81a) and the symmetry relations

Gk =0, GV (K)o, GPVk) =0,GP(k)os, J3(k) = 03 (K)o,

where

0 .

o] = if A =1,
1 0

O, =

0 - .

0y = if A=-—1.
i 0

Equation (16.81c) can be verified in a way similar to (16.81a). In fact, in this case one
has to use all three basic algebraic identities which hold on the real axis, namely both the
determinant relations, |a|> — A|b|> = 1 and |A|> — A|B|> = 1, and the global relation,
a(k)B(k) — b(k)A(k) = cT(k)e¥*'T .
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We now consider the case that the sets {k;} and {};} are not empty.
(@) argk € (0, 5). Let M = (M}, M5); then (16.80) and (16.82) imply

() — & + 4ik>(T —1) M )
MY (t, k) = (A(k)Ml(O,t,k),c (k)e M, k) + a ) M,(0,1,k) | .

Suppose that kg € {k;}}" and ko ¢ {K;}", where {K;}}" denotes the set of zeros of
A(k) in the first quadrant. Then, M O (¢, k) does not have a pole at ky. Indeed,

Res . Res Ak
Ky (MO, 0 = (ko)™ T Ko My(0, 1, k) + ko)

M>(0, t, ko).
ko) 2( 0)
Using
R M O,I,k 4ik2t
ko M0, 1, k) = 2201 Ko)e T
a(ko)b (ko)
we find 01k
Res M2( 7t9 0) ik2
ko MO, 0] = ———"" (¢t (k)e*™T + bko)A(ky) ) .
o MO )T = o S (T R 4 biko) A ko))

From the global relation, the term in the parentheses equals a (ko) B(ko), and hence

Res

ko [M©(t, k)], = 0.

Suppose that K € {Kj}iv1 and Ko ¢ {k;}]'. Then, [M“(¢, k)], has a pole at K. In
order to compute the associated residues we note that

Res K
Ko [IMP(t, k)] = a(¥o) M;(0,t, Ko).

A(Ko)

Using the definition of the second column of M evaluated at k = K,

MK IM©D (2, Ko)l,

C+(K0)e4iK§T

M, (0,1, Ko) =

and the global relation evaluated at k = K,
a(Ko)B(Ko) = ¢* (Ko)e* 7,

we find
Res MK MO (2, Ko,

Ko MV, )] = —
A(Ko)B(Ko)
which is the residue condition in (16.63e). Note that since K is not a common zero for
a(k) and A(k), it follows that ¢t (K) # 0.

Suppose now that kg = K is a common (simple) zero of the functions a(k) and A (k).
Then necessarily

s

ct (ko) =0, (16.84)
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and the second column of M ¥ (¢, k) does not have a pole at ky. The first column has a pole
at kg = Ko, and for the residue condition we have

Res a(KO) Res
Ko MO 0] = = Ko M (0,1,k) = ———
o MO RN = s Ko Mi0.4.8) = 2 s

4iK3t

My(0,1, Ko).  (16.85)

Using, as before, the definition of the second column of M ® evaluated at k = K|, we obtain
the equation

MO, )], = ¢* (Ko)eH KT ?(CS M, (0,1, k) + Ifl((KO)) M>(0, t, Kp)
alfo
i o+ 4iK3T
= 10,1, Ko ) 4 S B0 = M0, 1, Ko) R,
a(K()) (Z(K())b(KO) b(K())
(16.86)

where in the last step we have used the equation
& (K)e ™™ = a(Ko) B(Ko) — A(Ko)b(Ko),

which follows from the global relation and from (16.84). By virtue of (16.86), equation
(16.85) can be rewritten as

4i K3t

Res
Ko [M© =
o (MY, k)] AKo)B(Ky)

(MO, Ko)la,
which again reproduces the residue condition in (16.63e).

We note that the last arguments, further simplified by ¢+ (K)e > 0, are precisely
the ones we need in the case T = oo, when the global relation takes the form (16.75) so
that {k;}1" = {K;})".

(b) argk € (%, ) Equations (16.80) and (16.82) imply

4iK2T

b(k)

. M>(@, ¢, k
MO, k) = (d(k)Ml(O, 1,k), ———=e"4F1 M, (0, 1, k) + M) )

A(k) d (k)

Suppose that 1o € {A;}{ and Ao ¢ {IZJ-}%IH, where {K;}} ., denotes the set of zeros
of A(k) in the third quadrant. Then, M )(¢, k) does not have a pole at A¢. Indeed,

Res —b(Xo) 43

Res M@0, t, A
2o MO, k)] = e My, 1, k) + 201 20),

A(ho) d (1)

Using

2B (ho)e*™ My (0, 1, o)
a(ro)d (ho)

and taking into account that under the assumption on Ag,

Res
ro Mi(0,1,k) = (16.87)

LB(ho) _ A(h)
a(r)  b(ro)’

d(X) =0
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Res
it follows that ; [M“(t, k), =0. .
Suppose that Ko € {K;}} ., and Ko ¢ {A;}{. Then, [M")(z, k)], has a pole at K.
In order to compute the associated residues we note that

Res b(KO) 74”{2

Ko [IMP(t, k)], = o' M, (0, 1, Ko).

{(Ko)

Usigg the definition of the first column oi M® at_k = K, and recalling that d (Ky) =
—AB(Kp)b(Kp) (and hence, in particular, B(K()b(Kj ) # 0), we find

[M©(t, Ko)li = —AB(Ko)b(Ko) M (0, t, Ko).

Thus

Res A —4i K2t M® t, K
Ko MO, ], = 26— M0 Kol
A(Ko)B(Kp)

which is the residue condition in (16.63¢).

Suppose now that Ay = K is acommon (simple) zero of the functions d (k) and Ak) (k).
Then necessarily

b(xo) =0,

and for the residue of [M (¢, k)], at Ko we have

Res b K Res M>(0. t k
KO [M(t)(t Dl = J —4iK2t KO M0, t, k) + %
A(K"l) 0 (16.88)
= =—————M(0,1,Ky),
A(Ko)a(Ko)

where we have used the residue condition (16.87) for M;(0, ¢, k) at Ay = K, and the
equation

d(Ko) = A(Ko)a(Ko) — AB(Ko)b(Ky).

Using the definition of the first column of M® at k = K, and the residue equation (16.87)
once more, we conclude that

a(K()) —41K2

M, (0, Ko) = he——=
2(0, ¢, Ko) B(Ko)

oIMD(t, Ko,

which, together with (16.88), yields again the residue condition in (16.63e).
Similar considerations are valid for argk € [37”, 2r] and argk € [m, 371, Alterna-
tively, one can use the symmetry relations generated by the transformation k — . a
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Remark 16.7. In the case T = oo, the matrices G (¢, k) are defined and analytic only
in the respective quadrants of the complex plane k. Moreover, the global relation holds
only in the first quadrant (see (16.75)); in this case the relation J4(0,t, k)G (¢, k) =
GO(t,k)JD(t, k), k < 0, can be verified independently, with the use of the determinant
relations.

Remark 16.8. It is shown in [50] that the solution ¢ (x, t) for 0 < r < T, where 0 <
T, < T, depends only on the boundary values for ¢ between 0 and 7.

16.2 The Modified KdV, KdV, and sG Equations

In this section we will study the following equations.
(a) The modified KdV (mKdV) equation:

0 3’ 0
a a 6)Lq2—q =
at  9x3 ax

0, A==l1, g real (16.89)

Usually the mKdV equation occurs with the plus sign in front of g, ., thus we will refer to
(16.89) as the mKdVII equation.
(b) The KdV equation:

dg g g dq
1 69— =
at  Jdx  0x3 ox

0, ¢ real (16.90)

Similarly, we will refer to this equatoin as the KdVII equation.
(c) The sG equation in laboratory conditions:

02 02
3—3 — 8_xq2 4sing=0, ¢ real (16.91)
The above equations admit the following Lax pair formulation:
px +ifi(k)osn = Qx, 1, k)p, (16.92a)

i+ ifs(k)ésn = Qx, t,kp, keC, (16.92b)

where the functions fi, f>, Q, O are given by the following expressions:
@) fi = —k, fo =4k,

0 qg(x,t)
0= ,
Ag(x,t) 0
—2irkg? —4k*q + 2ikg, — 20q> + qix

(16.93)

QO
I

M—4k2g — 2ikgy — 20g° + Grx) 2irkg?
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(b) fi = —k, fo=k+4k°,
O(x.1.k) = Zq—k(Uz —io),

29% +q — Gux

% (ioz — o). (16.94)

O(x,t, k) = —2kqos + q,01 +

© fi=1k—1D), r=1k+),
. | .
O(x.1.k) = —%(qx + g0 — - (sing)n + 4’—k [(cosq) — 1] 03,

Ox.t.k) = Q(x. 1, —k). (16.95)
In (16.94) and (16.95), {a_j}? denote the usual Pauli matrices, i.e.,

0 1 0 —i 1 0
o] = N o) = N o3 = . (1696)

1 0 i 0 0 -1
In what follows we will implement the first two steps needed for the analysis of the
nonlinear integrable PDEs (16.89)-(16.91). The derivation of the relevant results are very
similar to those presented in section 16.1, and thus the details will be omitted (details can
be found in [51], [53]). Also, for brevity of presentation we will not present the residue
conditions; i.e., we consider only the solitoness case. Solitons for the mKdV are discussed
in [53]. Using the formulae of [50] it is straightforward to add the solitonic part to the

formulae for the KAVII and the sG: The zeros for 0 < argk < /2 and /2 < argk < &
in the NLS can occur in the domains D; and D, for the sG and the KdVII.

16.2.1. Assume That q(x,t) Exists

Equations (16.92) can be rewritten in the form
d [ NS (1 )| = Wk 1B, ke C, (16.97)
where W (x, ¢, k) is defined by

W(x, 1, k) = el i+ 72008 (Q(x, 1 u(x, 1, k)dx + OCx, 1, kyu(x, 1, k)dz) .

(16.98)
16.2.1.1 The Direct Problem
We define {1 (x, t, k)}% by
(x,1) R
wilx,t, k) =1+ /(We"<f1<k>f+f2<’<>f>@vv(g, 7,k), (x,1) €, (16.99)

where (x;, ;)3 are chosen as in section 10.1; see Figure 10.1.
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D
Dy
Dy
Ds D5 Dy m

D,

Figure 16.3. The domains D;, j =1, ..., 4 for the mKdVII, KdVII, and sG equations.

The collection of the matrices {u ; ?; (see (16.7)) provides the solution of the direct
problem, where the superscripts (1), ..., (4), instead of denoting the first, . . ., fourth quad-
rant of the complex k-plane, now denote the domains {D j}‘,‘ which are defined as follows:

D) ={k € C,Im fi(k) > 0NIm f,(k) > 0},

D, = {k e C,Im fi(k) > 0NIm f,(k) < O},
Dy = (ke C,Im fi(k) <0NIm f(k) > 0},
Ds={keC,Im fi(k) <0NIm fr(k) < 0}. (16.100)

The definitions of fi, f> and the definitions of the domains {D j}‘l1 imply that for (16.89)—
(16.91) these domains are given as follows (see Figure 16.3):

(@
4 5 4 5
Dlz{g<argk<7n}, D2={(ﬂ<argk<?n)U<?n<argk<27t>},

2 2
D3={(O<argk<%>u<?n<argk<n>}, D4:{%<argk<§}

(16.101)
(b) Let the curves I be defined by
: > 1 2 2
li: k:kR+lk1,k1<O, Z+3kR_k1:O ,
Dy ={Imk <Imk_}, D,={Imk_ <Imk <0}, k_el_,
Di;={0<Imk <Imk,}, Dy={Imk>Imk,}, ks €l,. (16.102)

(©
D ={Imk>0N|k|>1}, D,={Imk>0nN|k| <1},

Dy={Imk <0Nk| <1}, Ds={Imk <0nN k| > 1}. (16.103)
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16.2.1.2 The Inverse Problem

The “jump matrix” of the relevant RH problem needed for the formulation of the inverse
problem is uniquely defined in terms of the following 2 x 2 matrix-valued functions:

s(k) = 13(0,0, k), S(k) = (e"fﬂk)”mz(o, T, k)>_l . (16.104)

This is a direct consequence of the fact that any two solutions of (16.99) are simply related.
In particular, ' )
pax 1, k) = pa(x, 1, k)e  NOHRO0% 14150, 0, k),

. . . N -1
(1K) = (e, 1, R I OHRO08 ((EOTR 0, 7, ) . (16.105)

The functions s(k) and S(k) follow from the evaluation at x = Qand att = T
of the function w3(x, 0, k) and u, (0, ¢, k), respectively. These latter functions satisfy the
following linear integral equations:

o0
10y (x,0,k) =1 — / M5S0 13) (€, 0, k)dE, (16.106)

X

t
P0G 0,1 k) =1 + f 20 (0 15)(0, T, k)d. (16.107)
0

The functions w3 (x, 0, k) and u, (0, z, k), and hence the functions s (k) and S(k), are uniquely
defined in terms of Q(x, 0, k) and Q(O0, ¢, k), i.e., in terms of the initial conditions and of
the boundary values, respectively.

The Spectral Functions

For the mKdVII, the KdVII, and the sG with ¢ (x, t) real, the matrices Q and O have certain
symmetry properties. These symmetries imply the following symmetries for ji:

(l’l’('xﬂ t? k))ll - (M(-xv t’ IE))ZZ’ (/,L(X, ta k))12 = IO(M(-xv t’ IE))Z]’ (161083)

where p = A for the mKdVII, p = 1 for the KdVII, and p = —1 for the sG.
In addition, the following symmetries are valid:

(wCx, t, k) = (n(x, 1, =k))2,  ((x, 1, k)12 = (u(x, 1, —k))ar. (16.108b)
The fact that Q and Q are traceless, together with (16.8), implies
det u(x,,k) =1. (16.109)

The functions w3 (x, 0, k) and 1, (0, ¢, k) have larger domains of analyticity as follows:

m @00 = (100,10, wP0.10),

w010 = (7.1, 1S0,1,0).
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The symmetry properties (16.108a) imply similar symmetry properties for the spectral
functions. This justifies the following notations for the spectral functions:

ak) bk Ay B
sk) = , Sk) = , (16.110)
pb(k) a(k) pB(k) A(k)

where
p = A forthemKdVII, p =1 forthe KdVII, p = —1 for thesG.
These notations and the definitions of s (k) and S(k), i.e., equations (16.104), imply

b(k) —e‘zfz”‘)TB(k)
= 10,0, k),

— = uS0, T, k),
a(k) A(k)

where the vectors Mgn) (x,0, k), ,uéM) (0, t, k) satisfy the following ODEs:

. 1 0
depny” (x. 0, k) + 2ifi (k) <o 0) s (. 0.0 = Q(x. 0. Hps(x, 0, k),
keDlubz,O<x<oo,
lim 1§ (x,0,k) = (‘j) :
and

. 10 ~
By (x, 0.k) +2ifa(k) (o 0) s 0,1, k) = Q0.1 kya(0, 1. k),
keD,UD,,0<t<T,
0
15?(0.0.4) = (1) ,

where D denotes the union of D and its boundary.
The above definitions imply the following properties:

a(k), and b(k)
* a(k), b(k) are defined and are analytic for k € D; U D;.

la(k))? — plb(k))> =1,k € R. (16.111a)

a(k) = 1+0(%),b(k)= O(%),k—) 0. (16.111b)
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A(k), and B(k)

e A(k), B(k) are entire functions which are bounded for k € D; U Ds; if T = oo these
functions are defined and are analytic for k in this domain.

« A()A(k) — pB(K)B(k) =1,k € C.

1 4 20T Q2L 0T
A(k):1+0<—k ) B(k):O( z ) k— oco. (16.112)
For the sG and the KdVII equations the above are valid in the punctured complex k-plane,
k € C\{0}.

All of the above properties, except for the property that B(k) is bounded for k €
Dy U Ds, follow from the analyticity properties of w3 (x, 0, k), u2(0, ¢, k), from the condi-
tions of unit determinant, and from the large k asymptotics of these eigenfunctions. Regard-
ing B(k) wenote that B(k) = B(T, k), where B(t, k) = — exp[2if2(k)t](p,§4(0, t,k));. The
vector exp(2i f>(k)t) M§24) (0, ¢, k) satisfies a linear Volterra integral equation, from which it
immediately follows that B(z, k) is an entire function of k£ bounded for k € D U Ds.

The RH Problem

Equations (16.105) can be rewritten in the form
M(x,t, k) =M, (x,t,k)J(x,t, k), keL, (16.113)

where the matrices M_, M., J and the oriented contour £ are defined as follows:

H(zl) (12) V«iz) (12)
M, =|—, , keD;; M_=|——, , ke Dy;
+ a(k) M3 1 d(k) 125} )

M(3) /L(4)

M, = (M?“):‘_) , keDy; M_= (M?‘“é_) , ke Dy (16.114)
d() a(k)

d(k) = a(k)A(k) — pb(k)B(k). (16.115)

Ji, ke DiND, =Ly,
B keDyNDs =Ly,

Tt k)= {7 NERII =5 (16.116)
Js ke DyNDy=Ls

Jo, keDyND =Ly, Jo=JJ7"

1 0 1 —pl(k)e 2
Jl = 5 J3 = )
I'(k)e¥? 1 0 1
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1y
Jy = , (16.117)
py (K)e*? 1 —ply (k)|
where
b(k)
y(k) = —2:  O(x,t, k) = fi)x + kL, (16.118)
a(k)
(k) = PBI/A®) i cp,

a(lak) — pb(k)Bk)/AK)]
In order to derive (16.113) we write (16.105) in the form

P he—2if
<u§34), uém) _ (uél), ug”) , (16.119)
pbei? a
A Be™ %0
(Mgz), ,U«?)) _ (Mgl)’ M?)) . (16.120)
pBei A

In order to compute J; we must relate those eigenfunctions which are bounded in D; and
in Dy; thus rearranging (16.119) and using (16.111a) we find (16.113) with J = J4 and
M_, M. given by the fourth and first of equations (16.114) respectively. Similarly, in
order to compute J; we must relate those eigenfunctions which are bounded in D; and in
D; thus eliminating /ﬁ{” from the second column of (16.119) and from the first column
of (16.120) we find (16.113) with J = J; and M_, M, given by the second and the first
of equations (16.114) respectively. The computation of J3 follows from the elimination of
Mél) from the first column of (16.119) and from the second column of (16.120).

The jump condition (16.113), together with the analyticity properties and the large
k behavior of 1}, defines a 2 x 2 matrix RH problem for the determination of the matrix
M (x, t, k). This is in general a meromorphic function of k in C\ L. The possible poles of
M are generated by the zeros of a(k), k € Dy, and of d(k), k € D,, and from the complex
conjugates of these zeros. For compactness of presentation we assume that no such zeros
occur.

By substituting the large k asymptotics expansion of M, i.e., (16.33a), in the x-part of
the Lax pair, it is straightforward to obtain an expression for g, i.e., the analogue of (16.34).
This expression will be given in Theorem 16.2.

16.2.1.3 The Global Relation

In analogy with (16.35) we now have

—1+SK) k) +e O / MO (Qpuy)(§. T, k)dE = 0.k € (D3U Dy, DU Dy),
0
(16.121)
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where the notation k € (D;, D,) means that the first vector is valid for k € D; and the
second vector is valid for k € D,.
The (1-2) element of (16.121) is

a(k)B(k) — b(k)Ak) = ¥ c(k), k € Dy U D, (16.122)

where the scalar function
o0 . - -
c(k) = f O (Qus) (€, T, k)dE, ke Dy U Dy, (16.123)
0

isof O(1/k) as k — oo.

16.2.2. Assume That the Spectral Functions Satisfy
the Global Relation

In this section we implement step 2 of the three steps introduced at the beginning of Chap-
ter 16; in this respect we first define the spectral functions.

Definition 16.3 (the spectral functions a(k), b(k)). For the mKdVII and the KdVII let
go(x) € S(R™), and for the sG let go(x) — 2rm € S(RY) and ¢ (x) € S(R*), where m is
an integer. Let the domains D, j =1, ..., 4, be defined in (16.101)-(16.103). The map

{go(x)}
S: or = {a(k), b(k)} (16.124)

{qo(x), q1(x)}

is defined as follows:
b(k)
a(k)

= (0, k), (16.125)

where the vector-valued function ¢ (x, k) is defined in terms of go(x) or {go(x), g1 (x)} by

0, (x, k) + 2ifi(k) (:) 2) o, k)= 0, kp(x,k),0 <x <00,k € Dl U 52,

lim ¢(x, k) = (‘;) (16.126)
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and Q(x, k) is given for the mKdVII, KdVII, sG, respectively, by

0 qo(x)
O(x) = ,
Ago(x) 0
0wk = 2% (0, ~ io),
:rd . .
Ox, k) = _% ( 6];))(Cx) +q1(x)) o — 41—k<sin qo(x)>02 + 41—k<cosq0(x) - 1)03.

(16.127)

Proposition 16.3 (properties of a(k), b(k)). The functions a(k) and b(k) defined above
have the following properties:

1. a(k), b(k) are analytic and bounded for k € D; U D,.
2. la(k)]? = plb()|>* =1,k e R.
3. atk)=1+0(3),bk) = 0(}), k > oo.

4. The inverse of the map (16.124) denoted by Q can be defined for the mKdVII, KdVII,
and sG, respectively, as follows:

S FIR H (x)
qo(x) = =2 lim (kM (x,k>)u,

— _92 T (x)
qo(x) = —2i klg{)loéﬁx(kM (x,k))22,

c0s go(x) = 142 lim [(kM(X)(x, k))l +2id, (kM(x)(x, k))22],

y (16.128)
41() = ———qo(x) =2 lim (kM(")(x, k))

b
12

where M™ (x, k) is the unique solution of the following RH problem:

M (x, k), ke D UD,,

M(x)(x,k) — )
M* (x,k), k e D3 U D4,

is a meromorphic function of k for k € C\R.

1

MDD (x,k)=1+0 (k

>, k — oo.
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MP (x, k) = M (x, k) IO (x, k), keR,

where
bik) ,—2if: (k
1 —35° ifi(k)
T (x, k) = , keR. (16.129)
b(k) 2if (k 1
pme if1(k) ap

* M satisfies appropriate residue conditions if a(k) has zeros for k € D; U D,.
5 S!'=Q.
6. For the KdVII,
awr =" 1 0m, b0y =100, k0 (16.130)

where « is a real constant.

Proof. The derivation of these results, except property 6, is similar to the derivation of
the analogous results of Proposition 16.1. The derivation of property 6 is presented in the
appendix of this chapter. a

Definition 16.4 (the spectral functions (A (k), B(k))). Let{g (t)}g*1 be smooth functions
for 0 <t < T, where n = 2 for the sG and n = 3 for the mKdVII and KdVII equations.
Let the domains D;, j =1, ..., 4, be defined in (16.101)—(16.103). The map

S {a" — {AK), Bk)} (16.131)

is defined as
— e 2REOT Bk

_ = O(T, k), (16.132)
Ak)

where the vector-valued function ®(z, k) is defined in terms of {g; (t)}g_l by

3,1, k) + 2i fr(k) ((‘) 2) Ot k)= 0@, k)d(t, k), 0<t<T, keDyUDy,

(0, k) = (‘f) , (16.133)
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and Q(t, k) is given for the mKdVII, KdVII, sG, respectively, by the following formulae:

O(t. k) = —

0 —4k?go(1) — 21(go(1))?
Q(t, k) =
—4k>rgo(t) — 2(go(1))? 0
0 g1(t) 0 g2(t)
+2ik o3 + — 2ixk(go(1)) %03,
-git) O g 0

- 1
O(t, k) = —2kgo(t)or + g1(t)oy + 5[25’00)2 + go(t) — g2(1)](io3 — 02),

i (dgo(f)
4 dt

—i—gl(l)) o1+ ‘:—k[Singo(f)]Gz - A:—k[COSgo(l‘) — 1]Jo3. (16.134)

Proposition 16.4 (properties of A(k), B(k)). The functions A (k) and B(k) defined above
have the following properties:

1.

A(k), B(k) are entire functions which are bounded for k € D, U Dy. If T = o0, they
are defined and are analytic for k in this domain.

A()A(k) — pB(k)B(k) = 1,k € C.

Q2if 0T

A =1+0 (2220) Bay = 0 (<5

T ),k—>c>o.

The inverse of the map (16.131) denoted by @ can be defined for the mKdVII, KdVII,
and sG, respectively, as follows:

go(t) = =2 lim (kM®),,.

gi(n) =4 lim (M), —2igo(1) lim (kM?),,.

() = 8i lim (K*M'),, +A(go(1)* +4g0(r) lim (k*M"),, —2ig1(t) lim (kM?),,.

go(t) =4 lim (K*M©) .
g1(1) = 2i lim [4(M©),, — go(kMS; — 4kgo),

d
— 2 . : t)
82(t) = go(t) + 2g0(?) +215kll)n;o (kM)

cosgo(t) = 1 —2 lim {(kMV(t, k)7, 4+ 2i3, (kM (1, k)2 }
k=o0 (16.135)

d .
g1(t) = ——go(t) — 2 lim (kM (2, k)12
dt k— 00
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S " \/h ’

1

J: / \\ jz jz U

J3
; ) /\j‘

Figure 16.4. The oriented contours L and the jump matrices J for the mKdVII,
KdVII, and sG equations.

In the above formulae, M (¢, k) is the unique solution of the following RH problem:
MO, k) = MP(t, k), ke D UDs,
’ MY (t,k), ke DyUDy,

is a meromorphic function of k for k € C\ L and L is defined in section 16.2.1;
see Figure 16.4.

1
MO k=140 (E) k — oo,

MO k) =Mt kIO, k), keL,

where
1 _B®) ,-2ifprkyt
A(k)
JO@ k) = o . (16.136)
pBK) 2ifs k)t (I
Ak) AK)AK)

* M satisfies appropriate residue conditions if A(k) has zeros for k € D, U Ds.
5.5'=Q.
6. For the KdVII,

A(k)=%+0(1>, B(K) =—%+o<1), k-0, (16.137)

where $ is a real constant.

Proof. The derivation of these results, except for property 6, is similar to the derivation

of the analogous results in Proposition 16.2. Property 6 is derived in the appendix of this
chapter. a
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Remark 16.9. If T = oo, the functions {g; (t)}’j’;é are assumed to belong to S(R ), and
the global relation takes the form

a(k)B(k) — b(k)A(k) =0, ke D;. (16.138)

Theorem 16.2. For the mKdVII and the KdVII let go(x) € S(R™), and for the sG let
go(x) —2mm € S(RY) and ¢g;(x) € S(R"), where m is an integer. Given these functions
define {a(k), b(k)} according to Definition 16.3. Suppose that there exist smooth functions
{2 (t)}g_1 satisfying {g;(0) = 8)16610(0)}8_1 such that the functions {A(k), B(k)}, which are
defined from g;(¢) according to Definition 16.4, satisfy the global relation (16.122), where
c(k) is analytic and bounded for k € D; U D, and is of order O(1/k), k — oo.

Define M (x, t, k) as the solution of the following 2 x 2 matrix RH problem:

* M is meromorphic for k in C\ £, where L is defined as in section 16.2.1; see Figure
16.4.

M_(x,t,k) = My (x,t,k)J (x, 1, k), keL, (16.139)

where M is M_ fork € D, U Dy, M is M, for k € D; U D3, and J is defined in
terms of a, b, A, B in (16.116).

1
Mix,t,k)=14+0 <E> , k— oo (16.140)

* M satisfies appropriate residue conditions if a(k) has zeros in D; U D, and/or d (k)
has zeros in D,.

* In the case of the KAVII, M (x, ¢, k) has a pole at k = 0 satisfying

io(x,t) !
M(x,t, k)~ T’ , k—0. (16.141)

0 -1

Then M (x, t, k) exists and is unique.
Define g (x, t) for the mKdVII, KdVII, sG, respectively, by

g, 1) = =2 lim <kM(x, :, k))lz,

g(x, 1) = =2 lim 8x(kM(x,t,k)) ,

2
2
cosq(x,7) = 1 +2 lim {(kM(x, :, k)) +2i0, (kM(x, :, k)) } . (16.142)
k—o00 12 22
Then g (x, t) solves the mKdVII, the KdVII, and the sG, respectively. Furthermore
q(x.0) = qo(x), {2iq(0,1) = g )}, (16.143)

where n = 2 for the sG, and n = 3 for the mKdVII and KdVII. Also for the sG, ¢;(x, 0) =
q1(x).
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Proof. The proof is similar to that of Theorem 16.1. a

Remark 16.10. The proof that the solution g (x, r) for0 < ¢ < T,, where 0 < T, < T,
depends only on the boundary values for # between 0 and T, is given in [51].

Appendix A
A.1. The Eigenfunctions Associated with the sG Equation as k — 0

The functions {a(k), b(k)} are defined in terms of ¢ (0, k); see (16.125). The vector p(x, k)
is the second column vector of the matrix us3(x, k) = (¢*(x, k), ¢(x, k)) which satisfies the
following ODE:

px (x, k) +ifi(k)o3u(x, k) = Q(x, kb)u(x, k).
We will show that

wa(x, k) = (—=1)" [cos (qoéx)) I —isin (‘”ﬁ“) o1 + 0(1)} k=0, (A

where go(x) — 2mm as x — oo and I = diag(1, 1).
Indeed, let

wa(x, k) = ¥ (x, DEx, k), E(x,k) = ei** 0,
Then v (x, k) satisfies

] 1
Vot = (k=) o3 = Q. b, lim (e, HEG.K) = 1,
4 k X—00
where Q(x, k) is defined by the third of equations (16.127). Thus

Yy = 41—]( [cos(go(x))a3 — sin(go(x))o2] ¥ + O(1), k — 0.

Noting that

cos(go(x))a3 — sin(go(x))oz = fos f~', f = cos (qoé)C)) I —isin (CIOEX)) o1,
it follows that )
i
(f'v), = 7w (f7'¥)+0(), k—o0.
Solving this equation and using the boundary condition
£ > (< exp |:4l—kxo3] ,
we find

Yx, k)= (D" |:c0s <q0§x)) I —isin <q0;x)> o1+ 0(1):| W k5 0,

which yields (A.1).
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The functions {A(k), B(k)} are defined in terms of ® (T, k); see (16.132). The vector
@ (T, k) is the second column vector of the matrix u, (¢, k) = (®*(¢, k), ®(¢, k)), which
satisfies the ODE

e (t, k) +ifo(op(t, k) = O, kyu(t, k).
‘We shall show that

[t k) = [cos <g°T(t)> I —isin <g°T(t)) o1 + 0(1)] eHHf k50,

fo = cos <80§0)> I —isin <g0é0)> o1. (A.2)

ot k) = W(t, Et, k),  E(t, k) = estties,
Then W (¢, k) satisfies

Indeed, let

. | )
v, + EI (k+ E) oW =01, k), W0,k =1,

where Q(t, k) is defined by the third of equations (16.134). Thus,
i .
v, = E[COS(go(t))% — sin(go(1))o2 ¥ + O(1), k — 0.

The bracket in the above equation can be written as fos f1, where f is defined by
~ t t
f =cos 10 I —isin 10 oy;
2 2

(f*lw)r = ﬁo_g (f*lxp) +0(), k— 0.

This equation, together with the boundary condition ( f ) (0, k) = fo_ !, yields (A.2).

thus

A.2. The Eigenfunctions Associated with the KdVII Equation as k — 0

Let w(x,t, k) satisfy (16.92), where f(k), fo(k), O(x,t, k), O(x,t, k) are defined by
(16.94). Then

w k) = 2D

+0(1), k—0, alx,t) real. (A.3)
-1 -1

Indeed, the coefficient of 1/k in both equations (16.92) involves the matrix o, — io3. This
suggests that

ap(x,t)  ax(x,t)

—ai(x,t) —ax(x,t)
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The symmetry condition withrespecttok +— —k (see (16.108b)) implies thata, (x, 1) =
a1 (x, t). Furthermore, the symmetry conditions with respect to complex conjugation (see
(16.108a)) imply that o (x, #) is purely imaginary.

Equation (A.3) suggests that

3 (x, k) = i“ix) (_1] _11) +0(), k—0, ax) real, (A.4)
and
ot k) = i% (11 ‘1> +0(), k=0, () real. (A.5)

These equations can be rigorously justified using the associated linear integral equations.
The evaluation of (A.4) and (A.5)atx = Oand# = T determines the behavior of {a (k), b(k)}
and of {A(k), B(k)} ask — 0, i.e., (16.130) and (16.137).



Chapter 17

Linearizable Boundary
Conditions

It was shown in Chapter 16 that the function g (x, t) defined by (16.34) solves the nonlinear
Schrodinger (NLS) equation and also satisfies the conditions

q(x,0) =go(x), q(0,1) =go(t), q.(0,1) = g1 ()

if and only if there exist functions go(#) and g; (¢) such that the functions {A(k), B(k)} (see
Definition 16.2) satisfy the global relation (16.36). This implies that in order to solve a
concrete initial-boundary value for the NLS, we must use the global relation to determine
the unknown boundary value. For example, in order to solve the Dirichlet problem, i.e., the
problem with the conditions

qg(x,0) =¢qo(x), O<x<oo; ¢q0,1)=go(t), O0<t<T,

we must construct the Dirichlet to Neumann map; i.e., we must determine g, (0, ¢) in terms
of go(x) and go(7).

Actually, since the formula for g (x, ¢) does not involve ¢, (0, t) directly but involves
only {A(k), B(k)}, it is natural to ask the following question: Is it possible, given go(x) and
go(?), to solve the global relation for A (k) and B (k)? We recall that for the linearized version
of the NLS, i.e., for equation (72), for which the analogue of {A(k), B(k)} is {1, g(k)}, the
function g (k) can indeed be determined directly in terms of go(x) and go(¢) (without the
need to determine ¢, (0, ¢#)). Unfortunately, for the NLS with arbitrary boundary conditions
it is not possible to determine directly A(k) and B(k). The situation for the sine-Gordon
(sG), Korteweg—de Vries (KdV), and modified KdV (mKdV) equations is similar.

The reason that the global relation cannot be solved directly for {A(k), B(k)} is the
following: For linear PDEs, the transforms of {374 (0, t)}gfl, denoted by g;(w(k)), remain
invariant under those transformations k& — v (k) which leave w(k) invariant. However,
Definition 16.4 implies that the functions {A(k), B(k)}, in addition to the expl[if>(k)t]
(which remains invariant under k — v(k)), also involve the functions (® (¢, k), ®,(¢, k))
which in general do not possess any symmetry properties with respect to the transformation
k — v(k). However, for a particular class of boundary conditions, the functions (®, (¢, k),
®, (¢, k)) do possess such symmetry properties, in which case it is possible to solve directly
the global relation for {A(k), B(k)}.

271
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In what follows we present a general method for identifying, as well as analyzing,
this class of boundary value problems, which will be referred to as linearizable.

Proposition 17.1.  Suppose that the 7-part of the Lax pair of an integrable nonlinear PDE is
characterized by the scalar function f;(k) and by the 2 x 2 matrix-valued function Q (x,t,k);
see (16.92b). Let k — v(k) be the transformation in the complex k-plane which leaves
f>(k) invariant, i.e.,

k) = fok), v(k) #k. (17.1)
Let U (¢, k) be defined in terms of f> and 0 by

Ut k) =ifr(k)os — Q(0,¢, k). (17.2)

Suppose that it is possible to compute explicitly, in terms of the given boundary conditions,
a nonsingular matrix N (k) such that

U(t, v(k)N (k) = Nk)U (¢, k). (17.3)

Then the functions {A(k), B(k)} defined by Definition 16.4 possess the following symmetry
properties:

P()AWK)) = Ny (k) No(R)A(k) + pNa(k) Ny(k) B(k)

‘ ! ! - _ _ (17.4a)
PR RT N () [Nz(k) A(k) + Ny (k) B(k)] ,
P(k)B(v(k)) = Ni(k)N2 (k) A(k) + Ny (k)* B(k) (17.4b)
_PROT N (k) [Nl ()AK) + pN, (k)%] ; '
where
Ni=Nu, No= N, N3= Ny, Ny= Ny, P=NNs—NN. (17.5)
Proof. Recall that
OUT. k) =~ LOTBE), @y(T k) = A(K). (7.0

Define u, (2, k) by
Oy(t, k) D1(t, k)
ma(t, k) =

p®i(t, k) @, k)
Then ., satisfies
dpa(t, k) 4+ ifa(k)&3pa(t, k) = OO0, t, k)palt, k),

w20, k) = 1.
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Define M, and M, by
Mi(t, k) = @1(t, k) 2O Mo(t, k) = (2, k)e 0",
Then the matrix M, defined by
Myt k) MGt k)

M(t,k)z )
oM (t, k) Mt k)

satisfies the following equations:
OM(t, k) +ifa(k)osM(t, k) = Q(0, 1, k)M(t, k), (17.7a)
M@, k)=1. (17.7b)
Furthermore, (17.6) and the definition of M; and M, imply
M(T, k) = —e"2OTB(k),  My(T, k) = A(k)e @7 (17.8)

If the matrix U (¢, k), defined by (17.2), satisfies the symmetry property (17.3), then
M (2, k) satisfies the following symmetry properties:

M(t,v(k)) = N(k)M(t, k)N (k)" (17.9)

Indeed, (17.7a) implies (17.9) to within a multiplicative nonsingular matrix, and this matrix
equals / because of (17.7b).

The second column vector of (17.9) evaluated at ¢t = T implies the following equa-
tions:

P(k)M\(T, v(k)) = —NyN2M, + N} M| — pNZM; + N1 N, M, (17.10a)
P(k)M(T, v(k)) = —N2N3M, + N{N3M, — pNaNsMy + N{NaMs, (17.10b)

where we have used the notation Ny N, M, = N, ()N, (k)M (T, k), etc. Taking the Schwarz
conjugate of (17.10b) and then expressing, in the resulting equation and in (17.10a), M,
and M, in terms of A and B using (17.8), we find (17.4). O

Remark 17.1. By taking the determinant of (17.3) it follows that a necessary condition for
the existence of linearizable boundary conditions is that the k-dependence of the determinant
of the matrix U (¢, k) is of the form f;(k).

Example 17.1 (NLS). In the case of the NLS the matrix U (¢, k) is given by

2ik* +iA|q (0, 1)]? —2kq(0, 1) —iqx(0,1)
Ut k) = . (17.11)
—2Mk@(0,1) +irgz(0,1) —2ik®> —ir|g(0,1)]?
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Thus, the determinant of U (¢, k) depends on £ in the form of k2, provided that

q(0,1)qx(0,1) —q(0,1)q.(0,1) = 0. (17.12)
If this condition is satisfied, (17.3) yields

(2kq —iq:)N3 = —A(2kqg — i4<) Na, (17.13a)

(2kq + ig)Ni + kg — iq )Ny = —2(2ik> + ix|q|*)No. (17.13b)
We now discuss in detail three particular solutions of (17.12).

(@) ¢(0,7) = 0. In this case 0(0, 1, k) is a function of ¢ and k2, thus M(r, k) =
M(¢t, —k) and there is no need to introduce N (k), i.e., N(k) = I. Then equations (17.4),
with Ny =Ny =1, N, =N; =0, yleld

A(—k) = A(k), B(—k)=B(k), keC. (17.14)

(b) ¢+(0,¢) = 0. Equations (17.13) imply that N (k) does not depend on ¢ (0, 7),
provided that N, = N3 = 0 and Ny = —N,. Then equations (17.4) yield
A(—k) = A(k), B(—k)=—B(k), keC. (17.15)

(€) (0, ¢) — xq(0, ) = 0, x positive constant. Equations (17.13) imply that N (k)
does not depend separately on ¢ (0, #) and ¢, (0, #) provided that N, = N3 = 0 and

2k —ix)Ns+ Qk+ix)N, =0.
Then equations (17.4) yield

2k —ix
2k +ix

A(=k) = A(k), B(—k) = B(k), keC. (17.16)

Using the transformations (17.14)—(17.16), together with the global relation, it is
possible to express A (k) and B(k) in terms of a(k) and b (k).

Remark 17.2 1If2k+ix = 0, the equation coupling N; with N4 shows that Ny(—ix /2) =
0 and then (17.4b) implies B(—ix/2) = 0, thus k = —ix /2 is a removable singularity.
Similar considerations are valid for Examples 7.2 and 7.3, see [178].

For convenience we assume 7' = oco. It can be shown that a similar analysis is valid
if T < oo. If T = oo, the global relation becomes

a(k)B(k) — b(k)A(k) =0, argk e€[0,7/2]. 17.17)
We note that since T = oo, A(k) and B(k) are not entire functions but are defined only for

argk € [0, r/2]U [m, 37 /2].
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(@) ¢(0,1) = 0. Letting k — —k in the definition of d(k) and using the symmetry
relations (17.14), we find

A(k)a(—k) — AB(k)b(—k) = d(—k), argk € [0,7/2]. (17.18)

This equation and the global relation (17.17) are two algebraic equations for A (k) and B(k).
Their solution yields

_a(k)d(—k) _ b(k)d(—k)
A(k) = Al B(k) = Al argk € [0, /2], (17.19)
where Ag(k) is defined by
Ag(k) = a(k)a(—k) — Ab(k)b(—k). (17.20)

The function d (k) can be computed explicitly in terms of a (k) and b(k). However, it does
not affect the solution of the RH problem of Theorem 16.1. Indeed, this RH problem is
defined in terms of y (k) = b(k)/a(k), k € R, and of I" (k) which involves a(k), b(k), and
A(k)/B(k). Using (17.19) we find the following expression for I" (k):
T'k) = A(B(k)/A(kl = Ab(=k) ., keR UIRt. (17.21)
a(k)(a(k) _ Ab(k)(B(k)/A(k))) a(k) Ao (k)

The function Ay(k) is an analytic function in the upper half k-plane and it satisfies
the symmetry equation

Ag(k) = Ao(—k). (17.22)

It can be shown that the zero set of Ay (k) is the union of the following zeros:
(Y UL=Ag0. (17.23)

where {Aj}A, argh; € (5,m),j = 1,..., A are the zeros of d(k). Indeed, the global
relation (17.17) implies that the zero sets of the functions a(k) and A(k) coincide in the
first quadrant. It also implies that if the zeros of a(k) are simple, the zeros of A(k) have
the same property. This fact together with (17.19) imply that the zero sets of the functions

d(—k) and Ag(k) coincide in the first quadrant as well. Equation (17.22) implies that the
zero set of Ag(k) is the set given in (17.23).

Since the zeros A; of d (k) coincide with the second quadrant zeros of Ay (k), (17.19)
and (17.14) imply the following modification of the residue conditions:

Res .
ki IM(x,t, k)] = AVM(x, k), j=1,...,n, (17.24a)

akj)b(k;)
Bes 2i0(k;) 7
k' M N ,k :T_l j M ,,k' ) .:1,..., ) 1724b
i [M(x,t,0)] d(kj)b(kj)e [M(x,t, k)], J ni ( )
Ab(—2})

Res .
Aj [IM(x,t, 0] = DM, t, A, j=1,..., A, (17.240)

a(r;))Ao(2))
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lies b _X s _
A [M(x,t,k)]2:(—Tj)e’m(*f)[M(x,t, M, j=1,...,A, (17.24d)
a(A;)Ao(Aj)
where
O(k;) = kjx +2k;1. (17.25)

(b) g« (0, ) = 0. Proceeding as in (a) we find that {A, B} are given by (17.19), where
Ay(k) is replaced by

A1 (k) = a(k)a(—k) + Ab(k)b(—k). (17.26)

The zeros A ; are now the second quadrant zeros of Aj(k), and (17.21) is now replaced by

_ Ab(=h) oy
MO =~ Ba@ ‘R VR (17.27)

The modified residue conditions are given by the following equations:

Res 1 .
ki IM(x, 1,00 = ———— P [ Mx, 1,k j=1,...,n, 17.28
i [M(x ) c'z(kj)b(kj)e [M(x,t, k), j ni ( a)
Res A . _
ki IM(x,t,0) = =————e 28 D[ M(x,t,k)];, j=1,....,n, (17.28b)
a(k;)b(k;)
Res Ab(—A; ,
o MG 1 ) = —— PR i et a0 j =1, A, (17.280)
a(rj)A1(2))
1)35,5 _ b(_)_‘j) —2i0(%;) Y .
j Mt = —————e WM, 1. 2L, j=1.....A. (17.28d)
aj)AL(A))

(€) gx(0,t) — xq(0,1) = 0, x constant. In this case, Ag(k) is replaced by

AL () = ara(h) + 2 KX bk 17.29
y (k) = a(k)a(—k) T ix )b(—k). (17.29)

The zeros A ; are now the second quadrant zeros of A, (k), and

2k l)(b( k)
2k+t)( _ R
I'k) = —(k)A ® keR™UIR™. (17.30)

The modified residue conditions are given by the following equations:

Res 1 . ) .
kj [M(x,t,k)]; = Wezm(k’)[M(X,l,kj)]z, ji=1,...,n, (17.31a)
J J
Res A . -
kj (M(x,1,k)] = me_zlg(kj)[M(x,l,kj)h, j=1,...,ny, (17.31b)
2)» —i
ZA +l§ (_ )

Res
Aj IM(x,t, 0] = DM x, t, A, j=1,...,A, (17.31c)

CaGAL()
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2, +ix _3

Res 27, —ix

MG 1L = — Lm0 Aj =
j K = e [M(x,t, 2D, j=1,...,A. (17.31d)

a( )AL ()
Theorem 16.1 and the above results imply the following.
Let g(x, t) satisfy the NLS equation, the initial condition

q(x,0) =go € S(R"), 0<x <oo,

and any one of the following boundary conditions:
(a) ¢(0,1) =0, >0,
or
(b) gx(0,) =0, >0,
or
(©) ¢:0.1) — xq0,1) =0, x>0, t>0.

Assume that the initial and boundary conditions are compatible at x = ¢ = 0. Furthermore,
assume the following.

(1) a(k), which is defined in Definition 16.1, can have at most a finite number of simple
zeros for Im k > 0.

(ii) Ag(k) in case (a), or A;(k) in case (b), or A, (k) in case (c), can have at most a
finite number of simple zeros in the second quadrant which do not coincide with the possible
zeros of a(k) (Ao, A1, Ay are defined in (17.20), (17.26), (17.29)).

The solution ¢ (x, #) can be constructed through (16.34), where M satisfies the RH
problem defined in Theorem 16.1, with I" (k) given by (17.21) in case (a), by (17.27) in case
(b), and by (17.30) in case (c). The relevant residue conditions are given by (17.24) in case
(a), by (17.28) in case (b), and by (17.31) in case (c).

Example 17.2  (sG). The determinant of the matrix U is proportional to

dq(0,1)
dt

1\’ ’
<k+—> +2[cosq(0,t)—l]+< +61x(0,1)) .

k

Thus the necessary condition for linearizable boundary conditions is always satisfied. We
consider the case of
q(0,1) = x, x real constant. (17.32)

The invariance of f,(k) yields
1
k)= —.
v (k) r

Letting N3 = N, Ny = Ny, we find that both the (11) and the (22) elements of (17.3) yield
(17.33a) below, while both the (12) and (21) elements of (17.3) yield (17.39b) below:

(k> = 1)(cos x — )Ny = i (k* + 1)(sin x)Na, (17.33a)
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i(k* — 1)(sin x)N; = (kK* + 1)(cos x + 1)N,. (17.33b)

These equations are clearly equivalent. Using either of these equations, we find

Ny =fN,, N3=N,, Ns= [Ny,

where 2 .
KT+ sin x
fo =i5— Toosx —1° (17.34)
Then, using fk) = pfk), p=—1, equations (17.4) yield
1 . ———— —_—
(f*= 1B <z> = f[aw + £B®W)]| = SPOT[ FAK) + pB®)
1 . —— —
(f* = DA (§) = 1] rAw + B | = FEOT AR + or BK)| (17.35)

In order to simplify these equations we first take their Schwarz conjugate,

1 —_— — .
(f2= DB <%> = f[pAd + £B® | - pe 07| fAG) + B,

(f2= DA (%) = f[£AE +pB® | - O AW + FBK)]. (1736)

Eliminating from (17.35a) and (17.36b) the term f A (k) + p B(k), we find

1 ART TN Ak
B (-) = A (-) + A0 L s (17.37a)
k f k f
Similarly, eliminating from (17.35b) and (17.36a) the term A(k) + pf B(k), we find
1 e2hT 1 B(k)
Al-)=- Bl =)+AWk +—=. 17.37b
(£) =2 () +a0+ 5 aram

Letting k — 7 in the definition of d (k) and then replacing A(;) and B(3) in the resulting
expression by the RHS of equations (17.37), we find

1 P 1 1 1 1 1 o (1
o(3)- 20 (7) || oo (1) + 3o (1) | o =a () e (7)-4 <
(17.38)
For the derivation of this equation we have used the remarkable fact that the terms exp[2i /> T ],
A, and B are eliminated because of the global relation (16.122).
Solving (17.38) and the global relation (which is also valid for k € D) for A(k) and

B(k), we find

_ N _p (1 2fT Iy _ 1 /1
A(")‘Mk){“‘k){d(zz) fc<l€>}+e ["b@ fa<l€)}(k)}’




Chapter 17. Linearizable Boundary Conditions 279

B(k) = ﬁ {b(k) [d <%> — ?c G)} + 2T |:a (%) - %b (%)} c(k)} , keD,

(17.39)
where
Ak) = a(k) (l) — pb(k)b <l> + l —pa(k)b (1) + b(k) <l> (17.40)
=a(k)a 7 0 7 7 pa 7 a 7 .
and p = —1.

In order to obtain A(k) and B(k) for k € D3, we let k — % in the global relation
and then replace A(1/k) and B(1/k) in the resulting expression by the RHS of equations

(17.37); this yields the following equation:

()2 (@) [o (@) - 3@ = ()« 74 ()]

This time, the terms A and B are eliminated using the definition of d(%).

Solving (17.41) and the equation defining d (k) (which is also valid for k € D3) we
find

o [b0) o s (2) (D)
NG k)7 \k )T\
B(k) = b {[b (l> _1, <1>] d (k) + ¢*"T q (k) [c (1> + Ly (1)” keD
NG k) o\ )Tk 3

(17.42)
Following arguments very similar to those used in Chapter 16 (see [51] for details),
it can be shown that A(k), B(k) can be replaced by the expressions obtained from the RHS
of (17.39) and (17.42) after deleting the terms involving exp(2i f,T). Then the ratio B/A
yields
By _ f®b(z) —a (i)
AR fa(z) =b ()
In summary, the sG with the boundary condition g (0, ) = yx, x real constant, can be
solved in terms of the RH problem defined in Theorem 16.2, where I" (k) is explicitly given
in terms of {a(k), b(k), B(k)/A(k)} by (16.118) and B/A is explicitly defined in terms of
{a, b, f} by (17.43), with f (k) explicitly defined in terms of x by (17.34).
The discrete spectrum can be analyzed using arguments similar to those used for the
NLS.

k € Djs. (1743)

Example 17.3 (KdV). The determinant of the matrix U equals

(k4 4k%)* — {0, 1)* + [2+ 4 (0, DIV (t) + 4k>[(q (0, 1))* + 2V (D1},

1 1
V() =q0,0) + 56](0, 1 — qux(O, 7). (17.44)
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The condition that the coefficient of k> vanishes yields
3[g(0, 1> +¢(0, 1) — g (0,1) = . (17.45)

The invariance of f,(k) yields

2 2 1
vk k2 4 o =0, (17.46)

We will consider two particular solutions of (17.45).

(@) g(0, 1) = g.(0, 1) = 0. In this case the matrix i f03 — Q(O, t, k) depends on k
only through f>(k), thus N = I, and

A(k) = AW(k)), B(k) = B (k)), keC. (17.47)

These equations, following the arguments used in Example 17.1, imply

S (3)

= W, Ao(k) = a(k)a(w(k) — pb(k)b(v(k), k€ Dy, p=—1. (17.48)

(1) ¢(0,1) = x,q.:(0,1) = x + 3x?, x realconstant, x # 0. Letting N3 = N,
N4 = Nj, we find that both the (1-1) and the (2-2) elements of (17.3) yield (17.49a) below,
while both the (1-2) and (2-1) elements of (17.3) yield (17.49b) below:

W—k)VN = @+k)(V +2xkv)N,, (17.49a)
v —k)(V = 2xkv)N; = [V (v + k) — 2kv(k + 4k>)]N>. (17.49b)

These two equations are equivalent; indeed, their ratio yields

k+4k3 2%
= —_— ])’
k+v \%

and since the definition of V and the boundary conditions imply V = —x?/2, the above
equation becomes (17.46).

Since the form of N is the same as the one used in the sG, it follows that the derivation
of B/A is identical to that for the sG, except that 1/k is now replaced by v(k) defined by
(17.46) and f (k) is now defined by

v+k 4kv
fk) = (1 - —> i (17.50)
v—k X

In summary, the KdVII with the boundary conditions ¢ (0, ) = ¢,,(0,#) = 0 can be
solved in terms of the RH problem defined in Theorem 16.2, where I' (k) is explicitly given
in terms of {a(k), b(k)} by (17.48). Similarly, for the case of the boundary conditions (b)
above, I'(k) is given by (16.118), where

Bk) _ f(K)DO(K)) —a(v(k))
Ak)y  fRa(k) —bw(k)’
and v(k), f (k) are defined by (17.46) and (17.50).

17.51)
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17.1 Additional Linearizable Boundary Value Problems

A well-posed problem for the mKdVII equation (16.89) requires two boundary conditions at
x = 0. In the particular case of g (0, t) = ¢, (0, t) = 0, the matrix Q(O, t, k) is independent
of k, and thus this problem can be easily solved by taking N = I.

The sG equation with the boundary condition

qx(0,1) 4+ x; cos <q((;, t)> + X2 sin (q((;, t)) =0 (17.52)

is solved in [56]. This case can be analyzed using the methodology developed in this chapter,
but it requires the employment of a different Lax pair from the one used earlier.

The results presented in this chapter indicate that even for nonlinear PDEs with third
order derivatives, it is possible to solve linearizable boundary value problems with the same
level of efficiency as initial-value problems. Indeed, the relevant RH problem is formulated
in terms of the explicit function f (k) defined in terms of the boundary conditions and in
terms of the functions {a(k), b(k)} which are defined in terms of the initial condition g (x),
x > 0. The only difference in this RH problem from the one obtained for initial-value
problems is that the relevant jumps occur on a more complicated contour than the real axis.
But this difference does not affect at all the effectiveness of the solution.

Remark 17.2. Linearizable boundary value problems for the NLS and the sG equations
have been studied via techniques based on an appropriate continuation of the half-line
problem to the problem on the line (see [105], [106], [107], [108], [109]. The solutions are
given via the RH problems corresponding to the extended initial-value problems. These
continuations are described by explicit conditions on the scattering data associated with the
initial-value problem on the line (see [105], [107], [108], [109]). In the case where either
q(0, 1) or g, (0, r) vanishes, these conditions can be easily translated into the even or odd
continuation of the initial data go(x). Although a continuation is still possible for other
boundary value problems such as the case (c) of Example 17.1, the relevant procedure is
more complicated. Furthermore, what is more important, the procedure introduced here is
also valid for PDEs involving third order derivatives; see Example 17.3.

Remark 17.3. Linearizable boundary value problems have infinitely many conserved
quantities [110].

Remark 17.4. Explicit soliton solutions for linearizable cases involving the NLS and an
integrable generalization of the NLS are presented in [23] and [178] respectively.






Chapter 18

The Generalized Dirichlet
to Neumann Map

It was noted in Chapter 17 that, in general it is not possible to solve the global relation directly
for {A(k), B(k)}. However, it will be shown here that it is possible to solve the global relation
for the unknown boundary values, i.e., it is possible to characterize the generalized Dirichlet
to Neumann map. The relevant methodology provides a nonlinear analogue of the approach
introduced in Chapter 1, section 1.1 for the solution of the corresponding problem for linear
evolution PDEs. Thus, in order to facilitate the understanding of the nonlinear methodology,
we first review the construction of the Dirichlet to Neumann map for the linearized version
of the nonlinear Schrodinger (NLS) equation, i.e., for (72).

We consider (72) with g(x,0) = go(x) and ¢(0,1) = go(t), and our goal is to
determine ¢, (0, t) = g;(¢). Replacing k with —k in the associated global relation we find
the following equation, which is valid for Imk > 0O:

T 00 T
i / g (s)ds = f e go(x)dx — k / e go(s)ds — X Tgr(—k).  (18.1)
0 0 0

The first two terms on the RHS of (18.1) are known, but the term g7 (—k) involves the
unknown function g (x, T). Actually, causality implies that g, (0, ) cannot depend on the
“future time” T, and hence the term g7 (—k) cannot contribute to g, (0, ¢). This motivates the
following approach for solving (18.1) for g;(¢): The classical Fourier transform inversion
formula (after the change of variables k> — ) indicates that in order to invert the integral
appearing in the LHS of (18.1) we must multiply this integral with k exp[—ik’t]. The
function g7 (—k) is analytic for Imk > 0 and the function expl[i k*(T — 1)] is bounded and
analytic for k in the union of the first and third quadrants of the complex k-plane. Hence,
the product k exp[ik*(T — t)]Gr(—k) is bounded and analytic in the first quadrant of the
complex k-plane and is of order O (1) as k — oo. Thus, by integrating around the boundary
of the first quadrant, denoted by d/, and by appealing to Jordan’s lemma (after the change
of variables k2 — 1), it follows that the integral of the above product vanishes. Hence,
(18.1) yields

[ee] T
wig(t) = / ke it |:/ e go(x)dx — k/ eik'sgo(s)ds:| dk, 0<t<T. (18.2)
al 0 0

283
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By changing the order of the x- and s-integrations with the k-integration and then
by computing the k-integrals (see [43] for details), we find that (18.2) simplifies to the
following equation:

_ _L —ix 4, ! go(s)
g1 = ﬁ |:\/-/ e go(x)dx + md \/—(610(0) go(o))j| ,
0O<i<T. (18.3)

The occurrence of the derivatives gy and gy is due to the fact that in order to obtain well-
defined k-integrals we first integrate by parts the x- and s-integrals before changing the
order of integration.

We now consider the NLS and for brevity of presentation we assume that go(x) = 0.
Then a(k) = 1, b(k) = 0, and the global relation (16.36) becomes

B(k) = " Tct(k), Imk >0,

where ¢ (k) is analytic for Im k > 0 and of order O(%) as k — oo. Recalling the definition
of B(k) (Definition 16.2) it follows that the global relation can be rewritten in the form

®(T, k) = —ct(k), Imk>0. (18.4)

The functions (P (¢, k), P, (¢, k)) are defined by (16.61), and thus we can replace ®,(7T, k)
by the RHS of (16.61a) evaluated at t = T. Thus (18.4) becomes

T
/ T (i go(0) P (1. k) — [2kgo(r) + i1 (1)] da(r. b)) dt
0

—e¥FT ot (k),  Tmk > 0. (18.5)

In the linear limit, |go|> — 0 and ®, — 1, and thus (18.5) reduces to (18.1) (with gy = 0)
after replacing 2k with k.

Our goal is to solve (18.5) for ¢, (0, ). Comparing (18.1) and (18.5) we see that
the main difficulty is the occurrence of the function ®,(z, k) in (18.5), which makes the k-
dependence prohibitively complicated for the application of the Fourier transform inversion
formula. This observation motivates the following question: Does there exist a representa-
tion of (¥, ®,) involving exponential dependence on k? The answer is positive and such a
formula is provided by the so-called Gel’fand-Levitan—-Marchenko (GLM) representation.
By employing this representation we find that the k-dependence of the integral involving
g1(7) is of an explicit exponential type, and then this integral can be solved for g;(¢) using
the usual Fourier transform inversion formula.

In what follows we will apply this methodology to the NLS and to the following
version of the modified Korteweg—de Vries (mKdV) equation which we will refer to as
mKdVI:

mKdVI: G + Grxx — 6pg°qy =0, g real, p==+l1. (18.6)
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A well-posed problem for mKd VI requires one boundary condition. For concreteness
we will analyze the following problems:

NLS: given ¢(x,0) =0, ¢(0,7) = go(?), find g.(0,7) = gi(1). (18.7)

mKdVI: given ¢(x,0) =0, ¢(0,1) = go(¥), find ¢,(0,7) = g1(t), ¢.»(0, 1) = g2(1).
(18.8)

In section 18.1 we will present the GLM representations associated with the ¢-part
of the Lax pair of the NLS and mKdVI equations. In section 18.2 we will employ these
representations in order to solve the global relation for the unknown boundary values g (¢)
and {g(t), g2(¢)}, respectively. In section 18.3 we will present an alternative representation
of the relevant solutions.

18.1 The Gel’fand-Levitan-Marchenko Representations

The global relation is formulated in terms of the vector (®;(z, k), ®,(z, k)), which is an
appropriate solution of the 7-part of the associated Lax pair; see Definitions 16.2 and 16.4.
The GLM representations of such vectors are given below. For convenience we introduce
the functions ® j» Where

d;(1,k) = @,(t, ke P j=1,2.
Proposition 18.1. Let the vector ®(r, k) = (P, (t, k), D, (7, k)) satisfy the following
equation:

d, +ifr(k)o3d = Q(t,k)®, + >0, keC, (18.92)
®(0, k) = (0, 1), (18.9b)

where the scalar function f> (k) and the 2 x 2 matrix-valued function O(t, k) are as defined
below.

NLS
fr=2k% Ot k) =2kQ(t) + Qo(t),

0 g “lo®F  pgi(t) (18.10)

0:1(1) = ., Qo) =ip
pg) 0 —g1(t) g0
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mKdVI

fr=4K Ot k) = Qot) — 2ikQ(t) + 4k> 0 (1),

0 1 0 1
Qo(1) = [2pg3 (1) — g2(1)] s 0a(1) = go(r) ,
p 0 o 0 (18.11)
0 -1
01(1) = pgo(1)*o3 + g1(1)
o 0

Then the vector & can be represented in the following form.

NLS
san=| " |+ f Li5) = 380OMa(1. ) +RMES) ) gy
eiht =\ Lo, ) + Lgo()My (1, 5) + kMa(t, 5)
(18.12)
mKdVI
o 0 ! Fi(t,s, k .
O(t, k) = B +/ 1. 5, k) e'f”ds, (18.13)
et -t \ Fp(t,s,k)
where
1 1
Fr=L(t,s)+ Ego(t)Mz(l‘, s) + Zgl(l)Nz(l, s) (18.14a)
1
+ ik (Ml (1,5) = S8 (ONa(t, s)> + k>N (t, s).
1 1
Fy =Ly(t,s) — E,Ogo(l)Ml(l, s) + Zpgl(l)Nl(l, s) (18.14b)

1
+ik (Mza, $)+ 5PN, s)) + PN (t, 8).
The functions {L;, M;, N j}% satisfy the following equations.
NLS

Li(t,1) = %gl(t), My(t,1) = go(®), La(t, —1) = Mp(t, —1) =0, (18.15)
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Ly, — Ly, =igi(®)Ly + a(®)M; + B(1)M>,
Ly, + Ly, = —ipg1(1)Ly — a(t)M; + pB(1) M, (15.16)
My, — My =2g0(t)Ly +ig1(t) M,
M, + My = 2pgo(t)L1 —ipg1(t) My,
where a(t) and B(¢) are defined by the equations
P, L 2
a(t) = E(gogn —gog1), B@) = E(lgo — plgol”go)- (18.17)
mKdVI
1
Nyt 1) =2g0(t), M@t 1) =g (1), Lt 1)=pgyt)— Egz(t),
Ny, — Ny, = [pga(t) — g2(t)IN2 — 281 (1) M> + 4go (1) Lo,
Ny, + Ny, = [g5(1) — pga(D)INy + 2pg1 ()M + 4pgo(t) Ly,
My, — My, = [pgg(t) — g2(1)IMa + 28 (1) Ly + a(t) Ny — B(1) Ny,
Mo, + My, = [g3(t) — pg2() 1M — 2pg1(t) L1 — a(t) Ny + B(1)Ny,
1,
Ly, = Li, = 208)()) = &2(O1L1 + y (OM1 = Z&o(t) Mo
1 .
+Zpgo(t)go(t)N1 + 8N,,
1 .
Lo, + Lo, = [285(t) = pga(OIL1 = ¥ (OMa + = pgo() M)
1 .
+Z,0go(l)go(f)Nz + ASNY, (18.19)
where «, 8, y, § are defined by the equations
3, | 1 2 .
a(t) = 580 ~ P88 + SP81 B(t) = z(pgogl - 80),
1, 3, 1 , 1, 1. 3
£ = _ — g 5= - - - Zgr. 18.20
v (1) = pgog2 2P81 =58 () 1P8081 ~ 58082~ 18 + 180 ( )

Proof. For the derivation of this result we will use the following identity, which can be

derived using integration by parts,

(—i)f2/ F(t,s)e %5

t
= [F(t, e 210 _ F(r, —1)e' 21 — / F,(t, s)e—"f'zmds} o3.

—t

(18.21)
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We will also use
Fin  —Fp
CT3FO’3=
—F Fx

The vector CfJ(t, k) is the second column vector of the matrix U (t, k); the latter matrix
satisfies (18.9a) as well as the boundary condition W (0, k) = I.

NLS
Substituting the representation

t
U, k) =e ' 4+ | [L(t,s) + kM(t, s)]e /% ds, (18.22)
—t

where L and M are 2 x 2 matrices, into (18.9a) and using (18.21) we find the following
equations:

M(t, —t) +o3M(t, —t)o3 =0, (18.23a)
L(t,—t)+o3L(t,—t)os +iQ1(t)M(t, —t)o3 =0, (18.23b)

M(t,t) —osM(t,t)o3 =20Q,(1), (18.24a)

L(t,t) —o3L(t,t)o3 —iQ1(t)M (¢, t)oz = Qo(t), (18.24b)

M, (t,s) +o3M(t,s)o3 =20,(t)L(t,s) + Qo(t)M(t, s), (18.25a)
L(t,s)+ o3L(t,s)os = —i Q1 (t)M(t, s)os + Qo(t)L(¢,s). (18.25b)

Equations (18.23b) and (18.24b) suggest replacing the function L by L, where
Lt,s) = L(t,s5) + %Ql(t)ogM(t, 5). (18.26)

Using this equation in (18.23)—(18.25) we find the following equations:

M(t, —t) + o3 M(t, —1)o3 = 0, (18.27a)

L(t,—t) + o3 L(t, —t)o3 = 0, (18.27b)

M(t, 1) —o3M(t, Yoz = 20, (1), (18.28a)

L(t,t) — o3 L(t, 1)o3 = Qo(t), (18.28b)

M, + o3M03 = 2Q, ()L + [ Q3(1)o3 + Qo(1)IM, (18.29a)

Ly +03L,03 = [Qo(1) — i Q1(1)03 Q1 (1)]L (18.29b)

+%[Qo(1)Q1(1)03 —i0}(t) — Q1(1)o300(t) — Q1 (1)o3]1M.

For the derivation of (18.27b) we have used the identity

O1M)osM(t,—t) — Q1 ()M (t, —t)o3 +20,(t)M(t, —t)o3 = 0, (18.30)
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which follows from the fact that M (¢, —t) is off-diagonal (see (18.23a)). Similarly, for
the derivation of (18.28b) we have used an equation similar to (18.30), where M (¢, —1) is
replaced by the matrix M (¢, t) which is also off-diagonal.

Equations (18.27)—(18.29) imply that the 2 x 2 matrices L and M have the following
structure:

L, L M, M,

e
I
<
I

(18.31)
pLi L, oMy M,

Using these representations, (18.27)—(18.29) imply (18.16). Furthermore, the second col-

umn vector of (18.22) yields (18.12).

mKdVI
Substituting the representation

t
U(t,k)=e "%+ | [L(t,s)+ikM(t,s) + k>N, s)le % ds (18.32)

—t

into the first of equations (18.9a) and using (18.21) we find the following equations:
N(t,—t) +o3N(t, —t)o3 =0, (18.33a)
M(t, —t) + o3M(t, —t)o3 + Q> (t)N(t, —t)o3 = 0, (18.33b)

L(t,—t) +o3L(t, —t)o3 + %Q,(r)N(r, —t)os — Qr(t)M(t, —t)o3 =0, (18.33¢)

N(t,t) —o3N(t,t)o3 = 40-(1), (18.34a)
M(t,t) —osM(t,t)os = —201(t) + Q(t)N(t, t)o3, (18.34b)
1

L(t,t) —o3L(t,t)o3 = Qo(t) + le(t)N(t, t)oz — Qr(t)M(t, t)o3, (18.34c¢)
N; +03Ns;03 = Qo(t)N +20,(t)M +4Q,(t)L, (18.35a)
M; + o03M;03 = Qo()M —20(t)L — Q2(¢)N,o3, (18.35b)

1
L; +o03Ls03 = Qo(t)L — EQl(l)Nst + 02(t)M;03. (18.35¢)

Equations (18.33c), (18.34b), and (18.34c) suggest replacing M and L by M and L, where
-1
M=M+ §Q2(t)U3N,
| ~ 1
L=L- EQz(t)@M + Zgl(t)A, (18.36)
and A denotes

A= . (18.37)
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Using (18.36), (18.33)—(18.35) become

F(t,—t)+o3F(t,—t)o3=0, F =N or M or i,
N(t,t) —o3N(t,t)os = 4go(t)A,

M(t, 1) — o3sM(t, 1)o3 = —2g,(t) Ao,

L(t,1) — o3L(t, 1)o3 = [2pg] (1) — g2(1)1A,

N, + 03N,03 = [pgi (t) — g2(1)]AN + 2g,(t) Aos M + 4go(1) AL,
M, + o3M,03 = [pga(t) — g2() 1AM + [a(t) 4+ B(t)AlosN — 2g1AosL,

. . B 1 .
L, +o3L,03 = [2pg(t) — g2(O]AL + [J/(t) + EgO(t)A} oM (18.38)

1
+ |:5(Z)A + Zpgo(l)go(l)} N,

where «, B, y, § are as defined by equgtiops (18.20).
These equations imply that N, M, L have the following structure:

N2 N1 —M2 M1 L2 Ll
N = ., M= , L= . (18.39)
oN1 N> —pM; M, pLy Lo

Using these representations, equations (18.38) imply equations (18.19), and the second
column vector of (18.32) yields (18.13). O

Remark 18.1. In the subsequent analysis it is more convenient to use integrals from 0 to
t instead of integrals from —¢ to . In this respect, using the identity

t t
f F(t,s, ke ds = ze*"fzf/ F(t,2t —t,k)e* dr,
—t 0

we find that the GLM representations of the NLS and mKdVI take the following form:

NLS
. .
(1, k) = 27 / (Ll - %go(t)Mz + le> 2l g, (18.40a)
0

. .
Dy (1, k) = ' 4 2¢71! / <L2 + % Zo(OM; + kM2> AT, (18.40b)
0

where Ly, L,, M, M, are functions of (¢, 2t — t).
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mKdVI
t
D, (1, k) = 2e—"f2’/ Fi(t, 27 — t, k)e* T dr, (18.41a)
0

t
D, (1, k) = &' 4 2071 / Fs(t, 27 — 1, k)e* T dr, (18.41b)
0

where F), F, are as defined by (18.14).

18.2 The Solution of the Global Relation in Terms of the
GLM Functions

In what follows we will analyze the global relation (18.4) together with the GLM represen-
tation of @, in order to find explicit expressions for the unknown boundary values. For this
purpose it is more convenient to use the global relation corresponding to ¢ instead of 7.

Proposition 18.2.  Suppose that the function & (z, k) satisfies the global relation

O,(1, k) = —P®'Ck, 1), Tmk>0, O0<t<T, (18.42)
where C (k, t) is an analytic function of k for Im k > 0 and of order O (%) as k — oo for all
O0<t<T.

(@) NLS

Let <i>1 be given in terms of the functions L (¢, T), M;(¢, t), and M, (¢, ) by (18.40a),
where

Li(t,t) = %g1(t), M(t,—t) =0. (18.43)

Then g, (¢) (the Neumann boundary value) can be expressed in terms of go(¢) (the Dirichlet
boundary value) and of the functions M, M, by the equation

dt
Ji—1

M
(18.44)
ot

1) = oY Ma(t, 1) — eﬁfo My ey

(b) mKdVI

Let ; be given in terms of the functions
2
Ll(t,f), {Mj(tar)a Nj(tﬂr)}jzl

by (18.41a), where

1
M@, 1) = g1(t),  Li(t,1) = =58+ gy (1) (18.45)
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Then, g (#) (the Neumann boundary value) and g>(¢) = ¢,. (0, ¢) can be expressed in terms
of go(¢) (the Dirichlet boundary value) and of the functions N, N,, M, by the following

equations:
1 3¢ [ Ni(t, —¢ "ON dt
§1(0) = =go(ONa(t, 1) + [1(—1) +/ — (1.2t~ 1) ,} (18.46)
2 2 13 0 ot (t—1)53
and .
£2(1) = 2p8)(1) + go(OMa(t, 1) + S &1 (ONa(2, 1)
3i¢ [ Ni(t, —t "ON d
+2€ [¥ +/ N 2r -8 ] (18.47)
b t3 o 0t (t —1)3
where | ,
C__F(g) . ir'(3)
233’ 43

Proof. (a) Replacing the function d, (¢, k) by the RHS of equation (18.40a) in the global
relation (18.42) we find

, .
/ AR |:L1(t, 2t — 1) — lzgo(t)Mz(t, 2t — 1) + kM, (t, 27 — r)] dt
0

4ik>t

=—e2 Ck,t), Imk>0, O<i<T. (18.48)

We multiply this equation by k exp[—4ik*t'],#' < t, and integrate along the boundary of the
first quadrant of the complex k-plane, which we denote by 9/, with the orientation shown
in Figure 18.1.
The RHS of the resulting equation vanishes because kC (k, t) is analytic and of order
O(1) for Imk > 0, and the oscillatory term exp[ik?(¢ —t')] is bounded in the first quadrant.
The first two terms on the LHS of (18.48) give contributions which can be computed
in closed form using the following identity:

t
/k[/ e‘”kz(t_’/)K(t,t)dt}dk:%K(t/,t), t>0, >0, 1 <t, (18.49)
ol 0

where K (t, t) is a smooth function of its arguments; if # = ¢’ the 1/4 is replaced by 1/8.
This identity follows from the usual Fourier transform identity after using the transformation
4k> — [ to map 91 to the real axis. Using this identity, the first two terms on the LHS of
(18.48) yield

% |:L1(t, 2% — 1) — %go(t)Mz(t, 2% — t)] . (18.50)

Before computing the contribution of the third term in the LHS of (18.48), we first use
integration by parts:

! . 1 2
/ ke T M (1,27 — )dT = s [e‘“k Mt t) — My (1, —r)]
0

1 o OM
- / e4’k2’—1(t, 2t — t)dr.
4ik 0 aT

(18.51)
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Figure 18.1. The curve 91.

Multiplying the third term of the LHS of (18.48) by k exp[—4ik’t'] and integrating along 81,
we find three contributions. The first vanishes due to the fact that exp[4ik?(t —t')] is bounded
in the first quadrant of the complex k-plane. The k-integral of the second contribution can
be computed in closed form as follows: Using k%¢’ = I we find

o o dl c
—4ik>t —4il*
e dk = / e —_— = —
-/81 al \/F \/7

with

_4ir? 1 i 1 0 _i o _i 1 i 1
c= e "dl = = e 'dl = = e 'dl = e "dl==-e" T (=],
ol 2 Jar 2 ) 0 2 2

(18.52)
where in deforming 91 to the real axis we have used the fact that exp(—i/?) is bounded in
the second quadrant of the complex k-plane.

In order to compute the contribution of the third term in the RHS of (18.51) we split
fot into fot and f; The contribution of the second integral vanishes due to analyticity
considerations, and the contribution of the first integral yields a k-integral which equals

c/+/t" —t. Thus, (18.48) yields

%I:Ll(t, 2t —t) — %go(t)Mz(t, 2t — t):|

c M,(t,—t)+/‘"aM](t 2 —p_3T_|_
4i Jr o ot -t |

Letting ¢’ — ¢ Aand using (18.43), the above equation becomes (18.44).
(b) Replacing @, (¢, k) by the RHS of equation (18.41a) in the global relation (18.42)
we find

t
2/ Fi(t,2t —t, k)8 Tdr = —**'C(k,1), 0 <t <T, Imk >0,  (18.53)
0
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oD~

Figure 18.2. The contour dD~.

where F| is defined by (18.14a). We replace k by ak and by «’k, in (18.53) where a =
exp[2im/3]. Then we obtain two equations valid in D™, where

4 5
D—={ke<c, ?n<argk<?n}. (18.54)
Solving these two equations for the two integrals containing
; 1 1 1
ik( M — Ego(l)Nz . Li+ Ego(f)Mz + Zgl(f)Nz,
we find the following two equations which are valid in D~:
! S22 1 ! i3
2ik/ eSikT [Ml - Eg(,(z)zvz] dr = 2k2/ ST N dt
0 0

8ik3t
+

[C(ak, 1) — C(e’k, )], (18.55)

a?—«
' 8ik3t 1 1 2 ' 8ik3t
2/ e L+ Ego(l‘)Mz + Zgl(t)Nz dt =2k / e Nydt
0 0

8ik3t

+ . [C’k. 1) — aClak,1)]. (18.56)

We first analyze (18.55). We multiply this equation by k exp[—8ik3t'], t' < t, and
integrate along the boundary of D~ with the orientation shown in Figure 18.2.
The integral appearing in the LHS of (18.55) can be inverted using the following identity:

t . , T
/ k* / SR (v ndT |dk = =K', 1), 1>0, >0, ' <1, (18.57)
aD- 0 12
where K (t, ) is a smooth function of its arguments; if = ¢ the 1/12 is replaced by 1/24
(this identity follows from the usual Fourier transform identity after using the transformation

8i® — [ to map D~ to the real axis). Using this identity and recalling that M, and N, are
evaluated at (¢, 2t — ¢t), the LHS of (18.55) yields

2il M, (t 2t’—t)—l (H)Ny(t, 2t — 1)
12 17, 280 27, .

The second term on the RHS of (18.55) yields a term which is bounded and analytic in D~
and of order O (1) as k — oo, and thus it yields a zero contribution (using Jordan’s lemma
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and the substitution 84> — [). Before computing the contribution of the integral appearing
in the RHS of (18.55), we first integrate by parts as follows:

2 17 s
2k3/ SFTN (1,27 — DdT = = [es’k Ny (. 1) — Ny (2, —r)]
0

1 (! o5 @
—— | &K TN (¢, 2t — t)dx. (18.58)
4i Jo at

Multiplying by exp[—8ik3t'], ¢’ < t, and integrating along 3 D~ we find three contributions.
Proceeding as in (a), we find that the contribution associated with N (z, t) vanishes and that
the contribution associated with N, (¢, —t) yields (after the change of variables k3¢’ = %)

i34 o3 dl C 13
/ 67811{ t dk = / 67811 — = -, c = / 67811 dl,
aD- aD- s (V)3 aD-

whereas the contribution associated with "% yields

t

130y C
/ e*Slk.‘(f 7‘[)dk — -
0 t—1)3

Hence, (18.55) yields

i , 1 ,
€|:M1(l,2t —1) —Ego(f)Nz(f,zf —l):|

_i M‘f‘/ %(t’zf_t)d—rl )
4 (t")3 0o 9t (1" =1)3

Taking the limit of this equation as t' — ¢ and using (18.45) we find (18.46), where for the
computation of the constant ¢ we use the contour deformation to find (see [17])

A 1 A r(i
c= / e 8l = -/ e il = —ﬁ.
aD- 2 Jop- 23

We now analyze (18.56). We multiply this equation by k2 exp[—8ik’t'], t' < ¢, and
proceed as above. The LHS of the resulting equation can be inverted explicitly using (18.57),
and the second term on the RHS of (18.56) yields a zero contribution. The first term on the
RHS of (18.56) yields a term which equals the RHS of (18.58) times kexp[—Sik3t’]. This
term gives rise to terms involving powers of 2/3 instead of 1/3, as well as ¢ instead of c,

where
5:/ le 8ilqj.
aD~

For example, the term associated with Ny (¢, —t) yields

/ ke 8K dk = / et A
oD~ oD~ s (@)
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Hence, (18.56) yields

1 1
% [Ll(t, 2t — 1) + 780N Ma(r, 2t —1) + 281N, 2t — ;)}

& | Ny, —t "9 d
=—£. 1(—’2)+/ ﬂ(t’zf_t)—rl )
4i ()3 0o 0T ' —1)3

Taking the limit of this equation as ¢ — ¢ and using equations (18.45) we find (18.47),
where the constant ¢ is given by

. 1 ‘ iT (2
5:/ le 8T g = —/ e = TG O
aD- 4 Jop- 443

Remark 18.2. In the linear limit of the NLS equation, the definitions of {L;, M j}% imply

Li(t,s) —> L(t+s), M(t,s)—> M(@t+s), L,—>0 M, —0.
Thus using the conditions at s = ¢, i.e., (18.15), we find
i
Li(t,t) - Li(2t) = 581(1‘), Mi(t,t) — M(2t) = go(t),
M (t,2t —t) > M;(21) = go(7).
Hence, the linear limit of (18.44) yields

e T "ogo(t) drt
JroJo 0t Ji—t

which coincides with the Dirichlet to Neumann map of (72), with g(x, 0) = 0; see (18.3).

g1t) =—

18.3 The Solution of the Global Relation in Terms
of ®(t, k)
Proposition 18.2 presents the solution of the global relation in terms of the functions

{L;,M;, N j}% appearing in the associated GLM representations. In what follows we will
express the solution directly in terms of ® (¢, k).

Proposition 18.3. Suppose that the function @, (z, k) satisfies the global relation (18.4).

(a) NLS
L~et D, (2, k), Py(t, k)) be given in terms of the functions go(¢) and g;(¢) by (16.61) with
Q(t, k) defined by (16.57). Then g, (¢) (the Neumann boundary value) can be expressed in
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terms of go(¢) (the Dirichlet boundary value) and of the functions (®,(z, k), ®,(¢, k)) by
the equation

2g0(t)

[@2(1, k) — Po(1, —k) ] dk
al

g1t) =
(18.59)

)
+—’f K[ (1, k) — B (1 —K)] + igo (1)) dk,
T Jar

where 9/ denotes the boundary of the first quadrant of the complex k-plane with the orien-
tation shown in Figure 18.1.

(b) mKdVI

Let (@ (¢, k), P(¢, k)) be given in terms of the functions {g; (t)}(z) by (16.133) with f,(¢)
and Q(t, k) as defined by (18.11). Then g;(¢) (the Neumann boundary values) and g,(¢) =
¢xx(0, 1) can be expressed in terms of go(¢) (the Dirichlet boundary value) and of the
functions (P (¢, k), P, (¢, k)) by the following equations:

2 6 k t
() = ﬁf Kot )k + .—/ K ek — 88 g (18.60)
T Jap- im Joap |3 2i
and
4ig

O(t)/ k;zz(z,k)dk+2g1(t)/ Yo (t, k)dk
aD- s aD-

(1) = pga(t) —
T

(18.61)
12 1, k
- Sk xi(t, k) — —go(t) | dk,
T Jap- 3 2i
where x1, x2, and x are defined by

x1(t, k) = ®1(t, k) + ad,(t, ak) + o> @y (t, d?k),

2im

x2(t, k) = Da(t, k) + ad,(t, ak) + > Do (t, a’k), a=e7,
Xa(t, k) = Oa(t, k) + > @a(t, ak) + aDa(t, a’k), (18.62)

and d D~ is the boundary of the domain D~ defined in (18.54) with the orientation shown
in Figure 18.2.

Proof. (a)Inorderto derive (18.59), in addition to (18.49), we will also need the following
identity:

t
/ k2 [ / AR g (7, t)dr] dk
al 0

ro , Kt
=/ K2 / AR gz Hdr — (, ) dk, t>0,>0,¢t <t,
ol 0 4ik?

(18.63)
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where 01 is the oriented boundary of the first quadrant of the complex k-plane and K (t, 1)
is a smooth function of the arguments indicated. This identity can be derived as follows:
We rewrite the LHS of (18.63) as the RHS plus the term

r , K, 1)
k2 42— g (2 £)d | dk.
/31 Ut ¢ (T.0de+ =3

The integrand of the above integral is analytic and bounded in the domain enclosed by 91.
Also, its zero order term with respect to &>~ is given by K (¢, 1) exp[4ik2 (t —1")]/4i;
thus Jordan’s lemma applied in the first quadrant of the complex k-plane implies the desired
result.

The main difference between the derivation of (18.59) and (18.44) is that in what
follows we will not compute some of the relevant k-integrals. In this respect we will first
derive the following equation:

. t
—lgl(l)z—l—go(t) k /e4f’<2<f—’>M2(t,2r—t)dr dk
8l 2 kY 0

, (18.64)
1 . t
+§/ [2/8] AR N (1,27 — t)dT — 80 )}dk.
al 0

2i

Indeed, multiplying the global relation (18.48) by k exp[—4k?t'], ¢’ < ¢, and integrat-
ing along 97 we find

t
/ [/ e“sz(”’)(kLl(z,zz — 1) — Lgo(kMy(t, 2T — 1)
e (18.65)
+k*M, (1, 21 — t)dr)]dk =0.

We recall that L(¢,7) = ig1(¢)/2 and M;(t,t) = go(t), but M,(¢,t) is unknown.
Hence, we will manipulate the first and third terms of the LHS of (18.65) but not the second
term. Using (18.49) and (18.63) to simplify the former two terms, (18.65) yields

. t
T2t =0 —Lgot) | & U AR M (1 27 — t)dti| dk
4 2 a1 0

(18.66)

"o , M(t,2t —t
/ k2/ AR M (1 2T — dT — 1(—) dk = 0.
ar 0 4i

The second term in the LHS of this equation equals

) My (t,2t — 1)
—igo(t)m =

and thus the integral is well defined.
Letting ¢ — ¢ in (18.66) and using (18.43), (18.15) and (18.49), we find (18.64).
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This equation expresses g (¢) in terms of go(#) and of integrals involving M, and M;.
These latter integrals can be expressed in terms of ®; and ®,. Indeed, replacing k by —k
in (18.40a) and then subtracting the resulting equation from (18.40a), we find

t
42k / FTM (1,21 — ydt = &,(1, k) — D11, —k). (18.67a)
0
Similarly, (18.40b) and the equation obtained from (18.40b) by replacing k with —k yield
t
4ke= 1k / M, (1, 21 — ydt = Dy(t, k) — Dyt —k). (18.67b)
0

[AJsing (18.67) in (18.64), the latter equation becomes (18.59), where we have used that
;=2 j=1,2.
(b) The derivation is conceptually similar with that of (a) details can be found in

[58]. g

Remark 18.3. 1In the case of the NLS, (18.44) expresses g; in terms of {gg, My, M1};
replacing g; by this latter expression in (18.15)—(18.17) we find a nonlinear hyperbolic
system for {L;, Mj}%. Similarly, (18.59) expresses g; in terms of {gg, @, ®,}; replacing
g1 by this latter expression in equations (16.61) we find a system of nonlinear equations for
{®;, ®,}. This system involves only two equations, whereas the system for {L;, M;}7 in-
volves four equations. Similarly, for the mKdV equation, the nonlinear system for {®, ®,}
still involves only two equations, whereas the nonlinear system for {L ;, M, N_,-}% involves
six equations. Thus, it appears that the formulation presented in Proposition 18.3 has an
analytical advantage. On the other hand, it was shown in [123] that the expressions in Propo-
sition 18.2 are more convenient for the numerical evaluation of the Dirichlet to Neumann
correspondence. The rigorous analysis of the above nonlinear systems remains open.

Remark 18.4. The first explicit solution of the global relation in the case of the NLS was
obtained in [57], where g (¢) was expressed in terms of go(7) and of the functions {4 (¢, k%),
wi(t, kz)}% which were defined in terms of {L ; (¢, s5), M;(z, s)}%. It was later realized in [58]
that the functions {A;, u; }% can be expressed in terms of {®, ®,}, and thus the Dirichlet to
Neumann map for the NLS is characterized in [58] in terms of rwo ODEs; see Remark 18.3.
The sG as well as the two versions of mKdV (namely, mKdVI and mKdVII) are analyzed
in [58], without the assumption of g (x, 0) = 0. The two versions of the KdV equation are
analyzed in [59].

Remark 18.5. The GLM representation for <i>(t, k) was first derived in [111]. The analo-
gous representations for the sG, mKdVI, and mKdVII are presented in [58]. The construction
of the GLM representations for the two versions of KdV presents some novel difficulties
which were finally overcome in [59].






Chapter 19

Asymptotics of Oscillatory
Riemann-Hilbert Problems

It was shown in Chapter 16 that the solution of nonlinear integrable dispersive evolution
PDEs formulated on the half-line can be expressed in terms of the solution of oscillatory
matrix-valued Riemann—Hilbert (RH) problems. Similar results for nonlinear integrable
PDEs formulated on the finite interval are presented in [54], [55]. The main advantage of
this formalism is that it provides an effective approach for studying asymptotic properties
of the solution. For example, by employing Theorem 16.1 and by using the Deift—Zhou—
Venakides asymptotic analysis of oscillatory RH problems, Kamvissis [71] computed the
semiclassical limit of the NLS formulated on the half-line.

In section 19.1 we will compute the large-¢ limit of the solution ¢ (x, ) of the NLS
characterized through Theorem 16.1. In section 19.2 we will compute a certain asymptotic
limit of three coupled nonlinear PDEs describing the phenomenon of stimulated Raman
scattering.

19.1 The Large-t Limit of the Nonlinear Schrodinger
Equation on the Half-Line

Theorem 16.1 expresses the solution g (x, ¢) of the nonlinear Schrodinger (NLS) equation
in terms of the solution of an oscillatory RH problem; thus in order to compute the limit of
q(x,t)ast — oo and 7 = O(1), we must study the large-# asymptotics of the associated
RH problem. The corresponding problem for the full line was first studied in [112] (see
also [113], [114], and the review [102]). A rigorous and elegant method for studying the
asymptotic behavior of oscillatory RH problems was introduced by Deift and Zhou [67],
[68]. This method, which can be considered as a nonlinear steepest descent method, can
be immediately applied to the RH problem of Theorem 16.1. Indeed, after approximating
I' (k) by a suitable rational function, it is straightforward to show that the jumps J; and J3
can be absorbed into the jump J,. This yields an RH problem with a jump J on the real
axis, where J is obtained from J4 by replacing y (k) with y (k) — AT (k). This RH problem
is identical to the RH problem for the initial-value problem of the NLS, and thus the results
of Deift and Zhou are immediately applicable. Similar considerations are valid for other
integrable nonlinear PDEs; see [64], [65], [66].
For the NLS the following result is valid; see [64], [50].

301
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Theorem 19.1. Suppose that the conditions of Theorem 16.1 are satisfied. Then the
solution g (x, t) of the NLS equation (see (81)) on the half-line corresponding to the initial-
boundary values go(x), go(¢), and g;(¢) exhibits the following large-t behavior:

Define the set {k;}}_, by k; = 4;,j = 1,..., Aand kay; = kj,j = 1,....4,
where A; and k; are defined as in Theorem 16.1.

(i) If the set {A; }le is empty, then the asymptotics has a quasi-linear dispersive
character, namely it is described by the Zakharov—Manakov-type formulae

P12

(1) =1"%a (—1)ex 1—2i}\a2(—i)1o z+i¢(—i) +o(z—%)
ax = 4 ) P 4 4] %% 4t ’

X
t . —=0(), 19.1
=0, o )] (19.1)

with the amplitude « and the phase ¢ given by the equations
2 A T2
o?(k) = —Elog(l — Ay (k) = AT (®)?), (19.2)

2-»

¢ (k) = —61a’ (k) log2 + T ;7 tam (v (k) — AT (k)) + arg G(2ire’* (k)

; (19.3)
—4 / log | — klde* (1),
—00

where G (z) denotes Euler’s gamma function.
(i) If . = —1 and the set {4 ; }j.\zl is not empty, then solitons, which are moving away

from the boundary, are generated. This means that there are A directions on the (x, 7)-plane,
namely

1
t = oo, —:—t:$j+0(;), Jefl, ... A (19.4)

along which the asymptotics is given by the one-soliton formula

201, expl—2i;x — 4i(¢} — n))t —ig;] +0 (f_ ) ’

- : 19.
g0 1) cosh[21; (x + 4&,1) — A;] (195

where
n; =Im(x;), §&; =Rel(x))
and the parameters ¢; and A ; are defined by the following equations:
)»j — K]

N
¢j=—%+argc,-+ Z [1—Sign($z—$j)]afg< )

a— K
I=1,i#] A

1[4 log (1 —Aly (k) — AT (k)|)
i /m =&+
N
A; = —log2n; +log|c;| + Z [1 —sign(& —&;)]log
I=1,1#]

(n—§&pdu, (19.6)

)»j—/q
Aj— Kk
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. —x /4t — — Al 2
_,7_]/ log (1 — Aly (k) = AT (K)]?) (19.7)

T 00 (n—§& j)2 + 713
Away from the rays (19.4) the asymptotics again has dispersive character, and it can be
described by formulae (19.1)-(19.3), evaluated at . = —1, but with the terms

N
¢solitons =2 Zarg(’(j - k)[SIgn(%_j - k) - 1]

Jj=1

added to the RHS of (19.3).

Proof. Without loss of generality (see [68]) we assume that the functions y (k) and I'(k)
can be approximated by rational functions with appropriately chosen poles so that these
functions are analytic and bounded in certain domains of the complex k-plane.

We will first show that under the assumptions of Theorem 16.1 and provided that the
associated discrete spectrum is empty, the solution M (x, ¢, k) of the RH problem defined in
Theorem 16.1 satisfies

M(x,t, k) = [1 +0 (%)] [8()]%, t — oo,

0<c1§§§cz<oo, (19.8)

uniformly for [Im k| > ¢ > 0, where the scalar function § (k) is defined by

_ L[ mh—ara1 5 o>
5@)_eqﬁégi/mm[1 Mﬂkﬂ]k_k},v_ yre (19.9)
with L
r(k) =y (k) — AT (k). (19.10)

In order to derive this estimate we must deform the RH problem of Theorem 16.1 to one
defined on the steepest descent contours associated with exp[2i kx+4ik>t]. This deformation
was actually carried out in [64]. In what follows we will simplify this deformation by
mapping the RH problem of Theorem 16.1 to an RH problem formulated on the real axis: If
I' (k) can be approximated by a rational function, then the jumps J; and J3 can be absorbed
into the jump Jy, and in this way the RH problem of Theorem 16.1 reduces to the following
RH problem:

M_(x,1,k) = My(x,1,k)J(x,1,k), keR, (19.11a)

1
M=I+O(%), k — o0, (19.11b)

where M_ and M_ are analytic for Ink < 0 and Imk > 0, respectively, and the jump
matrix J is defined by

1 —rk)e™?

<
I

, keR; 0 =2i(xk+2k%). (19.12)
Ar(ye? 1 — alr(k)?
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Figure 19.1. Domains where ¢’ and e~® are bounded.

The stationary point associated with exp[f] is given by k = v, and the directions of the
steepest descent are given by Im [i (k — v)?] = 0. Indeed, exp[A] can be rewritten as

o = i it (—v)?
The domains in the complex k-plane where exp[f] and exp[—6] are bounded, are shown in
Figure 19.1, while the contours of steepest descent are depicted by the solid lines in Figure
19.2. Deift and Zhou introduced the following construction for deforming the RH problem
with a jump across the real line to an RH problem with a jump across the steepest descent

contours.
For v < k < oo we factorize the matrix J in the form

<
I

are? 1 0 1
and then we rewrite (19.11a) in the form

1 re? 1 0
M_ =M, , v<k<oo. (19.13)
0 1 ared 1

The functions exp[—6] and exp[f] are bounded in the domains 6 and 1 of Figure 19.2,
respectively, thus the associated matrices can be absorbed in M_ and M., respectively,
and therefore the jump across v < k < oo can be eliminated. However, this strategy fails
for —oo < k < v, since exp[—6] and exp[#] are not bounded in the domains 4 and 3,
respectively. This difficulty can be bypassed by introducing the function §(k). Indeed,
this function is determined by the requirement that the jump across —oo < k < v can be
eliminated: Let us define W (x, ¢, k) by

W(x,t,k) = M(x,t,k)[§(Kk)] %, (19.14)
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Figure 19.2. The steepest descent contours for the NLS.

and let W_, W,, §_, §; denote the limits of W and § as k approaches —oo < k < v. Then,
(19.11) and (19.14) imply

(1 —,\|r|2)§ 5.8_re?
W, =W_ , —oo<k<nw. (19.15)

M0 S
3,0 ¢ 3

Thus, if we choose § (k) such that

S§_(k)
1= Ar0)?) —= =1, —oco<k<wv,
( )5+(k)
1
8(k)=0(%>, k — o0, (19.16)
(19.15) becomes
ré? _
1 e ’
W, =W_ , —oo<k<v.

AT 0 2
e ¢ LA

This equation can be rewritten in the form

ré? -6
1 —i55e 1 0
W, =W_ , —oco<k<wv,
AF
0 1 ~meee |

where 7 denotes r (k). Now the matrices containing exp[—6] and exp[e?] can be absorbed
in W and W_, respectively, and here the jump across —oo < k < v can be eliminated.
The unique solution of the RH problem (19.16) is given by the RHS of (19.9).
In summary, let us define the matrix X (x, ¢, k) by

X(x,t,k) =W, t,k)K(x,t,k), (19.17)
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where W is defined in terms of M by (19.14), and the matrix K has the following form in
the domains 1, ..., 6:

1 0 1 0

1 2:

gl 1 e 1

r8? -

1 —me o 1 0

3: 4: (19.18)
AF 0

0 1 —me 1

1 —AF82e? 1 r82e?
5 6:

0 1 0 1

Then X satisfies the following RH problem:
X_(x,t,k) =X:(x,t,k)G(x,t, k), kelL,

1
X:I+O<E), k — oo, (19.19)

where L is the union of the rays arg(k — v) = @, Jj=1,2,3,4, and G is defined as
follows:

1 0 .

G, = , arg(k—v):z,

—g—gee 1

=7 € 37
G, = , arg(k—v):T,
0 1
(19.20)
1 0 5
G; = , arglk —v) = —,
AF 0 1 4
=i’ €
20
1 ré<e .
Gy = ) arg(k—v):T.
0 1

The RH problem for X has the crucial property that its jump matrices decay exponentially
to the identity, provided that k is away from the point v. This implies

X, t,k)=1+0 (%) .t — 00, (19.21)
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Gs

Figure 19.3. The RH problem for X.

for k away from v. Indeed,

dk’

ke C\L. 19.22
o ke (1922)

1
X, t,k) =1+ —/ X (e, t, k)T — G(x,t,k))
2imw Vs

It turns out that X+ satisfies the a priori estimate | Xt (x, #, k)| < constant; using this estimate
and employing the classical Laplace method in the integral on the RHS of the above equation,
we find (19.21).

Equations (19.14), (19.17) and the estimate (19.21), together with (16.34), imply that

1
qx,t)=0 (—) , t—>00, 0<c¢c <—-—<c¢ <o0. (19.23a)

Vit

In the case that the discrete spectrum is not empty, (19.23a) is modified by

1
q(x,t) =q;(x,t)+ O <\/;> , (19.23b)
where g, represents the soliton contribution [64].

Just as in the classical steepest descent method, one can improve the estimate (19.21)
by calculating in closed form the contribution from the stationary point v. It turns out that
the corresponding RH problem can be solved in closed form in terms of parabolic cylindrical
functions (see [114]). The relevant analysis is very similar to that for the full line problem
presented in [102]. This leads to formula (19.1). O

Remark 19.1. The zeros k;j,j=1,...,ny,of the function a(k) lying in the first quadrant
participate in the residue conditions of the RH problem, but they do not generate solitons
(there are exactly A and not N = n; 4+ A soliton rays indicated in (19.4)). Thus, they affect
formulae (19.6) and (19.7) describing the parameters of the soliton (19.5) (the summations
in the RHS of these formulae run from 1 to N). A qualitative explanation of the absence in
the asymptotics of the solitons corresponding to k; is quite simple: These solitons move to
the left, and hence after a finite time disappear form the first quadrant.

Remark 19.2. 1In the cases of the linearizable boundary conditions all the parameters
in the above formulae can be expressed in terms of the spectral functions a(k) and b(k),
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i.e., in terms of the initial data only. Indeed, for the cases of ¢(0,7) = 0, ¢,(0, t), or
qx(0,1) — xq(0, ) = 0, we have the following formulae:

_ Ab(=A)) o
¢ = ——— j=1,...,A,
a(xj)Ao(Aj)
or
Ab(—=X;
¢ == PR A,
a(lj)Ai(A;))
or
ZAJ i
B mwib( A o
¢ =——1 0 i=1,...,A.
a(k YA, (A))
Also,
2b(—k
rg = —bch k e R™UIR™,
a(k)Aog(k)
or
Ab(=k) o
rk) =————— keR UIRT,
a(k)A (k)
or
2k l)(
b(— k)
rk) = ”‘*’X— ke R UIR".
a(k)Ay (k)

19.2 Asymptotics in Transient Stimulated Raman
Scattering

Under the physical assumptions described in [61], the phenomenon of transient stimulated
Raman scattering can be described by the solution of a certain initial-boundary value problem
for a system of three nonlinear PDEs for the complex-valued functions X (x, 7), Y (x, 7)
and for the real-valued function b(x, t), where the independent variables x and t are real.
These equations are the compatibility condition of the following Lax pair:

—ik X(x, 1)
Yy(x, T, k) = W(x, 1, k) (19.24a)
—X(x, 1) ik
and
ib(x,t) —Y(x,7)
Yo (X, T, k) = 7 Y(x, 1, k), (19.24b)

Y(x, 1) —ib

where k € C. The solution of the relevant initial-boundary value problem can be expressed
through the solution of the matrix RH problem described below in Theorem 19.2. This
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problem can be obtained by following the steps 1 and 2 described in Chapter 16. Actually,
in contrast to the case of NLS, sine-Gordon (sG), Korteweg—de Vries (KdV), and modified
KdV (mKdV), where the associated RH problem depends on some unknown boundary
values, the RH problem of Theorem 19.2 involves only the known initial and boundary data.
Hence, this RH problem provides directly the effective solution without the need to analyze
the associated global relation.

For brevity of presentation, in what follows we state, rather than derive, the relevant
RH problem. The derivation can be found in [61]; rigorous aspects are discussed in [63].

Theorem 19.2. Letb(x,1) € R, Y(x,7) € C, and X(x, t) € C satisfy the following
equations with y € [0,1],/ > 0,and 7 € [0, 1]:

_ - Y X j
b _ixy—xiy, Woapx, X__ly (19.25)
ax ax aT 2
Let
b(0, 1) = bo(t), Y(0,7)="Yo(r), X(x,0)= Xo(x), (19.26a)

where by (1), Yy(7) are differentiable for t € [0, 1], and X( () is differentiable for x € [0, [].
Assume that
bo(0)* + [Yo(D)* = 1. (19.26b)

The unique solution of this initial-boundary value problem is given by

X(x,t)=2i klim (kM1 (x, T, k)],
—00

8 e ——
b(x,7) = —1 — 4i— lim [kMZI(X, T, k)], keC, Kk #£0, (19.27)
81’ k— o0

where the scalar functions My (x, 7, k) and My, (x, 7, k), k € C, can be obtained by solving
the following RH problem:

1 pz_gllz;eZik)H—%
P
My (x, 7. k) = M_(x,7.k) ' . keR., (19.28a)
palk) —2ikx—it 1
—mme G
1
Mx,t,k)y=1+0 (E) , k—>o00, k;j#0. (19.28b)

This RH problem, which is specified through the scalar functions p; (k) and p,(k), k € R,
has a unique solution. The functions p;(k) and p,(k) can be constructed in terms of the
given initial and boundary data as follows: Let (u(z, k), ua2(t, k)) be the unique solution
of

o ik ibo(m)  —To(7) i (7. k)

1
T 4k | ’
pa(t, k) Yo(t) —iby(t) pa(t, k)

(19.29a)

pi(l, k) =1, pa(l, k) =0. (19.29b)
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Let (vi(x, k), v2(x, k)) be the unique solution of

—ik Xo(x)

B vi(x, k ! 0 vi(x, k
2 1(x, k) _ 1(x, k) ’ (19.30a)

X\ va(x, k) “Xo(0) ik v2(x, k)
010, k) = w1 (0, K)e™ %, 13(0,k) = p2(0, k)e ™ . (19.30b)

The functions p; (k) and p, (k) are defined by

pi(k) =i, k)e™,  py(k) = va(l, k)e ™. (19.31)
Proof. The derivation can be found in [61]. O

In order to study the large- x asymptotics of the above initial-boundary value problem
it is more convenient to rewrite the RH problem (19.28) in terms of a system of linear
integral equations. Indeed, if p; (k) # O for Imk > 0, the above RH problem reduces to
solving a system of linear integral equations. In this case, X (x, ) and b(x, 7) are given by

1 [ ph(k . it
X(x,1)= —f pz—”e*”‘**wl(x,r, k)dk,

A
2 3 o0 k . it -
bty = —1 4 22 [T 228 e g o2 kak, (19.32)
7 it —00 ;Ol(k)

where the functions M and M, are defined as the unique solution of the following system
of linear integral equations:

—My(x, t,k) 0
M(x,t,k) 1
%) e [ MO TR k'
2w J_oo p1(K) My(x,t, k) | K — k= i0)

(19.33)
If pi(k;) =0, j =1,2,...,Imk; > 0, then the above RH problem reduces to
solving a system of linear integral equations similar to (19.33) supplemented with a system
of algebraic equations.
If we attempt to solve the linear integral equations (19.33) by iteration, we find the
integral
o0 .
J(x, 1) = f X5 £ (k)dk. (19.34)
—00
The asymptotic evaluation of such integrals is well established; see, for example, [17].
There exist two important cases:
(@)If x - ooandt/x = O(1), the stationary phase method implies that J ~ O( \/L%).
This is precisely the limit analyzed in section 19.1. In that case, if solitons are absent, the
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associated RH problem (which is equivalent to a system of linear integral equations similar
to (19.33)) implies that g (x, t) is indeed of 0(%) (see (19.23a)); if solitons are present,
then the asymptotic behavior of the solution is dominated by solitons; see (19.23b).

(b) If x — oo and t/x = o(1), then there exists a moving stationary point, and one

introduces the similarity variables £ = J/Tx, k = % \/;)». Then

1 R | 1
y=1 /1/ etmﬂ)f(— /%) dx (19.35)
2V x Jow 2V x

and the leading behavior of the integral depends on the limit of f (k) as k — 0. This case
is also relevant in the usual soliton systems, but it characterizes only a certain transition
zone. It is important to note that in our case v € [0, 1] and x — oo; thus, 7/x = o(1) and
the asymptotic behavior of the system is dominated by the underlying similarity solution.
Actually, in our case even if solitons are present, i.e., even if there exist points ki, kp, . ..
in C* such that p;(k;) = 0, the large-x asymptotics is still dominated by the similarity
solution because the contribution from the solitons is exponentially small.

Theorem 19.3. Consider the initial-boundary value problem defined in Theorem 19.2 but
with Xo(x) = 0. The leading order behavior as x — oo of the solution of this problem is
given by

_1rg _ ke 1d, _
X(X,T)—EEX@), b(x,t) = 1+4 : +4d§b($)’ E=Jtx, (19.36)
where Y0 ~
ey — LYo —iE0+7)
XO=-11"p0 ) ¢ Ni(€, W)dA,
S z )70(0) * iE0+H 5
b)) = oS N e Ny(&, M)dA, (19.37)

and the functions Ny, N, are the unique solution of the system of linear integral equations

RSN

Ni(§,2) 1
L O [ ey [ ME ) av (19.38)
27 T=by(0) oy Ny 2y | ¥ =G —i0)

This system is a particular case of a more general system of linear integral equations which
characterizes the general solution of the Painlevé III equation in [115].

Proof. Let
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Then the kernel of (19.33) becomes

T

P2 <% ;k/> iE(W+3) i’
nlie) e

Thus the leading order behavior of (19.33) as x — oo depends on the limit of p,(k)/p; (k)
as k — 0. The analysis of (19.30) and the definitions of p;, p, (see (19.31)) imply (see [61]
for details)
p2(k) ar+ Pre™ %
p1k)  ay+ prew
where o, B1, oz, B, are certain constants. Itis interesting that the terms involving exp(—i /2k)
give no contribution. Indeed,

k—0

) 9

(ﬂ_z _ &) Q2ikx— 4 (1-0)
o . i o o
~ 22| Pkt 4 A !

p2(k) Qikx 5 »
p1(k) o 1+ %6_2’7

, k—0.

If oy + ,316*:’7 # 0 for Imk > 0, then because of analyticity in C* (since T < 1, the
exponential terms decay in CT), these terms give zero contribution to (19.33); M, M>, and
[k’ — (k —i0)]~" are also analytic in C*. If o + ,316’2'7 = 0, the extra terms due to the
poles give a contribution that is exponentially small as y — oo.

The above analysis implies that the leading behavior of (19.33) as x — oo is charac-

terized by

—Ny(&, 1) 0 N 1 ooeig(ﬂ%) Ni(&, 1) d)

Ni (€, 1) 1 20T oy J_oo NZ(E» A) N—=0—=i0)

(19.39)

We emphasize that even if p (k) has zeros for Im k > 0, these zeros do not contribute

to the leading behavior of the solution of the RH problem (19.28). Indeed, if there exist

zeros, (19.33) has to be supplemented with certain additional terms. However, these terms

vanish exponentially as x — oo. Consider for simplicity the case of one zero, p(k;) = 0;

the extension to any number of zeros is straightforward. If p(k;) = 0, Im k; > 0, the RHS
of (19.33) also contains the term

oo (kD) M (¢, T, k)

(k) = 22
bk —k) \ ihooky |00 T k|

k=ki

where (M, M>) is given in terms of a certain linear integral equation whose kernel involves
(k' — k;)~". Since the term e?*1X with Im k; > 0 is exponentially small, it follows that the
zeros give an exponentially small contribution as y — oo.

The above analysis is valid even if X (), 0) 7~ 0. In the particular case that X (x, 0) =
0, it is shown in [61] that the constants «; and «; satisfy

iY(0,0)

= o™ (19.40)

o2
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Equations (19.39) and (19.40) yield (19.38). Equations (19.32) imply

1 [t~ 0 (1 [t~
XZE\/;X(E)’ b:_l—i_E(E\/;b(E))’ (19.41)

where f((é) and 5(&) are defined by (19.37) (since p2/p1 ~ oz /o) = il?/(l — b)). Using

T T 8_1\/78
x & ot 2V taE’

(19.41) become (19.36). O






Epilogue

A unified approach for analyzing boundary value problems for linear and for integrable
nonlinear PDEs in two dimensions has been presented.

Linear PDEs

The main advantage of the new method is that it constructs integral representations for
the solution of a large class of initial-boundary value problems. It is surprising that the
method yields novel representations even for the classical boundary value problems for
the heat, Laplace, and Helmholtz equations, which are traditionally solved through series
representations. The novel integral representations presented in this book are formulated
in the complex k-plane. Hence, through suitable contour deformations, these solutions can
be expressed through integrals involving integrands which decay exponentially. This has
both analytical and computational advantages.

For the classical elliptic PDEs formulated in the interior of an equilateral or an isosceles
orthogonal triangle the new method, in addition to constructing integral as opposed to series
[116] representations, also yields explicit solutions for certain oblique Robin boundary
conditions (see [23], [24]), for which explicit solutions were not known until now.

The emphasis of the new method has been on the construction of analytic formulae.
However, the method also has implications for the numerical evaluation of the solution of
initial-boundary value problems for evolution PDEs as well as for the numerical evaluation
of the unknown boundary values of elliptic PDEs formulated in the interior of a convex
polygon. Although these numerical results appear to be already competitive, they should be
considered exploratory as opposed to definitive. It is expected that further improvements
will be made, particularly if these techniques are pursued by other researchers; see, for
example, [117].

The goal of this book is to introduce the basic elements of the new method as opposed
to presenting an exhaustive list of problems that have been analyzed using this approach.
However, we list some of these problems below.

(a) A variety of boundary value problems for the Laplace, biharmonic, modified
Helmholtz, and Helmholtz equations are solved in [23], [24], [25], [29], [30], [31], [32],
[33], [91].

(b) Several boundary value problems for the Laplace and Helmholtz equations in the
interior of a wedge and of a circular sector are solved in [118]. The solutions are expressed in
terms of integrals, in contrast to the series representations obtained by the classical methods.
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(c) It appears that the new method is also useful for problems involving linear PDEs
with nonlinear boundary conditions. For example, a novel formulation of the classical
problem of water wavesin {0 < x; < 00,j =1,2,0 <y < n(xy, x2,1),t > O}is presented
in [119], and this formulation is used for the derivation of several asymptotic approximations
(including the derivation of the Korteweg—de Vries (KdV), nonlinear Schrodinger (NLS),
and Kadomtsev—Petviashvili equations), as well as for the numerical computation of lumps
for sufficiently large surface tension.

The implementation of the new method to a variety of problems with the emphasis
on elliptic boundary value problems will be presented in the forthcoming book of Crowdy
and the author [120].

The main limitation of the new method is that it can be applied only to those PDEs
for which the formal adjoint admits an explicit one-parameter family of solutions. This
includes PDEs with constant coefficients and separable PDEs with variable coefficients
such as (9.41), (9.46), and (9.47).

Several fundamental problems remain open, including the following:

(a) The investigation of possible singularities of the solutions of elliptic PDEs at the
corners of a convex polygon.

(b) The study of elliptic PDEs in a nonpolygonal convex domain (this should be
achieved by employing the methodology of Chapter 8).

(c) The analytical and numerical study of elliptic PDEs in the exterior of a convex
polygon. Regarding this problem, the relation of the method presented here with the impor-
tant works of [121], [122] should be investigated (some preliminary results for the Laplace
equation in the exterior of an equilateral triangle are presented in [124]).

Nonlinear PDEs

There exist certain distinctive nonlinear equations called integrable (see [125], [126], [127]).
The theory of integrable systems has had a significant impact on both mathematics and
mathematical physics. Examples include the development of rigorous techniques for the
asymptotic evaluation of Riemann—Hilbert (RH) problems [67], the solution of the Schottky
problem [128] (using techniques developed by Krichever [129]), the solution of Ulam’s
problem [130], applications to geometry [131], [132], [133], the rigorous evaluation of the
asymptotic behavior of orthogonal polynomials [16], [134], [135], and applications to field
theories [136], [137], [138].

Although there exist several types of integrable systems, including ODEs (such as
the Painlevé transcendents [139] and several Hamiltonian systems [140]), singular inte-
grodifferential equations (such as the Benjamin—Ono equation [141]), difference equations
[142], functional equations [143], and cellular automata [144], evolution PDEs have played
a crucial role in the development of the theory of integrable systems. Indeed, the modern
history of integrable systems begins with the celebrated works of Kruskal and Zabusky
[145] on the Cauchy problem of the KdV equation using what was eventually called the in-
verse scattering transform method. The next fundamental step was taken by Lax [146] who
understood that the formulation of a nonlinear equation as the compatibility condition of
two linear eigenvalue equations, the so-called Lax pair of equations, is the defining property
of an integrable equation. Explosive activity in this new area began only after the crucial
work of Zakharov and Shabat [48], who solved the Cauchy problem for the NLS equation
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(thus establishing that the integrability of the KdV equation was not a singular event), and
also introduced the powerful RH formalism for the implementation of the inverse scatter-
ing method. Soon thereafter the modified KdV [147] and the sG [148] equations were
integrated, and the inverse scattering method was declared as a nonlinear analogue of the
Fourier transform method [149].

A new method for analyzing initial-boundary value problems was announced in [1],
where it was emphasized that this method is based on the simultaneous spectral analysis of
both parts of the associated Lax pair. This is to be contrasted with the usual inverse scattering
transform method which is based on the spectral analysis of one of the two equations forming
the Lax pair. Actually, this new method is the result of a series of developments: It was
first realized by the author [150] that for the solution of initial-boundary value problems, in
addition to analyzing the 7-independent part of the Lax pair, it is also necessary to analyze
the ¢-part of the Lax pair; this yields g(x, ¢) in terms of two RH problems. These two
problems were combined into one basic RH problem in the works of the author and Its
[64], [65], [66]. These basic RH problems for the NLS and the sG equations are identical
to the ones presented in Chapter 16. This made it possible, using the Deift—Zhou method,
to obtain long-time asymptotic results. However, the derivation of the basic RH problem
was based on the separate spectral analysis of the x- and ¢-parts of the Lax pair and was
quite complicated. This derivation was greatly simplified in [1] using the simultaneous
spectral analysis of the Lax pair. This derivation was further simplified in [151], where it
was realized that the best way to implement the simultaneous spectral analysis is to use the
formulation of the exact 1-form presented in Chapter 16. Furthermore, this formulation
yields the global relation in a straightforward manner. The proof that the global relation
is not only a necessary but also a sufficient condition for existence, as well as the rigorous
investigation of the global relation, was presented in [50].

The most complicated problem in the implementation of the new method is the char-
acterization of the unknown boundary values. The first attempt to characterize the spectral
functions involving the unknown boundary values was made in [152] and led to a formal
nonlinear RH problem. A similar formulation was presented in [153] (apparently the au-
thors of [153] were unaware of [152]). In [153], a different formulation was also presented
which was based on an attempt to express the unknown boundary value g, (0, ¢) for the
NLS equation in terms of the eigenfunction ®(z, k) using certain analyticity arguments.
However, the formal attempts of [152] and [153] yield a system of nonlinear Fredholm
integral equations for the spectral functions. The insurmountable problem is that, since the
spectral functions are characterized to within an equivalent class (recall that ¢t (k) in (18.4)
is arbitrary), one cannot rigorously establish solvability for the associated Fredholm equa-
tions. An important development in the analysis of the global relation was announced in
[57], where it was shown that g, (0, ¢) can be characterized in terms of a system of nonlinear
Volterra as opposed to Fredholm integral equations. The relevant methodology was further
simplified and applied to other PDEs in [58]; see Chapter 18.

Several fundamental problems remain open, including the following:

(8) The analytical results obtained in [61] for the model of transient stimulated Raman
scattering were compared in [61] with the relevant experimental results (see also [154]).
Initial-boundary value problems for integrable PDEs appear in a variety of physical circum-
stances (see, for example, [155], [156], [157]); a comparison of the experimental with the
analytical results remains open.
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(b) A particular exact reduction of the Einstein equations, called the Ernst equation,
is integrable. The hyperbolic version of this equation belongs to the simpler class of inte-
grable PDEs for which all the boundary values appearing in the spectral functions of the
associated RH problem are prescribed as boundary conditions. The formulation of an RH
problem for the Ernst equation, which was presented in [158], played an important role
in the development of the new method since this was the first time that the simultaneous
spectral analysis of both parts of the Lax pair was performed. The question of using the
asymptotic machinery of RH problems to characterize a certain singularity appearing in
Ernst equation remains open.

(c) The investigation of elliptic PDEs, such as the elliptic sG equation [159], using
the new method remains open. Preliminary investigations indicate that the new method
provides a simpler approach for obtaining the remarkable results of [160] for the elliptic
version of the Ernst equation.

(d) Initial-boundary value problems formulated on the finite interval are analyzed in
[54], [55]. It turns out that the particular case of periodic-in-x boundary conditions yields
linearizable boundary value problems. The investigation of this particular case and the
connection with the classical works of [161], [162], [163] (see also [164]) remain open.

An interesting approach to initial-boundary value problems using some elements of
the new method is presented in [165].

Further Developments

In spite of the substantial progress in the analysis of the global relation, the characterization
of the unknown boundary values still involves the solution of a nonlinear problem. Recently,
it has become clear that the most efficient approach for analyzing initial-boundary value
problems involves the combination of the following three different formalisms.

(a) Use the PDE techniques pioneered in [166] (see also [99], [100], [101]) to establish
the well-posedness of a given initial-boundary value problem.

(b) Use the formalism reviewed in this book to express the solution in terms of an RH
problem.

(c) Use the asymptotic techniques of [67], [68], [69] to study the asymptotic properties
of the solution.

This approach has the advantage that it uses the essential achievement of the integrable
machinery, namely the determination of the asymptotic properties of the solution (asymptotic
results cannot be obtained so far by standard PDE techniques).

It is shown in [167] that this methodology, in addition to being effective for the case
of decaying boundary conditions, can also be used for the physically more significant case
of ¢-periodic boundary conditions.

Multidimensions

Itis well known that there do exist integrable nonlinear evolution PDEs in two spatial dimen-
sions. For instance, physically significant generalizations of the KdV and NLS equations
are the Kadomtsev—Petviashvili and Davey—Stewartson equations. A formal method for the
solution of the Cauchy problem of these equations was introduced by Ablowitz, the author,
and their collaborators using either a nonlocal RH or a d-bar problem [168], [169]; for a
rigorous treatment see [170], [171], [172]. The generalization of the method reviewed in
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this book to three dimensions is in progress. In this respect we note that the following results
have already been obtained.

(a) A linear evolution PDE with derivatives of arbitrary order for the scalar function
q(x1, x2, 1) with {0 < x; < 00, j =1,2,¢ > 0} is solved in [2].

(b) The Laplace and Helmholtz equations in a spherical cone are analyzed in [173].

(c) The heat equation with the space variables x; and x; in the interior of an equilateral
triangle is solved in [23].

(d) The Davey—Stewartson equation in the upper half-plane is analyzed in [175].

In conclusion, we note that the interplay of methods for solving linear and integrable
nonlinear PDEs appears quite useful [176], [177].
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Green’s representation, 25

heat equation, 40
finite interval, 63
half-line, 37, 78
linearly moving domain, 41
moving boundary, 113
Helmholtz equation, 132, 315
cylindrical coordinates, 133
equilateral triangle, 186
quarter plane, 176

integrable nonlinear PDE, 26

integrable systems, 316

inverse scattering transform method, 1,
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Kadomtsev—Petviashvili equation, 316,
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Kontorovich—Lebedev transform, 101

Korteweg—de Vries (KdV) equation, 1,
33, 44, 255, 279, 316

Laplace equation, 134, 156, 195, 315
collocation method, 195
convex polygon, 141
equilateral triangle, 209, 211
physical to spectral, 155
quarter plane, 164, 184, 189
semi-infinite strip, 168, 185, 190
Laplace transform, 1, 2
Lax pair, 16, 25, 129, 130, 217, 316
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Mellin transform, 100
method of images, 21, 25
modified Helmholtz equation, 131, 203,
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convex polygon, 148
equilateral triangle, 178
semi-infinite strip, 171, 185, 192
modified KdV equation, 255

nonlinear Schrédinger (NLS) equation,

28,133,221, 226,273, 285,316

generalized Dirichlet to Neumann
map, 285-301

large-t limit, 301

linearizable boundary conditions,
275

semiclassical limit, 301

Papkovich—Fadle eigenfunction, 90

Plemelj formula, 91

Pompeiu formula, 95

positron emission tomography (PET),
104

quarter plane, 144, 149

Radon transform, 14, 15, 103, 106
Riemann—Hilbert (RH) problem, 14, 22,
25,27,33,97, 189

asymptotics, 301, see also
Deift—Zhou method, 255
rigorous considerations, 59

Schrodinger equation, 134

second Stokes equation, 44

semi-infinite strip, 145, 150

series

cosine and sine, 89

sG (sine Gordon) equation, 33, 255

simultaneous spectral analysis, 26

sine transform, 6, 14

sine-series, 70

single photon emission computerized
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Sturm-Liouville theory, 54, 71

trace, 74
transforms
sine and cosine, 87
transient stimulated Raman scattering,
308

Wiener-Hopf technique, 22, 25

zero-dispersion limit, 33



